.'    '  y^W™* if  "«*ss*ry 


•  do  notpul  in  bookdrop 


£   OF    M1TII  \\ICS 


WORKS  BY  ERNST  MACH. 

CONTRIBUTIONS  TO  THE  ANALYSIS  OF  THE  SENSATIONS. 
Translated  by  C.  M.  Williams.  With  Notes  and 
New  Additions  by  the  Author.  Page?  xi  -}-  208. 
37  Cuts.  Price,  Cloth,  $1.25  net  (6s.  t,  1.). 

POPULAR  SCIENTIFIC  LECTURES.  Translated  by  T.  J. 
McCormack.  Third  Revised  and  Enlarged  Edi- 
tion. 411  pages.  59  Cuts.  Price,  Cloth,  $1.50 
net  (ys.  6d.). 

THE  SCIENCE  OF  MECHANICS.  Translated  by  T.  J. 
McCormack.  Second  Revised  and  Enlarged 
Edition.  259  Cuts  and  Illustrations.  Pages, 
605  -[-  xx.  Price,  Cloth,  $2.00  net  (95.  6d.). 


M. 


Tin: 


SCIENCE  OF  MECHANICS 


A  CRITICAL  \L  ACCOfNT 

OF   !  .  l-LOI'Mi 


DR.  ERNST  M 


OF  TUB  HISTOtr  AMD  TNBOBY  OP  INDl  CTIVE  SCIENCE  IN 
THE  UNIVERSITY  Of  VIENNA 


TRANS!  ATM.    IkOM    THE   GERMAN 

n 

\CK 


THIRD    Rev:  »  SLAROED    • 


GO 

DON 

-.««  A  Co..  LTD. 
1907 


COPYRIGHT,  1893 

BY 

THE  OPEN  COURT  PUBLISHING  Co. 
CHICAGO 

All  Rights  Reserved 


TRANSLATOR'S    PREFACE   TO  Till: 

SECOND  1  XC.LISH  EDITION. 

SINCE  the  appearance  of  the  first  edition  of  the 
present  translation  of  Mach  ,*  the  M 

which  Professor  Mach  has  advanced  on  the  philoso- 
phy of  science  have  found  wide  and  steadily  increas- 
ing acceptance.  Many  fruitful  and  elm  con- 
troversies have  sprung  from  his  discussions  of  the 
historical,  logical,  and  psychological  foundations  of 
ical  science,  and  in  consideration  of  the  great 
ideal  success  which  his  works  have  latterly  met  with 
in  Continental  Europe,  the  time  seems  ripe  for  a  still 
^semination  of  h  > peaking 
countries.  The  study  of  the  history  and  theory  of 
science  is  finding  fuller  and  fuller  recognition  in  our 
universities,  and  it  is  to  he  hoped  that  the  present  ex- 
emp  nplest  and  most  typical 
branch  of  physics  will  stimulate  further  progres 
• 

The  text  of  the  present  edition,   whit  h   (•••mains 
the  extensive  additions  made  l>y   the  author  to   the 

•  Die  ttfckmmik  im  ikrfr  ?.*:•>  s.k<l»«f  hitteriick-krititck  d*r£ 

:i*t  Mach.  Professor  an  n.  Mit  157  Abbildungen. 

.errnan  edition.  1883.     Fourth  German  edition,  1901.    First  edition  of 
the  English  translation,  Chicago,  The  Open  Court  Publishing  Co.,  1893. 
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latest  German  editions,  has  been  thoroughly  revised 
by  the  translator.  All  errors,  either  of  substance  or 
typography,  so  far  as  they  have  come  to  the  trans- 
lator's notice,  have  been  removed,  and  in  many  cases 
the  phraseology  has  been  altered.  The  sub-title  of 
the  work  has,  in  compliance  with  certain  criticisms, 
also  been  changed,  to  accord  more  with  the  wording 
of  the  original  title  and  to  bring  out  the  idea  that  the 
work  treats  of  the  principles  of  mechanics  predomi- 
nantly under  the  aspect  of  their  development  (Entwicke- 
lung).  To  avoid  confusion  in  the  matter  of  references, 
the  main  title  stands  as  in  the  first  edition. 

The  author's  additions,  which  are  considerable, 
have  been  relegated  to  the  Appendix.  This  course 
has  been  deemed  preferable  to  that  of  incorporating 
them  in  the  text,  first,  because  the  numerous  refer- 
ences in  other  works  to  the  pages  of  the  first  edition 
thus  hold  good  for  the  present  edition  also,  and  sec- 
ondly, because  with  few  exceptions  the  additions  are 
either  supplementary  in  character,  or  in  answer  to 
criticisms.  A  list  of  the  subjects  treated  in  these  ad- 
ditions is  given  in  the'Table  of  Contents,  under  the 
heading  "Appendix"  on  page  xix. 

Special  reference,  however,  must  be  made  to  the 
additions  referring  to  Hertz's  Mechanics  (pp.  548-555), 
and  to  the  history  of  the  development  of  Professor 
Mach's  own  philosophical  and  scientific  views,  notably 
to  his  criticisms  of  the  concepts  of  mass,  inertia,  ab- 
solute motion,  etc.,  on  pp.  542-547,  555-574,  and  579 
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-583.  The  remarks  here  made  will  be  found  highly 
elucidative,  while  the  references  given  to  the  rich  lit- 
erature dealing  with  the  history  and  philosophy  of 
science  will  also  be  found  helpful. 

As  for  the  rest,  :  of   the  present  edition  of 

the  translation  is  the  same  as  that  of  the  first.  It  has 
had  the  sanction  of  the  author  and  the  advantage 
of  revision  by  Mr.  C.  S.  Peirce,  well  known  for  his 
studies  both  of  analytical  mechanics  and  of  the  his- 
and  logic  of  Mr.  Peirce  read  the  proofs 

of  the  1-:  on  and  rewrote  Sec.  8  in  the  chapter 

on  Units  and  Measures,  where  the  original  was  in- 
applicable to  the  system  commonly  taught  in  this 

count 

\.   K. 

LA  SALI  February,  1902. 


AUTHOR'S  PREFACE  TO  THE  TRANS- 
LATION. 

Having  read  the  proofs  of  the  present  translation 
of  my  work,  Die  Mechanik  in  ihrer  Entwickelung,  I  can 
testify  that  the  publishers  have  supplied  an  excellent, 
accurate,  and  faithful  rendering  of  it,  as  their  previous 
translations  of  essays  of  mine  gave  me  every  reason  to 
expect.  My  thanks  are  due  to  all  concerned,  and 
especially  to  Mr.  McCormack,  whose  intelligent  care 
in  the  conduct  of  the  translation  has  led  to  the  dis- 
covery of  many  errors,  heretofore  overlooked.  I  may, 
thus,  confidently  hope,  that  the  rise  and  growth  of  the 
ideas  of  the  great  inquirers,  which  it  was  my  task  to 
portray,  will  appear  to  my  new  public  in  distinct  and 
sharp  outlines.  E.  MACH. 

PRAGUE,  April  8th,  1893. 


PREFACE  TO  THE  FIRST  EDITION. 

THE  present  volume  is  not  a  treatise  upon  the  ap- 
plication of  the  principles  of  mechanics.  Its  aim  is 
to  clear  up  ideas,  expose  the  real  significance  of  the 
matter,  and  get  rid  of  metaphysical  obscurities.  The 
little  mathematics  it  contains  is  merely  secondary  to 
this  purp 

Mechanics  will  here  be  treated,  not  as  a  branch  of 
mathematics,  but  as  one  of  the  physical  sciences.      If 
the  reader's  interest  is  in  that  sicU-  of  the  subject,  if 
he  is  curious  to  know  how  the  principles  of  mechanics 
•    been  ascertained,  from  what  sources  they  take 
r  origin,  and  how   far  they  can   be  regarded  as 
nanent  acquisitions,  he  will  find,  I  hope,  in  these 
pages  some  enlightenment.    All  this,  tin-  positive  and 
physical  essence  of  mechanics,  which  makt-s  its  chief 
and  highest  interest  for  a  student  of  nature,  is  in  ex- 
isting treatises  completely  buried  and  concealed  be- 
neath a  mass  of  technical  considerations. 

:  kernel  of  n  .il  ideas  has  in  al- 

most every  case  grown  up  in  the:  investigation  of  very 
;>le  and  special  cases  of  mechanical  processes;  and 
the  analysis  of  the  history  of  the  discussions  concern- 
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ing  these  cases  must  ever  remain  the  method  at  once 
the  most  effective  and  the  most  natural  for  laying  this 
gist  and  kernel  bare.  Indeed,  it  is  not  too  much  to 
say  that  it  is  the  only  way  in  which  a  real  comprehen- 
sion of  the  general  upshot  of  mechanics  is  to  be  at- 
tained. 

I  have  framed  my  exposition  of  the  subject  agree- 
ably to  these  views.  It  is  perhaps  a  little  long,  but,  on 
the  other  hand,  I  trust  that  it  is  clear.  I  have  not  in 
every  case  been  able  to  avoid  the  use  of  the  abbrevi- 
ated and  precise  terminology  of  mathematics.  To  do 
so  would  have  been  to  sacrifice  matter  to  form ;  for  the 
language  of  everyday  life  has  not  yet  grown  to  be  suf- 
ficiently accurate  for  the  purposes  of  so  exact  a  science 
as  mechanics. 

The  elucidations  which  I  here  offer  are,  in  part, 
substantially  contained  in  my  treatise,  Die  Geschichte 
und  die  Wurzel  des  Satzes  von  der  Erhaltung  der  Arbeit 
(Prague,  Calve,  1872).  At  a  later  date  nearly  the  same 
views  were  expressed  by  KIRCHHOFF  (  Vorlesungen  iiber 
mathematische  Physik:  Mechanik,  Leipsic,  1874)  and  by 
HELMHOLTZ  (Die  Thatsachen  in  der  Wahrnehmung, 
Berlin,  1879),  and  have  since  become  commonplace 
enough.  Still  the  matter,  as  I  conceive  it,  does  not 
seem  to  have  been  exhausted,  and  I  cannot  deem  my 
exposition  to  be  at  all  superfluous. 

In  my  fundamental  conception  of  the  nature  of  sci- 
ence as  Economy  of  Thought, — a  view  which  I  in- 
dicated both  in  the  treatise  above  cited  and  in  my 
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pamphlet,  Dif  Gestalten  der  Fliissigkcit  (Prague,  Calve, 
1872),  and  which  I  somewhat  more  extensively  devel- 
oped in  my  academical  memorial  address,  Die  okono- 

Vienna,  Ge- 

rold,  1882,  —  I  no  longer  stand  alone.  I  have  been 
much  gratified  to  find  closely  allied  ideas  developed, 
in  an  original  n:  Philoso- 

phic ip  dcs  klcin- 

AV<//////,/«/»-.ivy.  Leipsic,  Fues,  1876).     Regard  for 
the  tr  avor  of  philosophy,  that   of  guiding    into 

one  common  stream  the  many  rills  of  knowledge,  will 
not  be  found  wanting  in  my  work,  although  it  takes  a 
.etenni:.'  :oachments  of  meta- 

il  methods. 

questions  here  dealt  with  have  occupied  UK 
since  my  earliest  youth,  when  :  est  for  them  was 

powerful  luted  by  the  beautiful  introductions  of 

LAC;  >  the  chapters  of  !  ' ' 

as  by  the  lucid  and  1:  t  of  J.u.i 

Huiik  (Stuttgart,    1852).      If   Din  .  «  sti- 

der  Me 

:n,    1873).    did   not   particularly   influence 

.at  at  thr  time  of  its  appearano  .  my  ideas 

had  been  not onl\  iked  out,  but  a.  tualiy 

publ  -less,  the  reader  will,  at   least  on 

:ve  side,  find  m.<  its  of  agreement 

between  I>t:i  and  those  here  ex; 

for  the  illustration  of  the  sub 
ject,  here  figured  and  described,  were  designed  enti: 
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by  me  and  constructed  by  Mr.  F.  Hajek,  the  mechani- 
cian of  the  physical  institute  under  my  control. 

In  less  immediate  connection  with  the  text  stand 
the  fac-simile  reproductions  of  old  originals  in  my  pos- 
session. The  quaint  and  naive  traits  of  the  great  in- 
quirers, which  find  in  them  their  expression,  have  al- 
ways exerted  upon  me  a  refreshing  influence  in  my 
studies,  and  I  have  desired  that  my  readers  should 
share  this  pleasure  with  me. 

E.  MACH. 

PRAGUE,  May,  1883. 


R 


PREFACE  TO  THE  SECOND  EDITION. 

IN   consequence  of  the  kind  reception  which  this 
book  has  met  with,  a  very  large  edition  has  been  ex- 
hausted in  less  than  I.  &    This  circumstance  and 
that  hav-               iien  appeared  of  E.  Wolil 
will,  H                   .  L.  Lanfce,  J.  Epstt  Miiller, 
J    I'uppn.  <i    Helm,  M.  Planck,  F.  Poske,  and  others 
evidence  of  t                      ^  fact  that  at  the  present 
.itinj4  to  l'lc   theory  of  cognition  are 
iicd  with  in:                                       cars  ago  scai 

ision   o(   my  work  did  not 
expedient,  I  h.i  \\\\ 

If,  so  far  as  the  text  is  concerned,  to  the  correction 
typographical  errors,  and  have  referred  to  the  works 
that  have  appeared  since  its  original  publication,  as 
far  as  possible,  in  a  i 

M 
'RAG  .  1888. 
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THAT  the  interest  in  the  foundations  of  mechanics 
is  still  unimpaired,  is  shown  by  the  works  published 
since  1889  by  Budde,  P.  and  J.  Friedlander,  H.  Hertz, 
P.  Johannesson,  K.  Lasswitz,  MacGregor,  K.  Pearson, 
J.  Petzoldt,  Rosenberger,  E.  Strauss,  Vicaire,  P. 
Volkmann,  E.  Wohlwill,  and  others,  many  of  which 
are  deserving  of  consideration,  even  though  briefly. 

In  Prof.  Karl  Pearson  {Grammar  of  Science,  Lon- 
don, 1892),  I  have  become  acquainted  with  an  inquirer 
with  whose  epistemological  views  I  am  in  accord  at 
nearly  all  essential  points,  anol  who  has  always  taken 
a  frank  and  courageous  stand  against  all  pseudo- 
scientific  tendencies  in  science.  Mechanics  appears 
at  present  to  be  entering  on  a  new  relationship  to 
physics,  as  is  noticeable  particularly  in  the  publica- 
tion of  H.  Hertz.  The  nascent  transformation  in  our 
conception  of  forces  acting  at  a  distance  will  perhaps 
be  influenced  also  by  the  interesting  investigations  of 
H.  Seeliger  ("  Ueber  das  Newton'sche  Gravitations- 
gesetz, "  Sitzungsbericht  der  Munchener  Akadcmie,  1896), 
who  has  shown  the  incompatibility  of  a  rigorous  inter- 
pretation of  Newton's  law  with  the  assumption  of  an 
unlimited  mass  of  the  universe. 

VIENNA,  January,  1897.  E.  Mach. 
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THE  number  of  t  Is  of  this  work  appears  to 

have  increased  in  the  course  of  seventeen  years,  and 
the  partial  consideration  which  my  expositions  have 

ved  in  the  writings  of  Boltzmann.  F&ppl,  Ht 
Love,  Maggi,  Pearson,  and  Slate,  have  awakened   in 
me  the  hope  that  my  work  shall  not  have  been   in 
vain.     Especial  gratification  has  been  afforded  me  by 
f  ndint;  in  J    B.  Stallo  (TV. 

;  nother  staunch  ally  in  my  attitude  toward  mechanics, 
;  nd   in   \V    K    ( 
'ommon  .  >,  a  thinker  of   km 

<  red  aims  and  p«  >cw. 

New  books  an  MS  touching  on  us- 

ions  have  received  attention  in  special  additions, 
Inch  in  some  instances  have  assumed  considerable 
roportions  Of  these  strictures,  O.  Holder's  note  on 

htn 

nd  AntfhauuHs  in  d<  iote  62)  has 

1  een  of  special  value,  inasm  :  afforded  me  the  " 

<  pportunity  of  establishing   :  on  still  fit 

:  mndations  (see  pages  512  517).     I  do  not  at  all  dis- 
that  rigorous  demonstrations  arc  as  possible  in 
Jianics  as  in  mathematics.     But  with   respect  to 


xvi  PREFACE  TO  THE  FOURTH  EDITION. 

the  Archimedean  and  certain  other  deductions,  I  am 
still  of  the  opinion  that  my  position  is  the  correct 
one. 

Other  slight  corrections  in  my  work  may  have 
been  made  necessary  by  detailed  historical  research, 
but  upon  the  whole  I  am  of  the  opinion  that  I  have 
correctly  portrayed  the  picture  of  the  transformations 
through  which  mechanics  has  passed,  and  presumably 
will  pass.  The  original  text,  from  which  the  later  in- 
sertions are  quite  distinct,  could  therefore  remain  as 
it  first  stood  in  the  first  edition.  I  also  desire  that  no 
changes  shall  be  made  in  it  even  if  after  my  death  a 
new  edition  should  become  necessary. 

E.  MACH. 
VIENNA,  January,  1901. 
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INTRODUCTION. 

i .   THAT  branch  of  pi  hich  is  at  once  the  old-  Thescience 

est    and   the  simplest  and  which  is  therefore  treated  ?csme< 
as  introductory  to  other  departments  of  this  science, 
is   concerned    with    the   motions  and   equilibrium    of 
asses.      It  bears  the  name  of  mechanics. 
j.    Th«  hi -lory  of  the  development  of  mechanics, 
qu:  pensable  to  a  full  comprehension  of  the 

scien  condition.     It  also  affords  a  sim- 

ple ami  instructive  example  of  the  processes  by  which 
natural  science  generally  is  developed. 

-,  irreflective  knowledge  oi  the  processes  instinctive 
of  nature  will  doubtless  always  precede  the  scientific, 
conscious  apprehension,  or  ft  '/<>//,  of  phenom- 

The  t  outcome  of  the   relation  in 

rocesses  of  nature  stand  to  the  satisfac- 
tion of  our  \  The  acquisition  of  the  most  ele- 
truth  does  not  devolve  upon  the  individual 
alon<                       :ected  in  the  development  of  the  race. 

In   point  of  fact.  necessary  to  make  a  dis- Mechanical 

...  .  ,  experiences 

tun  tion  ;  :cal  experience  and  mechan- 

ical science,  in  the  sense  in  which  the  latter  term  is  at 
employed.      Mechanical  ices  are,  un- 

questionably, very  old.      If  we  carefully  examine  the 
ancit  tian  and  Assyrian  monuments,  we  shall 

lind  then.-   pictorial  representations  of  many  kinds  of 
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The  me-      implements   and    mechanical    contrivances ;    but    ac- 

knowTeadge  counts  of  the  scientific  knowledge  of  these  peoples 

ltiqultyare  either  totally  lacking/or  point  conclusively  to  a 

very   inferior   grade  of   attainment.      By  the   side  of 

highly  ingenious  ap- 
pliances, we  behold 
the  crudest  and  rough- 
est expedients  em- 
ployed— as  the  use  of 
sleds,  for  instance,  for 
the  transportation  of 
enormous  blocks  of 
stone.  All  bears  an 
instinctive,  unperfec- 
ted,  accidental  char- 
acter. 

So,  too,  prehistoric 
graves  contain  imple- 
ments whose  construc- 
tion and  employment 
imply  no  little  skill 
and  much  mechanical 
experience.  Thus,long 
before  theory  was 
dreamed  of,  imple- 
ments, machines,  me- 
chanical experien- 
ces, and  mechanical 
knowledge  were  abun- 
dant. 

3.  The  idea  often 
suggests  itself  that 
perhaps  the  incom- 
plete accounts  we  pos- 


; 

«  r»ii 


sess  have  led  us  to  underrate  the  science  of  the  ancient 
world.  Passages  occur  in  ancient  authors  which  seem 
to  indicate  a  profounder  knowledge  than  we  are  wont 
to  ascribe  to  those  nations.  Take,  for  instance,  the 
following  passage  from  Yitruvius,  De  Anhiicctura, 
Lib.  V,  Cap.  Ill,  6: 

"The  voice  is  a  flov,  tth.  made  sensible  toApassage 

••  the  organ  of  hearing  by  the  movements  it  produces SS  Vitru" 
'•in  the  air.      It  is  propagated  in  infinite  numbers  of 
''circular  zones-  exactly  as  when  a  stone  is  thrown 
U)  a  pool  of  s:  water  countless  circular  un- 

"dulations  are  generated  therein,  uhieh,  increasing 
"as  they  recede  from  the  i.  icad  out  over  a 

"gre  B  of  the  locality 

son  :ieir  ter- 

minal: hen  imp. 

1    Mvell    the 

ceeding  circular  lines  of  wa  confusion. 

"Co:  iine  law,    th<  also 

ircular  motions ;  but  with  this  distinction, 

aining  upon  the  smtace, 

propaga  /ontally  only,  while  the  voice  is 

"propagated  both  horizontally  and  vertically." 

Does  not  this  sound  like  the  imperfect  exposition  Comrovert- 
of  a  popular  auti  n  from  more  accurate  disqni-  evidence!6 

In  what  a  strange  light  should   we 
:.  centuries  hence,  if  our  popular  lit- 
ison  of  its  quantity  is  less  easily 
ild   alone  outlive-   the  productions  of 
•DO  favorable  view,  however,  is  very 
multitude  of  other  passages  con- 
taining such  crude  and  patent  errors  as  cannot  be  con- 
ceived to  exist  in   any  high  stage  of  scientific  culture. 
5°9-) 
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The  origin  4.  When,  where,  and  in  what  manner  the  develop- 
ment of  science  actually  began,  is  at  this  day  difficult 
historically  to  determine.  It  appears  reasonable  to 
assume,  however,  that  the  instinctive  gathering  of  ex- 
periential facts  preceded  the  scientific  classification  of 
them.  Traces  of  this  process  may  still  be  detected  in 
the  science  of  to-day;  indeed,  they  are  to  be  met  with, 
now  and  then,  in  ourselves.  The  experiments  that 
man  heedlessly  and  instinctively  makes  in  his  strug- 
gles to  satisfy  his  wants,  are  just  as  thoughtlessly  and 
unconsciously  applied.  Here,  for  instance,  belong  the 
primitive  experiments  concerning  the  application  of 
the  lever  in  all  its  manifold  forms.  But  the  things 
that  are  thus  unthinkingly  and  instinctively  discovered, 
can  never  appear  as  peculiar,  can  never  strike  us  as 
surprising,  and  as  a  rule  therefore  will  never  supply  an 
impetus  to  further  thought. 

Thefunc-          The   transition  from   this   stage   to   the  classified, 
c\a?Sc°ilsses  scientific  knowledge  and  apprehension  of  facts,  first  be- 
teioPemeent  comes  possible  on  the  rise  of  special  classes  and  pro- 
fessions who  make  the  satisfaction  of  definite  social 
wants  their  lifelong  vocation.      A  class  of  this  sort  oc- 
cupies itself  with  particular  kinds  of  natural  processes. 
The  individuals   of   the   class  change  ;  old   members 
drop  out,  and  new  ones  come  in.      Thus  arises  a  need 
of    imparting  to  those   who  are  newly  come  in,    the 
stock  of  experience  and  knowledge  already  possessed  ; 
a  need  of  acquainting  them  with  the  conditions  of  the 
The  com-     attainment  of  a  definite  end  so  that  the  result  may  be 

munication  •        j  i      r          i  i      /-.-»  •• 

ofknowi-  determined  beforehand.  The  communication  of  knowl- 
edge is  thus  the  first  occasion  that  compels  distinct  re- 
flection, as  everybody  can  still  observe  in  himself. 
Further,  that  which  the  old  members  of  a  guild  me- 
chanically pursue,  strikes  a  new  member  as  unusual 
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and  strange,  and  thus  an  impulse  is  given  to  fresh  re- 
flection and  investigation. 

When  we  wish  to  bring  to  the  knowledge  of  a  per-  involves 

*         description, 

son  any  phenomena  or  processes  of  nature,  we  have 

the  choice  of  two  methods  :  we  may  allow  the  person  to 

observe  matters  for  himself,  when   instruction   comes 

to  an  end  ;  or,  we  may  describe  to  him  the  phenomena 

in  some  way,  so   as  to  save  him  the  trouble  of  per- 

sonally making  anew  each  experiment.      Description, 

.  is  only  possible  of  events  that  constantly  re- 

cur,   or   of   e  :iat   are  made  up  of  component 

parts  that    constantly  recur.      That    only  can  be   de- 

scribed, and  conceptually  represented  which  is  uniform 

and  conformable  to  law  ;  for  description  presupposes 

rnployment  of  names  by  which  to  designate  its 

•  •nts  ;  and  names  can  acquire  meanings  only  when 

applied  to  elements  that  constantly  reappear. 

5.    In  the  infinit-  of  nature  many  ordinary  A  unitary 

occur;   \.  appear  uncommon,   per-  °*  nature. 

ng,  asto:  contradictory  to  the  or- 

v  run  of  things.  As  long  as  this  is  the  case  we 
do  not  possess  a  well-settled  and  unitary  conception  of 
nature.  Thence  is  imposed  tin  task  of  everywhere 
in  the  natural  phenomena  those  elements 
that  art-  the  same,  and  that  amid  all  multiplicity  are 
ever  By  this  im-ans  ""  the  one  hand,  the 

most  economical  and   briefest   <:•  D   ami   rom- 

municat  possible  ;  and  on   the  other,  The  nature 

of  knowl- 

i  once  a  person  has  acquired  the  skill  of 


throughout  the  great- 

Inge  and  variety  of  phenomena,  of  seeing  them  in 
the  same,  this  ability  leads  to  a  comfit,  -,>mpact, 

?tion  of  the  facts.   When  once 
we  have  reached  the  point  where  we  are  everywhere 
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The  adap-   able  to  detect  the  same  few  simple  elements,  combin- 

tation  of        .          .  n 

thoughts  to  mg  in  the  ordinary  manner,  then  they  appear  to  us  as 
things  that  are  familiar ;  we  are  no  longer  surprised, 
there  is  nothing  new  or  strange  to  us  in  the  phenom- 
ena, we  feel  at  home  with  them,  they  no  longer  per- 
plex us,  they  are  explained.  It  is  a  process  of  adaptation 
of  thoughts  to  facts  with  which  we  are  here  concerned. 

Theecon-          6.   Economy  of  communication  and  of  apprehen- 

th'ought.  sion  is  of  the  very  essence  of  science.  Herein  lies 
its  pacificatory,  its  enlightening,  its  refining  element. 
Herein,  too,  we  possess  an  unerring  guide  to  the  his- 
torical origin  of  science.  In  the  beginning,  all  economy 
had  in  immediate  view  the  satisfaction  simply  of  bodily 
wants.  With  the  artisan,  and  still  more  so  with  the 
investigator,  the  concisest  and  simplest  possible  knowl- 
edge of  a  given  province  of  natural  phenomena — a 
knowledge  that  is  attained  with  the  least  intellectual 
expenditure — naturally  becomes  in  itself  an  econom- 
ical aim  ;  but  though  it  was  at  first  a  means  to  an  end, 
when  the  mental  motives  connected  therewith  are  once 
developed  and  demand  their  satisfaction,  all  thought 
of  its  original  purpose,  the  personal  need,  disappears. 

Further  de-        To  find,  then,  what  remains  unaltered  in  the  phe- 

velopment 

of  these  nomena  ot  nature,  to  discover  the  elements  thereof 
and  the  mode  of  their  interconnection  and  interdepend- 
ence—-this  is  the  business  of  physical  science.  It  en- 
deavors, by  comprehensive  and  thorough  description, 
to  make  the  waiting  for  new  experiences  unnecessary ; 
it  seeks  to  save  us  the  trouble  of  experimentation,  by 
making  use,  for  example,  of  the  known  interdepend- 
ence of  phenomena,  according  to  which,  if  one  kind  of 
event  occurs,  we  may  be  sure  beforehand  that  a  certain 
other  event  will  occur.  Even  in  the  description  itself 
labor  maybe  saved, 'by  discovering  methods  of  de- 
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scribing  the  greatest  possible  number  of  different  ob-  Their  pres- 

.   .        .  ,      ent  discus- 

jects  at  once  and  in  the  concisest  manner.   All  this  will  sion  merely 

F  .,  preparatory 

be  made  clearer  by  the  examination  of  points  of  detail 
than  can  be  done  by  a  general  discussion.  It  is  fitting, 
.  to  prepare  the  \\ay.  .it  this  stage,  for  the 
most  important  points  of  outlook  which  in  the  course 
of  our  work  we  shall  have  occasion  to  occupy. 

7.    V  propose  to  enter  more  minutely  into  the  Proposed 

subject  of  our  inquiries,  and,  at  the  same  time,  without  treatment. 
m-king   the  history  of  mechanics  the  chief  topic  of 
discussion,  to  co  storical  development  so 

>  this  is  requisite  to  an  understanding  of  the  pres- 
ent state  of  mechanical  science,  and  so  far  as  it  does 
not  conflict  witli  the  ui  f  our  main 

Mibject.    Apart  fi  that  we  cannot 

;  fford  to  neglect  the  great  in  it  is  in  our 

>ower  to  derive  from    the  foremost   intellects  of  allTheincen- 

i  t  •    i  de- 

poc  :arh    Uken   as   a  whole  are   morerived- 

ruitftil  than   tin-  gl  \\\  the 

ble 

the 
undamental    in\- 

reated  by  their  labors,  and  are  on 

ble  to  u^  ith 

iibjugaic  UK!  imprint 

ipon  it  the  forms  of  conceptual  thouu  -  y  that 

:nov.                               -c  of  the  dev<  ice, 

vill.    a>    a    i!  ju<lL,re    :  and  And  t- 

crease  of 
HOP  power 

ific  nt    than  ho   limited  in  tli«  Let 

whii  h  :  nt, 


:  i  thatthci  oi, 

y  at  the  jirc-M-nt  inuiiienl. 


CHAPTER  I. 

THE   DEVELOPMENT   OF   THE   PRINCIPLES    OF 
STATICS. 

i. 
THE  PRINCIPLE  OF  THE  LEVER. 

Theeariiest        i.   The  earliest  investigations  concerning  mechan- 

mechanical  .        .   .    .  .  .... 

researches  ics  of  which  we  nave  any  account,  the  investigations 
Sarics.  "  of  the  ancient  Greeks,  related  to  statics,  or  to  the  doc- 
trine of  equilibrium.  Likewise,  when  after  the  taking 
of  Constantinople  by  the  Turks  in  1453  a  fresh  impulse 
was  imparted  to  the  thought  of  the  Occident  by  the  an- 
cient writings  that  the  fugitive  Greeks  brought  with 
them,  it  was  investigations  in  statics,  principally  evoked 
by  the  works  of  Archimedes,  that  occupied  the  fore- 
most investigators  of  the  period.  (See  p.  510.) 

Archimedes          2.     ARCHIMEDES    of    Syracuse    (287-212    B.     C.)    left 
of  Syracuse ......  ,  ,  .. 

(287-2128.  behind  him  a  number  or  writings,  of  which  several 
have  come  down  to  us  in  complete  form.  We  will 
first  employ  ourselves  a  moment  with  his  treatise  De 
^quiponderantibus,  which  contains  propositions  re- 
specting the  lever  and  the  centre  of  gravity. 

In  this  treatise  Archimedes  starts  from  the  follow- 
ing assumptions,  which  he  regards  as  self-evident : 

Axiomatic  a.   Magnitudes  of  equal  weight  acting  at  equal 

assump-  . 

distances  (from  their  point  of  support)  are  in  equi- 
librium. 
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b.   Magnitudes  of  equal  weight  acting  at  une-  Axiomatic 
qual  distances  (from  their  point  of  support)  arettauTof  AT* 

MM      •  t  ,  .  chimedes. 

not   in   equilibrium,    but    the    one   acting    at    the 
greater  distance  sinks. 

From  these  assumptions  he  deduces  the  following 
proposition  : 

Commensurable  magnitudes  are  in  equilib- 
rium when  they  are  i:  onal  to  their 
distances  (from  the  point  of  support). 
It   would   -                                -is  could    hardly  go  be- 
hind these  assumptions.      This  is,  however,  when  we 
carefully  look  into  the  matter,  not  the  case. 

Imagine  (Fig.   2)   a  bar,  the  weight   of   which  is 
(ted.     'I  rests  on  a  fulcrum.     At  equal  dis- 

tances fi  fulcrum  we 

pend  two  equal  weights.     That        • ^ 

the    t  thus    citvum-       H-j 

stan<  iihrium.    is 

the  assumption  from  whu  h.\r 

met!  Analysis  of 

utirely ,  agreeably  to 

that  in  \  iewSUmpU< 

no 

in    the  Q  :  ion 

r  than  in    tl,- 
a  great  multi- 

;lar  colors  of  the  lev< 

•:«m  of    the  sprrt..'  th-     vi 

cinity,  and  tl 

(.-    other    ha:  the    se<  ond  as- 

sunij  dis- 

t^nc< 
in  the  disturbance  of  equilibrium,  that  they  als< 
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cumstances  determinative  of  motion.  By  the  aid  of 
these  experiences  we  do  indeed  perceive  that  rest  (no 
motion)  is  the  only  motion  which  can  be  uniquely*  de- 
termined, or  denned,  by  the  determinative  conditions 
of  the  case.f 

Character          Now  we  are  entitled  to  regard  our  knowledge  of 
the  Archi-    the  decisive  conditions  of  any  phenomenon  as  sufficient 

medean  re-  .  .. .    .  ..  . 

suits.  only  in  the  event  that  such  conditions  determine  the 
phenomenon  precisely  and  uniquely.  Assuming  the 
fact  of  experience  referred  to,  that  the  weights  and 
their  distances  alone  are  decisive,  the  first  proposition 
of  Archimedes  really  possesses  a  high  degree  of  evi- 
dence and  is  eminently  qualified  to  be  made  the  foun- 
dation of  further  investigations.  If  the  spectator  place 
himself  in  the  plane  of  symmetry  of  the  arrangement 
in  question,  the  first  proposition  manifests  itself,  more- 
over, as  a  highly  imperative  instinctive  perception, — a 
result  determined  by  the  symmetry  of  our  own  body. 
The  pursuit  of  propositions  of  this  character  is,  fur- 
thermore, an  excellent  means  of  accustoming  ourselves 
in  thought  to  the  precision  that  nature  reveals  in  her 
processes. 

The  general        3.   We  will  now  reproduce  in  general  outlines  the 

of  the  lever  train  of  thought  by  which  Archimedes  endeavors  to  re- 
reduced  to.    ,  . 
the  simple  duce  the  general  proposition  of  the  lever  to  the  par- 

uiar  case,  ticular  and  apparently  self-evident  case.  The  two 
equal  weights  i  suspended  at  a  and  b  (Fig.  3)  are,  if 
the  bar  ab  be  free  to  rotate  about  its  middle  point  c,  in 
equilibrium.  If  the  whole  be  suspended  by  a  cord  at 
c,  the  cord,  leaving  out  of  account  the  weight  of  the 

*  So  as  to  leave  only  a  single  possibility  open. 

t  If,  for  example,  we  were  to  assume  that  the  weight  at  the  right  de- 
scended, then  rotation  in  the  opposite  direction  also  would  be  determined  by 
the  spectator,  whose  person  exerts  no  influence  on  the  phenomenon,  taking 
up  his  positipn  on  the  opposite  side. 
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ii 


bar,  will  have  to  support   the  weight  2.      The  equal  The  general 

...  proposition 

weights   at   the   extremities   of  the  bar  supply  accor- of  the  lever 
dingly  the  place  of  the  double  weight  at  the  centre.       the  simple 

and  panic- 


m  0      LU  LU  LU 

Fig.  3- 

On  a  If  arms  of  which  are  in  the 

proportion  of  i  to  2,  weights  are  suspended  in  the  pro- 
portion of  2  to  i.  The  weight  j  we  imagine  replaced 
ached  on  either  side  at  a  distance 

i  from  the  point  of  suspension.  Now  again  we  have 
c  >mplete  symmetry  about  the  point  of  suspension,  and 
c  msequently  equilibrium. 

On  the  Fig.  5)  are  suspended 

t  »e  weights  4  and  3.  The  lever-arm  3  is  prolonged 
t  ie  distance  4,  the  a  prolonged  the  distance  3, 

,  ul  laced  respectively  by 
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;    and  3  pairs  of  «lly  attached   weights  \, 

i     the  manner  indicated  in  the  figure.     Now  again  we 

•  •ceding   reasoning,  The  gener 
%  hich  we  have  h<  >pcd  with  specific  figures,  is*' 


e  tsily  generalised. 
4.    It   will   be  of 


interest  to  look   at  the  manner  in 
v  liich  Archimedes's  mode  of  view,  after  the  precedent 
inns,  was  modified  by  GALILEO. 
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Galileo's  Galileo  imagines  (Fig.  6)  a  heavy  horizontal  prism, 

t?eatm°ent.   homogeneous  in  material  composition,  suspended  by 

its  extremities  from  a  homogeneous  bar  of  the  same 


length. 


rig.  6. 


The  bar  is  provided  at  its  middle  point 
with  asuspensory  attach- 
ment. In  this  case  equi- 
librium will  obtain ;  this 
we  perceive  at  once.  But 
in  this  case  is  contained 
every  other  case, — which 
Galileo  shows  in  the 
following  manner.  Let 
us  suppose  the  whole 

length  of  the  bar  or  the  prism  to  be  2(m-{-  ri).  Cut 
the  prism  in  two,  in  such  a  manner  that  one  portion 
shall  have  the  length  2m  and  the  other  the  length  2n. 
We  can  effect  this  without  disturbing  the  equilibrium 
by  previously  fastening  to  the  bar  by  threads,  close  to 
the  point  of  proposed  section,  the  inside  extremities  of 
the  two  portions.  We  may  then  remove  all  the  threads, 
if  the  two  portions  of  the  prism  be  antecedently  at- 
tached to  the  bar  by  their  centres.  Since  the  whole 
length  of  the  bar  is  i(m  -j-  «),  the  length  of  each  half 
is  m  -\-  n.  The  distance  of  the  point  of  suspension  of 
the  right-hand  portion  of  the  prism  from  the  point  of 
suspension  of  the  bar  is  therefore  m,  and  that  of  the 
left-hand  portion  n.  The  experience  that  we  have 
here  to  deal  with  the  weight,  and  not  with  the  form, 
of  the  bodies,  is  easily  made.  It  is  thus  manifest,  that 
equilibrium  will  still  subsist  if  any  weight  of  the  mag- 
nitude zm  be  suspended  at  the  distance  n  on  the  one 
side  and  any  weight  of  the  magnitude  2n  be  suspended 
at  the  distance  m  on  the  other.  The  instinctive  elements 
of  our  perception  of  this  phenomenon  are  even  more 
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prominently  displayed  in  this  form  of  the  deduction 
than  in  that  of  Archimedes. 

\\V  may  1: -cover,  moreover,  in  this  beautiful  pre- 
sentation, a  remnant  of  the  ponderousness  which  was 
particularly  characteristic  of  the  investigators  of  an- 
tiquity. 

How  a  modern  physicist  conceived  the  same  prob- 

,  presenta- 

lem,  may  be  learned  from  the  following  presentation  of  tion. 

Lagrange  says  :  Imagine  a  horizontal  ho- 
mogeneous prism   suspended  at  its  centre.     Let  this 
•n   (Fig.  7)  be  concei  :ded  into  two  prisms 

of  the  lengths  2m  and  2//.  If  now  we  consider  the 
centres  of  gravity  of  these  two  parts,  at  which  we  may 
irr  agine  weights  to  act  proportional  to  2m  and  2/1,  the 


2m 


2m 


t\  o  centres  thus  con^  -ill   have  the  distances  n 

a  d  m  from  the  point  of  support  concise  dis- 

p  sal  of  the  problem  is  only  possible-  to  the  practised 
n  itl 

i«-s  and  his  successors  object  of 

..httoac<  mtheo  «ndhi»§uc- 

p  esented,  co:  endeavor  to  reduce  the  morece 

;c<  Duplicated  case  of  the  lever  t»>  and  ap- 

p   re:  i   in  the 

n   >re  COi  In    fact,  we  rei 

a  phenomena  ied,  when   v.  i    in  it 

k  o\  henomena. 

But  surprising  as  the  achirvc-ment  of  Archimedes 

[ai  *  his  successors  may  at  the  first  glance  appear  to 

u;    doubts  as  to  the  correctness  of  it,  on  further  reflec- 
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Critique  of  tion,  nevertheless  spring  up.  From  the  mere  assump- 
ods!r  r  h"  tion  of  the  equilibrium  of  equal  weights  at  equal  dis- 
tances is  derived  the  inverse  proportionality  of  weight 
and  lever-arm  !  How  is  that  possible  ?  If  we  were 
unable  philosophically  and  a  priori  to  excogitate  the 
simple  fact  of  the  dependence  of  equilibrium  on  weight 
and  distance,  but  were  obliged  to  go  for  that  result  to 
experience,  in  how  much  less  a  degree  shall  we  be  able, 
by  speculative  methods,  to  discover  the  form  of  this 
dependence,  the  proportionality  ! 
Thestaticai  As  a  matter  of  fact,  the  assumption  that  the  equi- 

moment  in-  . 

voivedin     librium- disturbing  effect  of  a  weight  P  at  the  distance 

all  their  de- 
ductions.    L  from  the  axis  of  rotation  is  measured  by  the  product 

P.L  (the  so-called  statical  moment),  is  more  or  less 
covertly  or  tacitly  introduced  by  Archimedes  and  all 
his  successors.  For  when  Archimedes  substitutes  for 
a  large  weight  a  series  of  symmetrically  arranged  pairs 
of  small  weights,  which  weights  extend  beyond  the  point 
of  support,  he  employs  in  this  very  act  the  doctrine  of 
the  centre  of  gravity  in  its  more  general  form,  which  is 
itself  nothing  else  than  the  doctrine  of  the  lever  in  its 
more  general  form.  (See  Appendix,  III.,  p.  512.) 
without  it  Without  the  assumption  above  mentioned  of  the  im- 

demonstra-  ,      ,  ,  _    _ 

tion  is  im-    port   of   the   product  P.L,  no  one  can  prove  (Fig.  8) 

possible. 

that  a  bar,  placed  in 
any  way  on  the  ful- 
crum S,  is  supported, 
with  the  help  of  a 
-i  string  attached  to  its 


•5  centre  of  gravity  and 

carried  over  a  pulley, 

by  a  weight  equal  to  its  own  weight.  But  this  is  con- 
tained in  the  deductions  of  Archimedes,  Stevinus, 
Galileo,  and  also  in  that  of  Lagrange. 
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6.    EfUYGENS,  indeed,  reprehends  this  method,  and  Huygens-s 

criticism. 

gives  a  different  deduction,  in  which  he  believes  he  has 
avoided  the  error.  If  in 
the  presentation  of  La- 
grange  we  imagine  tlu- 
two  portions  into  which 
the  prism  is  divided 
turned  ninety  degrees 
about  two  vertical  axes 
passing  through  the  cen- 

prism- portions  (see  Fig. 
9<*),    and    it    be    sh< 
that  under  these  circum- 
stances equilibrium  still 
continues  to  we  Fi«  9- 

shall    obtain    the   Huygenian    deduction.     Abridged 
and  simplified,  it  is  as  follows.      In  a  rigid  weightless 


9*. 

plane  (Fig.  9)  through  the  point  5  we  draw  a  sti 

f.  on  which  we  cut  off  on  the  one  side  the  length  i 


i6 
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on  the  other  the  length  2,  at  A  and  B  respectively. 
On  the  extremities,  at  right  angles  to  this  straight 
line,  we  place,  with  the  centres  as  points  of  contact,  the 
heavy,  thin,  homogeneous  prisms  CD  and  EF,  of  the 
lengths  and  weights  4  and  2.  Drawing  the  straight 
line  HSG  (where  A  G  =  ±A  C}  and,  parallel  to  it,  the 
line  CFt  and  translating  the  prism-portion  CG  by  par- 
allel displacement  to  FH,  everything  about  the  axis 
GH  is  symmetrical  and  equilibrium  obtains.  But 
equilibrium  also  obtains  for  the  axis  AB ;  obtains  con- 
sequently for  every  axis  through  S,  and  therefore  also 
for  that  at  right  angles  to  AB :  wherewith  the  new 
case  of  the  lever  is  given. 
Apparently  Apparently,  nothing  else  is  assumed  here  than  that 

ummpeacn-  .  J 

able.  equal  weights  p,p  (Fig.  10)  in  the  same  plane  and  at 
equal  distances  /,/  from  an  axis  A  A'  (in  this  plane) 
equilibrate  one  another.  If  we  place  ourselves  in  the 
plane  passing  through  A  A'  perpendicularly  to  /,/,  say 

y 


M 


P 


A' 

Fig.  10. 


at  the  point  Mt  and  look  now  towards  A  and  now 
towards  A',  we  shall  accord  to  this  proposition  the 
same  evidentness  as  to  the  first  Archimedean  proposi- 
tion. The  relation  of  things  is,  moreover,  not  altered  if 
we  institute  with  the  weights  parallel  displacements 
with  respect  to  the  axis,  as  Huygens  in  fact  does. 
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The  error  first  arises  in  the  inference  :  if  equilib-  Yet  involv- 

ing in  the 
rium  obtains  for  two  axes  of  the  plane,  it  also  obtains  final  infer- 

.  ...  ence  an  er- 

for  every  ether  axis  passing  through  the  point  of  inter-  ror. 
section  ot  the  first  two.  This  inference  (if  it  is  not  to 
be  regarded  as  a  purely  instinctive  one)  can  be  drawn 
only  upon  the  condition  that  disturbant  effects  are  as- 
cribed to  the  weights  proportional  to  their  distances 
from  the  axis.  But  in  this  is  contained  the  very  kernel 
of  the  doctrine  of  the  lever  and  the  centre  of  gravity. 
Let  the  heavy  points  of  a  plane  be  referred  to  a 
system  of  rectangular  coordinates  :  ».  The  co- 

ordinates of  the  centre  of  gravity  of  a  system  of  masses 
mm'  tn"  .  .  .  having  the  coordinates 
arc,  as  we  ki. 

Mathemat- 

..          2.MX  _  «c»l 

£  =  -^r       ,     ff=  -^—  -  ?jon  of 

2>JM  Huygens's 

•  nee. 

I  f  we  turn  the  system  through  the  angle  a,  the  new  co- 
(  rdinates  of  the  masses  will  be 


.v1=jccosor  —  ,  =  ycosa  -f  .v  simr 

;  nd   consequ-  c   coordinates   of   the   centre  of 

!  ravity 

2m(xcosa  —  ysinar)  2mx 

-  =  cosor  -         -  sma 


=  ^  cosa  - 

,  nd,  similar 

—  //  cosa  -f  ^  sina. 
We  accordingly  obtain  the  co6rdinates  of  the  new 

•  entre  of  gra  .  MILJ   tin-  courdi- 
i  ates  of  the  :                     •«>  the  new  axes.     The  cei 

•  f  gi  herefore  the  self-same  point.      II 

•  re   select   the  centre  of   gravity   itself  as  origin,  thru 

=  0.   On  tur  system  of  axes,  tins 

;  ;lation  continues  to  subsist.      If,   accordingly,  equi- 
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librium  obtains  for  two  axes  of  a  plane  that  are  per- 
pendicular to  each  other,  it  also  obtains,  and  obtains 
then  only,  for  every  other  axis  through  their  point  of 
intersection.  Hence,  if  equilibrium  obtains  for  any 
two  axes  of  a  plane,  it  will  also  obtain  for  every  other 
axis  of  the  plane  that  passes  through  the  point  of  in- 
tersection of  the  two. 

The  infer-         These  conclusions,  however,  are  not  deducible  if 
sSSe  on™8"  the  coordinates  of  the  centre  of  gravity  are  determined 

on  one  con-  ,  . 

dition.        by  some  other,  more  general  equation,  say 
_  mf(x) 


m  +  m'  -J-  m"  +  .  .  . 

The  Huygenian  mode  of  inference,  therefore,  is  in- 
admissible, and  contains  the  very  same  error  that  we 
remarked  in  the  case  of  Archimedes. 
Seif-decep-  Archimedes's  self-deception  in  this  his  endeavor  to 
T  reduce  the  complicated  case  of  the  lever  to  the  case 
instinctively  grasped,  probably  consisted  in  his  uncon- 
scious employment  of  studies  previously  made  on  the 
centre  of  gravity  by  the  help  of-  the  very  proposition  he 
sought  to  prove.  It  is  characteristic,  that  he  will  not 
trust  on  his  own  authority,  perhaps  even  on  that  of 
others,  the  easily  presented  observation  of  the  import 
of  the  product  P.L,  but  searches  after  -a  further  verifi- 
cation of  it. 

Now  as  a  matter  of  fact  we  shall  not,  at  least  at 
this  stage  of  our  progress,  attain  to  any  comprehension 
whatever  of  the  lever  unless  we  directly  discern  in  the. 
phenomena  the  product  P.L  as  the  factor  decisive  of 
the  disturbance  of  equilibrium.  In  so  far  as  Archi- 
medes, in  his  Grecian  mania  for  demonstration,  strives 
to  get  around  this,  his  deduction  is  defective.  But  re- 
garding the  import  of  P.L  as  given,  the  Archimedean 
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deductions  still  retain  considerable  value,  in  so  far  as  Function  of 

r    t-rr  •,  the  Archi- 

the  modes  of  conception  of  different  cases  are  supported  medean  de- 

,  duction. 

the  one  on  the  other,  in  so  far  as  it  is  shown  that  one 
simple  case  contains  all  others,  in  so  far  as  the  same 
mode  of  conception  is  established  for  all  cases.  Im- 
agine (Fig.  12)  a  homogeneous  prism,  whose  axis  is 
AB,  supported  at  its  centre  C.  To  give  a  graphical 
representation  of  the  sum  of  the  products  of  the  weights 
and  distances,  the  sum  decisive  of  the  disturbance  of 
equilibrium,  let  us  erect  upon  the  elements  of  the  axis, 
which  are  proportional  to  the  elements  of  the  weight, 
the  distances  as  ordinates  ;  the  ordinates  to  the  right 


Fin.  17 

(as  positive)  being  drawn  upwards,  and  to  the  left  illustration 

,_ ,  of  its  value 

C  (as  negative)  downwards.     The  sum  of  the  areas 

the  igles,  ACD  +  CBE  =  0,  illustrates  here 

ie  si:  c  of  equilibrium.     If  we  divide  the  prism 

t<>   t  nay  substitute  the  rectangle 

n'\\'B  for  MTEB,   and   the  rectangle  MVXA  for 

'AfCAD,  where  TP  =  } TE  and  TR  =  \TD,  and  the 

'Mil-sections  MB,  MA  are  to  be  regarded  as  placed 

right  angles  to  AB  by  rotation  about  Q  and  S. 
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In  the  direction  here  indicated  the  Archimedean 
view  certainly  remained  a  serviceable  one  even  after 
no  one  longer  entertained  any  doubt  of  the  significance 
of  the  product  P.L,  and  after  opinion  on  this  point  had 
been  established  historically  and  by  abundant  verifica- 
tion. (See  Appendix,  IV.,  p.  514.) 

Treatment  7.  The  manner  in  which  the  laws  of  the  lever,  as 
by  modern  handed  down  to  us  from  Archimedes  in  their  original 
simple  form,  were  further  generalised  and  treated  by 
modern  physicists,  is  very  interesting  and  instructive. 
LEONARDO  DA  VINCI  (1452-1519),  the  famous  painter 
and  investigator,  appears  to  have  been  the  first  to  rec- 
ognise the  importance  of  the  general  notion  of  the  so- 
\B 


D 


C 


x^  p         '<4%Z0'r\ 
Fig.  13. 

Leonardo  called  statical  moments.  In  the  manuscripts  he  has 
1452-1519).  left  us,  several  passages  are  found  from  which  this 
clearly  appears.  He  says,  for  example  :  We  have  a 
bar  AD  (Fig.  13)  free  to  rotate  about  A,  and  suspended 
from  the  bar  a  weight  P,  and  suspended  from  a  string 
which  passes  over  a  pulley  a  second  weight  Q.  What 
must  be  the  ratio  of  the  forces  that  equilibrium  may  ob- 
tain? The  lever- arm  for  the  weight  P  is  not  AD,  but 
the  "potential"  lever  AB.  The  lever-arm  for  the 
weight  Q  is  not  AD,  but  the  "potential"  lever  AC. 
The  method  by  which  Leonardo  arrived  at  this  view 
is  difficult  to  discover.  But  it  is  clear  that  he  recog- 
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nised  the  essential  circumstances  by  which  the  effect 
of  the  weight  is  determined. 

Considerations   similar    to    those  of   Leonardo  da  Guide 
Vinci  are  also  found  in  the  writings  of  GUIDO  UBALDI. 

8.  We  will  now  endeavor  to  obtain  some  idea  of 
the  way  in  which  the  notion  of  statical  moment,  by 
which  as  we  know  is  understood  the  product  of  a  force 
into  the  perpendicular  let  fall  from  the  axis  of  rotation 
upon  the  line  of  direction  of  the  force,  could  have  been 
arrived  at, — although  the  way  that  really  led  to  this 
is  not  now  fully  ascertainable.  That  equilibrium 
exists  (Fig.  i  :  lay  a 

cord,  subjected  at  both  sides 
to  equal  tensions,  over  a 
pulley,  is  perceived  without 
difficulty.  We  shall  alwa 
f  nd  a  plane  of  symmetry  for 
t  ic  apparatus — the  plane 
A  hich  stands  at  right  angles  :> 

'  •  the  plane  of  the  cord  and  bisects  (££}  the  angle  made 
1  y  its  two  parts.    The  motion  that  might  be  supposed  A  method 
I  Dssible  cannot  in  this  case  be  precisely  determined  or  the  notion 

of  the  stat- 

atsoever  :  no  motion  will  there- leal mo- 

L    •  in  cut  might 

f  -re  take  place.    If  we  note,  now.  further,  that  the  mate-  have  been 

....  arrived  at. 

r  al  of  \v!  made  is  essential  only  to  tin 

i  itent  of  form  of  motion  of  the  pc>: 

f     application  of  the  strings,  we  shall  likrv  lily 

I  srceive  that  almost  any  portion  of  the  pulley  may 
!  removed  without  disturbing  the  equilibrium  of 
t  ie  machine.  The  rigid  i  :  lead  out  to  the  tan- 

g  .'ntial  points  of  the  string,  are  alone  essential.  We 
s  «,  thus,  that  th-  or  the  perpendiculars  on 

r  directions  of  the  strings)  play  here  a  part 
s    illar  to  the  lever-arms  in  the  lever  of  Archimedes. 
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This  notion 
derived 
from  the 
considera- 
tion of  a 
wheel  and 
axle. 


Let  us  examine  a  so-called  wheel  and  axle  (Fig. 
15)  of  wheel-radius  2  and  axle-radius  i,  provided  re- 
spectively with  the  cord-hung  loads  i  and  2  ;  an  appa- 
ratus which  corresponds  in  every  respect  to  the  lever 
of  Archimedes.  If  now  we  place  about  the  axle,  in 
any  manner  we  may  choose,  a  second  cord,  which  we 
subject  at  each  side  to  the  tension'  of  a  weight  2,  the 
second  cord  will  not  disturb  the  equilibrium.  It  is 
plain,  however,  that  we  are  also  permitted  to  regard 


Fig.  15.  Fig.  16. 

the  two  pulls  marked  in  Fig.  16  as  being  in  equilib- 
rium, by  leaving  the  two  others,  as  mutually  destruc- 
tive, out  of  account.  But  we  arrive  in  so  doing,  dis- 
missing from  consideration  all  unessential  features,  at 
the  perception  that  not  only  the  pulls  exerted  by  the 
weights  but  also  the  perpendiculars  let  fall  from  the 
axis  on  the  lines  of  the  .pulls,  are  conditions  deter- 
minative of  motion.  The  decisive  factors  are,  then, 
the  products  of  the  weights  into  the  respective  per- 
pendiculars let  fall  from  the  axis  on  the  directions  of 
the  pulls ;  in  other  words,  the  so-called  statical  mo- 
ments. 

The  princi-        9.   What  we  have  so  far  considered,  is  the  devel- 
lever  all-     opment  of  our  knowledge  of  the  principle  of  the  lever. 

sufficient  to  _     .        .      n  ,          ,          r      -   . 

explain  the  Quite  independently  of  this  was  developed  the  knowl- 

chines.  a     edge  of  the  principle  of  the  inclined  plane.      It  is  not 

necessary,  however,  for  the  comprehension  of  the  ma- 
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chines,  to  search  after  a  new  principle  beyond  that  of 
the  lever;  for  the  latter  is  sufficient  by  itself.  Galileo, 
for  example,  explains  the  inclined  plane  from  the  lever 
in  the  following  manner. 
\Ve  have  before  us  (Fig. 
17)  an  inclined  plane,  on 
which  rests  the  weight 
(>.  held  in  equilibrium 
he  weight  P.  Gali- 
leo,  now,  points  out  the 
fact,  that  it  is  not  requisite  that  Q  should  lie  directly 
upon  the  inclined  plane,  but  that  the  essential  point 
is  rather  the  form,  or  character,  of  the  motion 
of  Q.  V  .  consequently,  conceive  the  weight 

attached  to  the  bar  AC,  perpendicular  to  the  inclined 
plane,  and  rotatable  about  C.      If  then  we  institute  a  Galileo's 

explanation 

very  slight  rotation  about  the  point  (',  the  weight  ^uljjjjjj111" 
move  in  the  element  of  an  arc  coincident  with  the  in-  plane  by 

toe  lever. 

clined  plane.     That  the  path  assumes  a  curve  on  the 

»n   being  continued  is  of  no  consequence  h« 
since  this  further  movement  does  not  in  the  case  of 
iibrium   take  place,  and    •  ement  of  the  in- 

stant  al<  :ig,  however,  to  the 

on  before  mentioned  of  Leonardo  da  Vinci, 
ty  of  the  theorem  Q.CB 

=  P.CA  or  Q/P=CA/CB  =  (a/fl>,  and  thus  reach 

lilibrium  on  the  inclined  plane.    Once  we 

reached  the  principle  of  the  lever,  we  may.  then, 

v  apply  that    principle   to   the   comprehension   of 

the  other  machii. 
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ii. 

THE  PRINCIPLE  OF  THE  INCLINED  PLANE. 

stevinus  i.   STEViNUS,  or  STEViN,  (1548-1620)  was  the  first 

first  invlsti-  who  investigated  the  mechanical  properties  of  the  in- 
mechanics  clined  plane ;  and  he  did  so  in  an  eminently  original 
diiedin~  manner.  If  a  weight  lie  (Fig. 

'  1 8)  on  a  horizontal  table,  we 

perceive  at  once,  since  the 
pressure  is  directly  perpendic- 
ular to  the  plane  of  the  table, 
by  the  principle  of  symmetry, 
that  equilibrium  subsists.  On  a 
vertical  wall,  on  the  other  hand,  a  weight  is  not  at  all 
obstructed  in  its  motion  of  descent.  The  inclined  plane 
accordingly  will  present  an  intermediate  case  between 
these  two  limiting  suppositions.  Equilibrium  will  not 
exist  of  itself,  as  it  does  on  the  horizontal  support,  but 
it  will  be  maintained  by  a  less  weight  than  that  neces- 
sary to  preserve  it  on  the  vertical  wall.  The  ascertain- 
ment of  the  statical  law  that  obtains  in  this  case,  caused 
the  earlier  inquirers  considerable  difficulty. 

His  mode  of  Stevinus's  manner  of  procedure  is  in  substance  as 
reac  n  its  £QJJOWS  jje  jmagjnes  a  triangular  prism  with  horizon- 
tally placed  edges,  a  cross-section  of  which  ABC  is 
represented  in  Fig.  19.  For  the  sake  of  illustration 
we  will  say  that  AB  =  iBC ;  also  that  AC  is  horizon- 
tal. Over  this  prism  Stevinus  lays  an  endless  string 
on  which  14  balls  of  equal  weight  are  strung  and  tied 
at  equal  distances  apart.  We  can  advantageously  re 
place  this  string  by  an  endless  uniform  chain  or  cord. 
The  chain  will  either  be  in  equilibrium  or  it  will  not. 
If  we  assume  the  latter  to  be  the  case,  the  chain,  since 
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=  5 


the  conditions  of  the  event  are  not  altered  by  its  mo- 
tion, must,  when  once  actually  in  motion,  continue  to 
move  for  ever,  that  is,  it  must  present  a  perpetual  mo- 
tion, which  Stevinus  deems  absurd.   Consequently  only  stevinus-s 
the  first  case  is  conceivable.   The  chain  remains  in  equi-  of  theVaw 


librium.      The  symmetrical  portion  ADC  may,  there- 
fore,  without  disturbing  the  equilibrium,  be  removed.  plane 
The  portion  AB  of  the  chain  consequently  balances 
'ortion  BC.      Hence  :  on  inclined  planes  of  equal 
heights  equal  act  in  the  inverse  proportion  of 

the  lengths  of  the  planes. 


In   tin-  cross-section  of  the  prism  in  \:\^.  20 
magine  AC  horizontal,  BC  vertical,  ;  --ifiC; 

\  Tthermore,  the  chain-\\  '  on  AB  ami 

%C  \  >nal  to  the  h  will  follow  then  that 
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Their  in- 
stinctive 
character. 


Q/P=  A£/£C=2.     The  generalisation  is  self-evi- 
dent. 

The  as-  2.    Unquestionably  in  the  assumption  from  which 

of  sKv?-"5  Stevinus  starts,  that  the  endless  chain  does  not  move, 
dSctiodne  there  is  contained  primarily  only  a  purely  instinctive 
cognition.  He  feels  at  once,  and  we  with  him,  that 
we  have  never  observed  anything  like  a  motion  of  the 
kind  referred  to,  that  a  thing  of  such  a  character  does 
not  exist.  This  conviction  has  so  much  logical  cogency 
that  we  accept  the  conclusion  drawn  from  it  respecting 
the  law  of  equilibrium  on  the  inclined  plane  without  the 
thought  of  an  objection,  although  the  law  if  presented 
as  the  simple  result  of  experiment,  or  otherwise  put, 
would  appear  dubious.  We  cannot  be  surprised  at  this 
when  we  reflect  that  all  results  of  experiment  are  ob- 
scured by  adventitious  circumstances  (as  friction,  etc.), 
and  that  every  conjecture  as  to  the  conditions  which  are 
determinative  in  a  given  case  is  liable  to  error.  That 
Stevinus  ascribes  to  instinctive  knowledge  of  this  sort 
a  higher  authority  than  to  simple,  manifest,  direct  ob- 
servation might  excite  in  us  astonishment  if  we  did  not 
ourselves  possess  the  same  inclination.  The  question 
accordingly  forces  itself  upon  us :  Whence  does  this 
higher  authority  come  ?  If  we  remember  that  scientific 
demonstration,  and  scientific  criticism  generally  can 
only  have  sprung  from  the  consciousness  of  the  individ- 
ual fallibility  of  investigators,  the  explanation  is  not  far 
to  seek.  We  feel  clearly,  that  we  ourselves  have  con- 
tributed nothing  to  the  creation  of  instinctive  knowl- 
edge, that  we  have  added  to  it  nothing  arbitrarily,  but 
that  it  exists  in  absolute  independence  of  our  partici- 
pation. Our  mistrust  of  our  own  subjective  interpre- 
tation of  the  facts  observed,  is  thus  dissipated. 

Stevinus's  deduction  is  one  of  the  rarest  fossil  in- 


Their  cog- 
ency. 
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dications  that  we  possess  in  the  primitive  history  of  High histor- 

ical  value  of 

mechanics,  and  throws  a  wonderful  light  on  the  pro-  stevinus-s 

.  .  deduction. 

cess  of  the  formation  of  science  generally,  on  its  rise 
from  instinctive  knowledge.  \Ve  will  recall  to  mind 
that  Archimedes  pursued  exactly  the  same  tendency 
as  Stevinus,  only  with  much  less  good  fortune.  In 
later  times,  also,  instinctive  knowledge  is  very  fre- 
quently taken  as  the  starting-point  of  investigations. 
Ever  rnenter  can  daily  observe  in  his  own  ; 

son  the  guidance  that  instinctive  knowledge  furnishes 
him.  If  he  succeeds  in  abstractly  formulating  what 
is  contained  in  it,  he  will  as  a  rule  have  made  an  im- 
portant advance  in  science. 

rocedure  is  no  error.      If  an  error  were  The  trust- 

,         ...     worthiness 

c Detained  in  it.  •  <1  all  share  it.      Indeed,  it   is 

,  tiv<   knowl 

perf«  that   the  union  of  the  strongest  in- edge. 

s:inct  with  the  greatest  power  of  abstract  formulation 
i  lone  constitutes  the  great  natural  inquirer.  This  1>\ 
i  o  means  co:  >  create  a  new  \\\ 

<  ism  out  of  t!  cience  and  to  regard  this 

i  ictor  as  infallil>  t   it  is  not  infallible,  we  very 

•  asily  disco\  e   knowledge  of   so 

reat  logical  force  a 

loyed  by  Archin  Many  of 

ly  r«  ill  recall  to  mind, perhaps,  -ual 

hock  th«  t«>r  tin-  I 

•me  that  a  magnetic   needle    lying   in   tl  (-tic 

leridian  "in 

be  i!  i  u  ire  conducting  a  ci  <  ar- 

icd  along  in  a  p.  on  abov  inc- 

1  ive  i  fallible  a  !y  conscious.  Its  only 

alu«  :iccs  with  which  we  U  uniliar. 

it  to  ourselves,   in  preference  to 
ursu  1    speculations   on   this  subject,    tlu- 
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The  origin  question  :  How  does  instinctive  knowledge  originate 
Sveknowi-  and  what  are  its  contents?  Everything  which  we  ob- 
serve in  nature  imprints  itself  uncomprehended  and  un- 
analysed  in  our  percepts  and  ideas,  which,  then,  in  their 
turn,  mimic  the  processes  of  nature  in  their  most  gen- 
eral and  most  striking  features.  In  these  accumulated 
experiences  we  possess  a  treasure-store  which  is  ever 
close  at  hand  and  of  which  only  trie  smallest  portion 
is  embodied  in  clear  articulate  thought.  The  circum- 
stance that  it  is  far  easier  to  resort  to  these  experi- 
ences than  it  is  to  nature  herself,  and  that  they  are, 
notwithstanding  this,  free,  in  the  sense  indicated,  from 
all  subjectivity,  invests  them  with  a  high  value.  It 
is  a  peculiar  property  of  instinctive  knowledge  that  it 
is  predominantly  of  a  negative  nature.  We  cannot  so 
well  say  what  must  happen  as  we  can  what  cannot  hap- 
pen, since  the  latter  alone  stands  in  glaring  contrast  to 
the  obscure  mass  of  experience  in  us  in  which  single 
characters  are  not  distinguished, 
instinctive  Still,  great  as  the  importance  of  instinctive  knowl- 

knowledge        ,  ,  ,  , .  f 

and  extern-  edge  may  be,   for  discovery,  we  must  not,   from  our 

al  realities  ....  .   ,       .  ..... 

mutually     point  ot  view,  rest  content  with  the  recognition  of  its 

condiiion  .  TT,  .  , 

each  other,  authority.  We  must  inquire,  on  the  contrary  :  Under 
what  conditions  could  the  instinctive  knowledge  in 
question  have  originated?  We  then  ordinarily  find  that 
the  very  principle  to  establish  which  we  had  recourse 
to  instinctive  knowledge,  constitutes  in  its  turn  the  fun- 
damental condition  of  the  origin  of  that  knowledge. 
And  this  is  quite  obvious  and  natural.  Our  instinctive 
knowledge  leads  us  to  the  principle  which  explains  that 
knowledge  itself,  and  which  is  in  its  turn  also  corrobo- 
rated by  the  existence  of  that  knowledge,  which  is  a 
separate  fact  by  itself.  This  we  will  find  on  close  ex- 
amination is  the  state  of  things  in  Stevinus's  case. 
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3.   The  reasoning  of  Stevinus  impresses  us  as  soTheingen- 

highly  ingenious  because  the  result  at  which  he  arrives  vinus's  rea- 
soning. 
apparently  contains  more  than  the  assumption  from 

which  he  starts.  While  on  the  one  hand,  to  avoid  con- 
tradictions, we  are  constrained  to  let  the  result  pass,  on 
the  other  an  incentive  remains  which  impels  us  to  seek 
further  insight.  It  Stevinus  had  distinctly  set  forth 
iitire  fact  in  all  its  aspects,  as  Galileo  subsequently 
did.  his  reasoning  would  no  longer  strike  us  as  ingen- 
ious .  should  have  obtained  a  much  more  satis- 
factory and  clear  insight  into  the  matter.  In  the 
endless  chain  which  does  not  ulide  upon  the  prism,  is 
contained,  iu  fa-  thing.  We  mi^ht  say,  the 
:i  does  not  glide  because  no  sinking  of  heavy  bodies 
takes  This  would  not  be  accurate,  how- 
ever, for  when  the  chain  n  links  really 
r  o  descend,  whO*  place.  We  must 
s  ly,  therefore,  more  acci:  in  does  not 
{  lide  because  f<  .t  could  possibly  de- g^qu«  o< 

5  :end    an    equal  uM    have    to    ascend  deduction. 

i  lually  high,  or  a  body  of  dc»  .:ht  half  the 

1  eigl  Met  was  familiar  to  Stevinus, 

'ho  '.  indeed,  in    his  theory   of   pulleys; 

1  ut   i  nly  too  distrustful  of  himself  to  lay 

«  own  the  law.  without  additional  support,  as  also  valid 
1  >r  the  inclined  plane.       Hut  if  su<  h  a  law  did  not  exist 
niv<  ur   insti:  ledge  respecting  the 

«  ndless  chain  could  never  ha\e  originated.     With  this 
•  ur  minds  are  completely  enl;  :,ict  that 

J  tevinus  did  not  go  a  and 

i  jsted  content  with  l»i  discovered) 

i  leas  into  agreement  with  e  thought,  need 

i     *  furtl  S<      p,  515.) 

1  Stevinus  renders  himself  and  his 


The  merit 


dure. 
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readers,  consists,  therefore,  in  the  contrast  and  com- 
parison of  knowledge  that  is  instinctive  with  knowledge 
that  is  clear,  in  the  bringing  the  two  into  connection 
and  accord  with  one  another,  and  in  the  supporting 


Fig.  21. 

the  one  upon  the  other.  The  strengthening  of  mental 
view  which  Stevinus  acquired  by  this  procedure,  we 
learn  from  the  fact  that  a  picture  of  the  endless  chain 
and  the  prism  graces  as  vignette,  with  the  inscription 
"Wonder  en  is  gheen  wonder,"  the  title-page  of  his 
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work  Hypomnernata  Mathematica  (Leyden,  1605).*    AsEniighten- 

....  .  .     ment  in 

a  fact,  every  enlightening  progress  made  in  science  is  science  ai- 
accompanied  with  a  certain  feeling  of  disillusionment,  c^mpanied 
\Ve  discover  that  that  which   appeared  wonderful  to  sionmLnt.u 
us  is  no  more  wonderful  than  other  things  which  we 
know   instinctively  and   regard   as  self-evident ;  nay, 
that  the  contrary  would  be  much  more  wonderful  ;  that 
everywhere  the  same  fact  expresses  itself.    Our  puzzle 
turns  out  then  to  be  a  puzzle  no  more  ;  it  vanishes  into 
nothingness,  and  takes  its  place  among  the  shadows 
of  histoi 

4.   After  he  had  arrived  at  the  principle  of  the  in-  Explana- 
tion of  the 
lined  plane,  »t  was  easy  for  Stevmus  to  apply  that  other  UK. 

chines  by 

principle  to  the  other  machines  and  to  explain  by  it  stevinus-s 

•    action.      He   makes,  for  example,  tin-  following 
application. 

We  have,  let  us  suppose,  an  inclined  plane  (Fig. 
22)  and  on  it  a  load  Q.  We  pass  a  string  over  the 
pulley  A  at  the  summit  and  imagine  the  load  Q  held  in 
equilibrium  by  the  lo.i 

.  proceeds  by 

iilar   to  that 

i  by  Galileo.  He 

• 

cessary   that    the    load   Q 
should   lie  directly  on 
inch  i 

only  the  form  of  the  machine's  motion  be  preserved,  tin 

proportion  between  force  and  load  will  in  all  cases  re- 

ina:  fore  equally  well  conceive 

>ad  (>  t« •  b«  attached  to  a  properly  weighted  string 

over  a  p>  tring  is  normal  to  the 

Mile  given  is  that  of  Wilk-brord  Snell'n  Latin  translation  (1608)  of 
Simon  Stevin'»  Wmonttigt  Gfdackttmiaem,  Leyden,  1605.  —  Train. 
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The  funicu- 
lar machine 


And  the 
special  case 
of  the  paral- 
lelogram of 
forces. 


The  general 
form  of  the 
last-men- 
tioned prin- 
ciple also 
employed. 


inclined  plane.  If  we  carry  out  this  alteration,  we 
shall  have  a  so-called  funicular  machine.  We  now 
perceive  that  we  can  ascertain  very  easily  the  portion 
of  weight  with  which  the  body  on  the  inclined  plane 
tends  downwards.  We  have  only  to  draw  a  vertical 
line  and  to  cut  off  on  it  a  portion  ab  corresponding  to 
the  load  Q.  Then  drawing  on  aA  the  perpendicular 
be,  we  have  P/Q  =  AC  JAB  =  ac/ab.  Therefore  ac 
represents  the  tension  of  the  string  aA.  Nothing  pre- 
vents us,  now,  from  making  the  two  strings  change 
functions  and  from  imagining  the  load  Q  to  lie  on  the 
dotted  inclined  plane  EDF.  Similarly,  here,  we  ob- 
tain ad  for  the  tension  of  the  second  string.  In  this 
manner,  accordingly,  Stevinus  indirectly  arrives  at  a 
knowledge  of  the  statical  relations  of  the  funicular 
machine  and  of  the  so-called  parallelogram  of  forces  ;  at 
first,  of  course,  only  for  the  particular  case  of  strings 
(or  forces)  ac,  ad  at  right  angles  to  one  another. 

Subsequently,  indeed,  Stevinus  employs  the  prin- 
ciple of  the  composition  and  resolution  of  forces  in 
a  more  general  form  ;  yet  the  method  by  which  he 

X 


l'-S-  23  Fit,'.  24. 

reached  the  principle,  is  not  very  clear,  or  at  least  is 
not  obvious.  He  remarks,  for  example,  that  if  we 
have  three  strings  AB,  AC,  AD,  stretched  at  any 
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given  angles,  and  the  weight  P  is  suspended  from  the 
tirst,  the  tensions  may  be  determined  in  the  following 
manner.      We  produce  (Fig.  23)  AB  to  X  and  cut  off 
on  it  a  portion  AE.      Drawing  from  the  point  E,  EF 
parallel  to  AD  and  EG  paral- 
lel to  AC,  the  tensions  of  AB, 
AD  are  respectively  pro- 
portional to  AE,  AF, 

With  the  assistance  of  this 
principle  of  construction  Ste- 
vinus   solves    highly   compli- 
cated   problems.      He    determines,    for   instance,    the  solution  of 
tensions   of    a   system   of   ramifying   strings   like   that  piufated™ 
illustrated   in  .  :   in  doing  which  of  course  hepr° 

starts  from  the  gi  ^\\  of  the  vertical  string. 

The  relations  of  the  tensions  of  a  funicular  polygon 
a  e  likewise  ascertained  by  construction,  in  the  man- 
n  -r  ;  in  Fig.  25. 

We  v  means  of  the  principle  of  the  General  re- 

i  clined  plane,  seek  to  elucidate  the  conditions  of  op-  * 
<  ation  of  the  other  simple  machines,  in  a  manner  sim- 
i  ar  to  that  which  we  employed  in  the  case  of  the  prin- 
c  pie  of  tl. 


in 

K  COMPOSITION  OF  FORCES. 

The  principle  of  the  parallelogram   of  forces,  at  The  princi- 
'hich  STI  1  and  employed,  (yet  without  ex-  pjraiiei* 

1  ressly  formulating  it,)  consists,  as  we  know,  of  the  forces0 
!  blowing  truth.      If  a  body  A  (Fig.  26)  is  acted  upon 
i  y  two  forces  whose  directions  coincide  with  the  li 
.  '  9  and  AC,  and  whose  magnitudes  are  proportional  to 
i  le  lengths  AB  and  AL\  these  two  forces  produce  the 
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Method  by 
which  the 
general  no- 
tion of  the 
parallelo- 
gram of 
forces 
might  have 
been  ar- 
rived at. 


same  effect  as  a  single  force,  which  acts  in  the  direction 
of  the  diagonal  AD  of  the  parallelogram  A  BCD  and  is 
proportional  to  that  diagonal.  For  instance,  if  on  the 

strings  AB,  AC  weights 
exactly  proportional  to  the 
lengths  AB,  AC  be  sup- 
posed to  act,  a  single 
weight  acting  on  the  string 
ADexactly  proportional  to 

the  length  AD  will  produce  the  same  effect  as  the  first 
two.  The  forces  AB  and  AC  are  called  the  compo- 
nents, the  force  AD  the  resultant.  It  is  furthermore 
obvious,  that  conversely,  a  single  force  is  replaceable 
by  two  or  several  other  forces. 

2.   We  shall  now  endeavor,  in  connection  with  the 
investigations  of  Stevinus,  to  give  ourselves  some  idea 

of  the  manner  in  which  the 
general  proposition  of  the 
parallelogram  of  forces 
might  have  been  arrived 
at.  The  relation, — dis- 
covered by  Stevinus, — 
that  exists  between  two 
mutually  perpendicular 
forces  and  a  third  force 
that  equilibrates  them,  we 
shall  assume  as  (indi- 
rectly) given.  We  sup- 
pose now  (Fig.  27)  that 
there  act  on  three  strings 
OX,  OY,  OZ,  pulls  which 
balance  each  other.  Let  us  endeavor  to  determine  the 
nature  of  these  pulls.  Each  pull  holds  the  two  remain- 
ing ones  in  equilibrium.  The  pull  OY\ve  will  replace 


Fig.  27. 
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(following  Stevinus's  principle)  by  two  new  rectangular  The  deduc- 

tion  of  the 

pulls,   one  in  the    direction    Ou  (the  prolongation  of  general 
OX  .  and  one  at  right  angles  thereto  in 'the  direction  from  the 
Or.     And  let  us  similarly  resolve  the  pull  OZ  in  theofstevinus. 
directions  Ou  and  Ow.   The  sum  of  the  pulls  in  the  di- 
rection Ou,  then,  must  balance  the  pull  OX,  and  the 
two  pulls  in  the  directions  Or  and  O:^  must  mutually 
destroy  each  other.     Taking  the  two  latter  as  equal 
and  opposite,  and  representing  them  by  Om  and  < 
we  determine  coincidently  with  the  operation  the  com- 
ponents Op  and  Oq  parallel  to  Ou,  as  well  also  as  the 
pulls  Or,  Os.    Now  the  sum  Op  -\-  Oq  is  equal  and  op- 
te  to  the  pull   in  ction  of   OX ;  and  if  we 

d'aw  st  parallel  to  OYt  or  //  parallel  to  OZ,  either  line 
M  ill  cut  off  the  portion  Of  =  Op  -f  Oq  .  with  which  re- 
s  ilt  the  Rfiu-ral  principle  of  the  parallelogram  of  forces 
i  reached. 

The  general  case  of  composition  may  be  deduced  A  different 

.mode  of  the 

i      still  another   way  from  the  special  composition  oi  same  de- 

r  ctangular  force  }A  and  OB  be  the  two  forces 

;  :tingat  O.  For  O. 

;    force  OC  a« 

(  A  and  a  force  OD  acting  at 

r  ght   angles  to  OA.      There 

t  ten  act  for  OA  and  OH 

t  *o  forces   OE  =  OA  +  OC 

.  id  (  of  which  fortes  (>  he  same 

t  me  n;onal  of  the   parallelogram  OAFB  con- 

s  meted  on  OA  and  OB  .1 

3.   The   principle  illelogram  of  forces, 

\   h«  Mevinus.    presents  it- presents  it- 

self as  an 

s  -If  as  an  //;  -covery.      It  is  exhibited  as  a  con- indirect^ 

'•nee   and   as  the  condition  of  known   facts.     We 
j  tiro  --rely  that  it  does  -exist,  not,  as  yet 
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And  is  first 
clearly 
enunciated 
by  Newton 
and  Varig- 


The  geo- 
metrical 
theorem 
employed 
by  Varig- 
non. 


why  it  exists ;  that  is,  we  cannot  reduce  it  (as  in  dy- 
namics) to  still  simpler  propositions.  In  statics,  in- 
deed, the  principle  was  not  fully  admitted  until  the 
time  of  Varignon,  when  dynamics,  which  leads  directly 
to  the  principle,  was  already  so  far  advanced  that  its 
adoption  therefrom  presented  no  difficulties.  The  prin- 
ciple of  the  parallelogram  of  forces  was  first  clearly 
enunciated  by  NEWTON  in  his  Principles  of  Natural  Phi- 
losophy. In  the  same  year,  VARIGNON,  independently  of 
Newton,  also  enunciated  the  principle,  in  a  work  sub- 
mitted to  the  Paris  Academy  (but  not  published  un- 
til after  its  author's  death),  and  made,  by  the  aid  of  a 
geometrical  theorem,  extended  practical  application 
of  it.* 

The  geometrical  theorem  referred  to  is  this.  If  we 
consider  (Fig.  29)  a  parallelogram  the  sides  of  which 
are/  and  q,  and  the  diagonal  is  r,  and  from  any  point  m 

in  the  plane  of  the  par- 
allelogram we  draw  per- 
pendiculars on  these 
three  straight  lines, 
which  perpendiculars 
we  will  designate  as 
u,  v,  w,  then  p .  u  -j- 
q  .  v  =  r .  w.  This  is 
easily  proved  by  draw- 
Fig.  29.  Fig.  30.  ing  straight  lines  from  m 
to  the  extremities  of  the  diagonal  and  of  the  sides  of 
the  parallelogram,  and  considering  the  areas  of  the 
triangles  thus  formed,  which  are  equal  to  the  halves 
of  the  products  specified.  If  the  point  m  be  taken 
within  the  parallelogram  and  perpendiculars  then  be 


*  In  the  same  year,  1687,  Father  Bernard  Lami  published  a  little  appendix 
to  his  Traitt  de  michanique,  developing  the  same  principle. —  Trans. 
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fn 


drawn,  the  theorem  passes  into  the  form  p.u —  q  .  r 
=  r .  w.  Finally,  if  m  be  taken  on  the  diagonal  and 
ndiculars  again  be  drawn,  we  shall  get,  since  the 
perpendicular  let  fall  on  the  diagonal  is  now  zero, 
p.u  —  q .  r  —  i  »  or  /  .  // 

With  the  assistance  of  the  observation  that  forces  The  deduc- 

roportional  to  the  motions  produced  by  them  in 
equal  intervals  of  time,  Varignon  easily  advances  from 
the  composition  of  motions  to  the  composition  of  forces. 
Forces,  which  acting  at  a  point  are  represented  in 
magnitude  and  dim  tion  by  the  sides  of  a  parallelo- 
gram, are  replaceable  by  a  single  lorce,  similarly  rep- 
;•  (1  l»v  the  diagonal  of  that  parallelogram. 

If  now,  in  the   parallelogram   cc;  md  </Momemsof 

represent  the  concurrent  forces  (the  components)  and  /• 
th  force  competent  to  take  their  place  (the  resultant), 
thm  the  product  are  called  the  moments 

of  these  forces  with  resp«  point  ///.    If  the  point 

m   ie  in  the  (1  of  the  resultant,  the  two  mom 

pi  and  qv  are  with  respect  to  it  equal  to  each  other. 

4.   With  the  assistance  of  th,  non  ' 

n<  w    in  a  ;  Teat  y 

t!    •   ma<  hines   in   a   much 
si  np  were 

h  >  predecessors.    Let  us 
c<  nsider,      for      exan 
r  ig.   31)    a    rigid     i 
c  pable  of  rotation  about 
a      a  through 

(  icular  to 

a  is  we  c  i  plane, 

a  d     select     t 

p  ;nts  A,  B,  on  which  two  forces  /'and  Q  in  the  plane 
a  :  supposed  to  act.  We  recognise  with  Varignon 
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The  deduc-that  the  effect  of  the  forces  is  not  altered  if  their  points 

tion  of  the  .      .      ,.  /•          ,  • 

law  of  the    of  application  be  displaced  along  their  line  of  action, 

lever  from  ,  -.  .  .     .  ,, 

the  parai-  since  all  points  in  the  same  direction  are  rigidly  con- 
permSpie.  nected  with  one  another  and  each  one  presses  and  pulls 
the  other.  We  may,  accordingly,  suppose  P  applied 
at  any  point  in  the  direction  AX,  and  Q  at  any  point 
in  the  direction  BY,  consequently  also  at  their  point 
of  intersection  M.  With  the  forces  as  displaced  to  M, 
then,  we  construct  a  parallelogram,  and  replace  the 
forces  by  their  resultant.  We  have  now  to  do  only 
with  the  effect  of  the  latter.  If  it  act  only  on  movable 
points,  equilibrium  will  not  obtain.  If,  however,  the 
direction  of  its  action  pass  through  the  axis,  through 
the  point  O,  which  is  not  movable,  no  motion  can  take 
place  and  equilibrium  will  obtain.  In  the  latter  case 
O  is  a  point  on  the  resultant,  and  if  we  drop  the  per- 
pendiculars u  and  v  from  O  on  the  directions  of  the 
forces  /,  q,  we  shall  have,  in  conformity  with  the  the- 
orem before  mentioned,  p  •  u  =  q  •  v.  With  this  we 
have  deduced  the  law  of  the  lever  from  the  principle 
of  the  parallelogram  of  forces. 

The  statics  Varignon  explains  in  like  manner  a  number  of  other 
adyrfamfca"  cases  of  equilibrium  by  the  equilibration  of  the  result- 
ant force  by  some  obstacle  or  restraint.  On  the  in- 
clined plane,  for  example,  equilibrium  exists  if  the  re- 
sultant is  found  to  be  at  right  angles  to  the  plane.  In 
fact,  Varignon  rests  statics  in  its  entirety  on  a  dynamic 
foundation ;  to  his  mind,  it  is  but  a  special  case  of  dy- 
namics. The  more  general  dynamical  case  constantly 
hovers  before  him  and  he  restricts  himself  in  his  inves- 
tigation voluntarily  to  the  case  of  equilibrium.  We 
are  confronted  here  with  a  dynamical  statics,  such 
as  was  possible  only  after  the  researches  of  Galileo. 
Incidentally,  it  may  be  remarked,  that  from  Varignon 


THE  PRIXCIPLES  OF  STATICS. 


39 


is  derived  the  majority  of  the  theorems  and  methods 
of  presentation  which  make  up  the  statics  of  modern 
:ientary  text-books. 

5.  As  we  have  already  seen,  purely  statical  consid-  Special 

,    statical  con- 

ons  also  lead  to  the  proposition  of  the  parallel-  siderations 

-  ,  .    ,  .       ,  ...     also  lead  to 

ogram  of  forces.   In  special  cases,  in  fact,  the  principle  the  prin- 
admits  of  being  very  easily  verified.     We  recognise  at0'1 
once,  for  instance,  that  any  number  whatsoever  of  equal 
forces  acting  (by  pull  or  pressure)  in  the  same  plane  at 
a  point,  around  which  their  suc- 

e  lines  make  eqi: 

equilibrium.  If,  for  exam- 
ple, (Fig.  32)  the  three  equal 
forces  OA,  O/>,  OC  act  on  the 
point  O  at  angles  of  120°,  each 
tv  o  of  the  forces  holds  the  third 
ir  equilibrium.  We  see  imine 
d  at.  the  resultant  of  OA 

a  \d  OB  is  equal  and  opposite  to  (>•  represented 

b  r  Oi  the  diagonal  of  the 

]   irallclogram  OADJ!  lily  follows  from  the 

f  ct  t  us  of  a  circle  is  also  the  side  of  the 

1  'xagon  included  by  it. 

6.  If  the  c<  .ict  in  the  same  or  in  The  case  of 

C  )p<  !    to  tin-  sum  for«i 

<       t!  of  the  pa'rUcnUr 

O  A  Ca9e  of  the 

general 
iple. 


t  >mponents.     W« 

a  ;nise  hot  with- 

<   it     any    difi: 

|i  irticular  cases  of    the 

I    inciple  of   the  paral- 

1<  logram  of  l  It  in  th-  -.wings  of  Fig.  33 

v  :'  imagine  the  angle  A  OB  to  be  gradually  reduced 

t    the  value  o°,  and  the  angle  A'  O  B1  increased  to  the 


32- 
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value  180°,  we  shall  perceive  that  OC  passes  into  OA  -{- 

AC  =  OA  +  OB  and  O'  C  into  O'  A' —  A'  C  =  O'  A' 

—  O'  B '.    The  principle  of  the  parallelogram  of  forces 

includes,  accordingly,  propositions  which  are  generally 

made  to  precede  it  as  independent  theorems. 

The  princi-        7.   The  principle  of  the  parallelogram  of  forces,  in 

siteionPde?°  the  form  in  which  it  was  set  forth  by  Newton   and 

rived  from    __  .   .  . .      ,  1f  , 

experience.  Vangnon,  clearly  discloses  itself  as  a  proposition  de- 
rived from  experience.  A  point  acted  on  by  two  forces 
describes  with  accelerations  proportional  to  the  forces 
two  mutually  independent  motions.  On  this  fact  the 
parallelogram  construction  is  based.  DANIEL  BER- 
NOULLI, however,  was  of  opinion  that  the  proposition  of 
the  parallelogram  of  forces  was  a  geometrical  truth,  in- 
dependent of  physical  experience.  And  he  attempted 
to  furnish  for  it  a  geometrical  demonstration,  the  chief 
features  of  which  we  shall  here  take  into  consideration, 
as  the  Bernoullian  view  has  not,  even  at  the  present 
day,  entirely  disappeared. 

Daniel  Ber-        If  two  equal  forces,  at  right  angles  to  each  other 

noulli's  at-     ,-—. 

tempted      (Fig.  34\  act  on  a  point,  there  can  be  no  doubt,  ac- 

geometrica '  , .  . 

demonstra-  n  cording  to  Bernoulli,  that  the  line 

tionofthe       #« -M. +a 

truth.  /Ti\  °*    bisection  of  the    angle   (con- 

formably to  the  principle  of  sym- 
metry) is  the  direction  of  the  re- 
sultant r.  To  determine  geomet- 
rically also  the  magnitude  of  the 
resultant,  each  of  the  forces  /  is 
Flg  34-  decomposed  into  two  equal  forces 

q,  parallel  and  perpendicular  to  r.  The  relation  in 
respect  of  magnitude  thus  produced  between  p  and  q 
is  consequently  the  same  as  that  between  r  and  p.  We 
have,  accordingly : 

/  =  yu  .  q  and  r  =  JJL  .  /;  whence  r  =  p2q. 
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Since,  however,  the  forces  q  acting  at  right  angles 
to  r  destroy  each  other,  while  those  parallel  to  r  con- 
stitute the  resultant,  it  further  follows  that 

r  —  2?;  hence  p  —  1/2^  and  r  =  \    _ 
The  resultant,  therefore,  is  represented  also  in  re- 
spect of  magnitude  by  the  diagonal  of  the  square  con- 
structed on  /  as  side. 

Similarly,  tin-  magnitude  maybe  determined  of  the  The  case  of 

unequal 

resultant  of  unequal  rectangular  components.     Here,  rectangular 

components 

however,  nothing  is  kr  'ore- 


hand  concerning  the  direction  of 

the  resultant  r.    If  we  decompose 

the  components  />,   q  (Fig.    3 

parallel  and  ;  <  ular  to  tin- 

ye    u  :m-d  direction  /,  into 

th  j  forces  u,  s  a 

fo  ces  will  form  with  the  compo-  r 

n<   its  />.  ,/  the  same  angles  tha 

q    orm  with  r.    From  which  fact  the  following  relations 

in  respect  of  magnitude  are  determim 


.  q      r         p  r         q 

=  '    and  --  '    and 

/>  s  />         t 

fr  m  which  t  r  equations  follows  s  =  /  =pq/r. 

O  i  the  other  hand.  lx>w< 

ff* 

,  =  *+*  =  £-+  =P*  +  q*. 

The  diagonal  of  the  rectangle  constructed  on  /  and 
q  epresents  accordingly  the  magnitude  of  the  result- 
ai  t. 

•rail    rhombs,   tl  1    the   re-  General  re- 

Si  Itant  i  lined  ;  for  all  rectangles,  the  ///</ 

and  for  squares  both  magnitude  and  direction. 
B  rnoulli  then  s<  problem  of  substituting  for 
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two  equal  forces  acting  at  one  given  angle,  other  equal, 
equivalent  forces  acting  at  a  different  angle  ;  and  finally 
arrives  by  circumstantial  considerations,  not  wholly 
exempt  from  mathematical  objections,  but  amended 
later  by  Poisson,  at  the  general  principle. 
Critique  of  8.  Let  us  now  examine  the  physical  aspect  of  this 

Bernoulli's  .    .  _       .         ,    e 

method.  question.  As  a  proposition  derived  from  experience, 
the  principle  of  the  parallelogram  of  forces  was  already 
known  to  Bernoulli.  What  Bernoulli  really  does,  there- 
fore, is  to  simulate  towards  himself  a  complete  ignorance 
of  the  proposition  and  then  attempt  to  philosophise 
it  abstractly  out  of  the  fewest  possible  assumptions. 
Such  work  is  by  no  means  devoid  of  meaning  and  pur- 
pose. On  the  contrary,  we  discover  by  such  proce- 
dures, how  few  and  how  imperceptible  the  experiences 
are  that  suffice  to  supply  a  principle.  Only  we  must 
not  deceive  ourselves,  as  Bernoulli  did  ;  we  must  keep 
before  our  minds  all  the  assumptions,  and  should  over- 
look no  experience  which  we  involuntarily  employ. 
What  are  the  assumptions,  then,  contained  in  Bernoul- 
li's deduction? 

The  as-  9.  Statics,  primarily,  is  acquainted  with  force  only 

as  a  pull  or  a  pressure,  that  from  whatever  source  it 


duction  de-  .  ,  r  . 

rived  from  may  come  always  admits  of  being  replaced  by  the  pull 
'e'  or  the  pressure  of  a  weight.  All  forces  thus  may  be  re- 
garded as  quantities  of  the  same  kind  and  be  measured 
by  weights.  Experience  further  instructs  us,  that  the 
particular  factor  of  a  force  which  is  determinative  of 
equilibrium  or  determinative  of  motion,  is  contained 
not  only  in  the  magnitude  of  the  force  but  also  in  its 
direction,  which  is  made  known  by  the  direction  of  the 
resulting  motion,-  by  the  direction  of  a  stretched  cord, 
or  in  some  like  manner.  We  may  ascribe  magnitude 
indeed  to  other  things  given  in  physical  experience, 


THE  PRINCIPLES  OF  STATICS.  43 

such  as  temperature,  potential  function,  but  not  direc- 
tion. The  fact  that  both  magnitude  <///</  direction  are 
determinative  in  the  efficiency  of  a  force  impressed  on 
a  point  is  an  important  though  it  may  be  an  unob- 
tru>  rience. 

that  the  magnitude  and  direction  Magnitude 

,  ,  .  ,-•-,,  and  direc- 

of  forces  impressed  on  a  pom:  e,  it  will  tion  the  sole 

'osite  forces,  as  they  factors. 

cannot  uniqn  iny  motion, 

are  in  equilibrium.   So,  also,  at 
right  angles  to  : 
fore-  ible  uniquely  to  de- 

ternii:  But   

if  a  : 

gle  to  another  direction  <        i 

36)  it  is  able  to  determine  a  mo-   

tion   in  that  direction.      "> 

•  •  i  F«g-  36- 

th;  t  the  motion  <-ction  of  s's 

an     not  in  that  of  s s  tion 

of    he  side  of  the  (/<///<* angle  or  in  the 

:  of  /  on  s's. 

Now  th:  Her- 

dire 
JT,    <»f  the  re- derivable 

8U    ant  of  tw  S  tO  one  eiperie°n™e. 

an    tl  only  on  the  ground  <>(   t! 

>llows  only, 
forces  and 

co  icides  with   the   line  .  _;le,  not 

ho  :e  .Is  in  th- 

rer  d(  :  MII  i  nation,  our  whole  proof  is  ex- 

pl(  ie 

ached  the  conviction  that 
ou   k  <>f  a  fon 
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So  also  solely  obtainable  from  experience,  still  less  then  shall 
jSofthe  we  believe  it  in  our  power  to  ascertain  by  any  other  way 
te|fuscde-e  the  form  of  this  effect.  It  is  utterly  out  of  our  power, 
to  divine,  that  a  force/  acts  in  a  direction  s  that  makes 
with  its  own  direction  the  angle  a,  exactly  as  a  force 
/  cos  a  in  the  direction  s  ;  a  statement  equivalent  to  the 
proposition  of  the  parallelogram  of  forces.  Nor  was 
.it  in  Bernoulli's  power  to  do  this.  Nevertheless,  he 
makes  use,  scarcely  perceptible  it  is  true,  of  expe- 
riences that  involve  by  implication  this  very  mathe- 
matical fact. 

The  man-          A  person   already  familiar  with   the   composition 
which  the    and  resolution  of  forces  is  well  aware  that  several  forces 

assump-  .  .  . 

tions  men-  acting  at  a  point  are,  as  regards  their  enect,  replaceable, 

tioned  enter 

into  Her-     in  every  respect  and  in  every  direction,  by  a  single  force. 

duction.  This  knowledge,  in  Bernoulli's  mode  of  proof,  is  ex- 
pressed in  the  fact  that  the  forces  p,  q  are  regarded  as 
absolutely  qualified  to  replace  in  all  respects  the  forces 
s,  u  and  /",  v,  as  well  in  the  direction  of  r  as  in  every 
other  direction.  Similarly  r  is  regarded  as  the  equiv- 
alent of  p  and  q.  It  is  further  assumed  as  wholly  in- 
different, whether  we  estimate  s,  u,  /,  v  first  in  the 
directions  of/,  q,  and  then/,  q  in  the  direction  of  r,  or 
s,  u,  t,  v  be  estimated  directly  and  from  the  outset  in 
the  direction  of  r.  But  this  is  something  that  a  person 
only  can  know  who  has  antecedently  acquired  a  very 
extensive  experience  concerning  the  composition  and 
resolution  of  forces.  We  reach  most  simply  the  knowl- 
edge of  the  fact  referred  to,  by  starting  from  the  knowl- 
edge of  another  fact,  namely  that  a  force  /  acts  in  a 
direction  making  with  its  own  an  angle  a,  with  an  effect 
equivalent  to  p  •  cos  a.  As  a  fact,  this  is  the  way  the 
perception  of  the  truth  was  reached. 

Let  the  coplanar  forces  P,  P',  P".  .  .  be  applied  to 
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one  and  the  same  point  at  the  angles  a,  a',  a"  .  .  .  with  Mathemat 


a  given  direction  A'.      These  forces,  let  us  suppose,  are    s  of  he 
replaceable  by  a  single  force  77,  which  makes  with  A'  the  true  and 
an  angle  //.      By  the  familiar  principle  we  have  then  assumption 

2;  /'cosor  =  77  cos//. 

If  //  is  still  to  remain  the  substitute  of  this  system  of 
forces,  whatever  direction  A'  may  take  on   the  system 
turned  through  any  angle  6,  we  shall  further 
have 

2/>cofl  a       6)  =  //cos(/*  +  <f), 
or 

osa      //cos//)  costf—  (2Psma  -  //sin//)  sind  =  0. 
If  we  put 

rOS«  — 

-(2Ps'ma- 


3 


tanr  = 
it  t  illows  that 

o • -|-  fisinti  =.  I    A2  6  -f  T)  =  0, 

ch  equat  con- 


—  //  <  •  >^n  —  o 
^H  I 

^  =  p 

//  .  CM/I         ^/'cosdf 
//MM//        i'/'sinnr. 
equations  follow  for  //  and  //  the  deter- 

//=  I        S?  2?      ort)*! 

^7' 
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The  actual  Granting,  therefore,  that  the  effect  of  a  force  in  every 
deducibie  direction  can  be  measured  by  its  projection  on  that  di- 
othe"  sup-  rection,  then  truly  every  system  of  forces  acting  at  a 
point  is  replaceable  by  a  single  force,  determinate  in 
magnitude  and  direction.  This  reasoning  does  not  hold, 
however,  if  we  put  in  the  place  of  cos  a  any  general  func- 
tion of  an  angle,  <p  (or).  Yet  if  this  be  done,  and  we  still 
regard  the  resultant  as  determinate,  we  shall  obtain  for 
(p^a),  as  may  be  seen,  for  example,  from  Poisson's 
deduction,  the  form  cos  a.  The  experience  that  several 
forces  acting  at  a  point  are  always,  in  every  respect, 
replaceable  by  a  single  force,  is  therefore  mathemat- 
ically equivalent  to  the  principle  of  the  parallelogram 
of  forces  or  to  the  principle  of  projection.  The  prin- 
ciple of  the  parallelogram  or  of  projection  is,  how- 
ever, much  easier  reached  by  observation  than  the 
General  re-  more  general  experience  above  mentioned  by  statical 
observations.  And  as  a  fact,  the  principle  of  the  par- 
allelogram was  reached  earlier.  It  would  require  in- 
deed an  almost  superhuman  power  of  perception  to 
deduce  mathematically,  without  the  guidance  of  any 
further  knowledge  of  the  actual  conditions  of  the  ques- 
tion, the  principle  of  the  parallelogram  from  the  gen- 
eral principle  of  the  equivalence  of  several  fo'rces  to  a 
single  one.  We  criticise  accordingly  in  the  deduction 
of  Bernoulli  this,  that  that  which  is  easier  to  observe 
is  reduced  to  that  which  is  more  difficult  to  observe. 
This  is  a  violation  of  the  economy  of  science.  Bernoulli 
is  also  deceived  in  imagining  that  he  does  not  proceed 
from  any  fact  whatever  of  observation. 
An  addi-  We  must  further  remark  that  the  fact  that  the  forces 

tional  as-  . 

sumption  of  are  independent  of  one  another,  which  is  involved  in 

Bernoulli.  . 

the   law  of   their  composition,  is  another  experience 
which  Bernoulli  throughout  tacitly  employs.     As  long 
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have  to  do  with  uniform  or  symmetrical  systems 

of  forces,  all  equal  in  magnitude,  each  can  be  affected 

by  the  others,  even  if  they  are  not  independent,  only 

to  the  same  extent  and  in  the  iy.      (mm   but 

forces,  however,  of   which  two  are  symmetrical 

to  the  third,  and  even  then   the  reasoning,   provided 

:mit  that  the  for  nt,  pre- 

considerable  difficult 

ii.    Once   we  have   been  led,  directly  or  indirectly.  Discussion 
to  the  principle  of  th>  '.ogram  of  forces,  once  we  •etwof  the 

just  as  much  an 
tion  as  ai 

iot  accepted  with  the  same  confidence  as 
dons.    \Vethenseek 

to  si  pport  th  the  old,  to  demon- 

strat  ;d  by  the  new  obsei 

tion  a  ->M.      It  is  i 

foo  '  thr  lat- 

ter.     Deduction   of  1  <  mly  in 

h  obsei  .tre  difficult  directly 

to  i    itain   ca:  more  en 

of  the  parallel- 

2.    The  pro]  lo^r  ram  of  forces 

i  i  11  1"'" 

•1st  ruted  for  the  purpose.     An  apparat 


TheSuchy. 

;.cen  'e  of  a  h<  marked 

cr  at  a 
over  groove 

can  in  the  circumference  *>f  the 

circ  ibytheweitf!  If  three 

cqu;     -vei  mce,  and  the  wheels 

plac  d  at  ision  o,  120,  240,  the  point  at 
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in- which  the  strings  are  knotted  will  assume  a  position 

tal  illustra-    .  -     ,  .      ,          „,  ,  , 

tionof  the  just  above  the  centre  of  the  circle.    Three  equal  forces 

principle.      '  .  <•        1  •  -IM 

acting  at  angles  of  120°,  accordingly,  are  in  equilib- 
rium. 


Fig.  37- 

If  we  wish  to  represent  another  and  different  case, 
we  may  proceed  as  follows.  We  imagine  any  two 
forces  /,  q  acting  at  any  angle  a,  represent  (Fig.  38) 
them  by  lines,  and  construct  on  them  as  sides  a  paral- 
lelogram. We  supply,  further,  a  force 
equal  and  opposite  to  the  resultant  r. 
The  three  forces  p,  q,  —  r  hold  each 
other  in  equilibrium,  at  the  angles  vis- 
ible from  the  construction.  We  now 
place  the  wheels  of  the  divided  circle  on 
the  points  of  division  o,  a,  a  -f-  /?,  and 
load  the  appropriate  strings  with  the 
weights  /,  q,  r.  The  point  at  which  the 
strings  are  knotted  will  come  to  a  position  exactly 
above  the  middle  point  of  the  circle. 


Fig.  38. 
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K  OF  VI  KIT  A I    VKLOCITIES. 

i.   We  now  pass  to  the  discussion  of  the  principle  The  truth 
of   virtual    (possible)    displacements.*     The  truth    of cipie first 

.  r  remarked 

this  principle  was  first  remarked  by  STEVINUS  at  the  by  stevinus 

of  the  sixteenth  century  in  his  investigations  on 

luilibrium  of  pulleys  and  combinations  of  pulleys. 

inus  treats  combinations  of  pulleys  in   the   same 

are  treated  at  the  present  day.     In  the  case 

•Termed  in  English  the  principle  of '  virtual  velocities."  this  being  the 
ordinal  phrase  (vlttsst  :t reduced  by  John  Bernoulli.  See  the 

te  it,  page  56.     The  word  virtmalii  serin*  to  have  been  the  fabrication  of  Duns 
S(  otus  (see  the  Ctntury  Dictionary,  under  virtual)  \   but  virtualiter  was  used 
b;  Aquinas,  and  rirttti  had  been  employed  for  centuries  to  transl.r. 
ai  d  therefore  as  a  synonym  for  f+ttntia.    Along  with  many  other  scholastic 
t«  rms.  virtual  passed  into  the  ordinary  vocabulary  of  the  English  language. 
E  -erybody  remembers  the  passage  in  the  third  book  of  r.i>.t.tiit  Lost, 
-  Lora  M*  the  kOT'nlr  Spirit*,  and  how  chlr  Lore 

ExpraM  they,  by  look*  wely.  or  do  they  mi* 

Inadiaac*.  *<•/««/  or  lamadlsia  teach  r  '  -.Vi.'/v.. . 

v  •,  we  all  remember  how  it  was  claimed  before  our  revolution  that  America 

\  d  "virtual representation  "  in  parliament.     In  these  passages,  as  in  I 

•  '-tu.il  means     existing  in  effect,  but  not  actually.     In  the  same  sense,  the 
<•  >rd  passed  into  French  .  and  was  made  pretty  common  among  philosophers 
I  Leibnjti.  Thus,  he  calls  innate  ideas  in  the  mind  of  a  child,  not  yet  br 

t    consciousness,  "des  connot stances 

The  principle  in  question  was  an  estensioo  to  the  case  of  more  than  two 
t  rcesof  the  old  rule  that  "what  a  machine  gains  in /•m-.-r,  it  loses  in  velocity.'* 
\  mtoulli's  modification  read*  that  the  sum  of  the  products  of  the  forces  into 
i  eir  virtual  velocities  must  vanish  togivoequ:  ic  says,  in  ett 

.  ve  the  system  any  possible  and  infinitesimal  motion  you  please,  and  then 
t  e  simultaneous  displacements  of  the  points  of  application  of  the  forces, 
i  solved  it  t:  >ey  are  not  exactly  velocities, 

•  nee  they  are  only  displacements  in  one  time,  are.  nevertheless,  virtually 
•locities,  for  the  purpose  of  applying  the  rule  that  what  a  machine  gains  in 

|  >wer,  it  loses  in  ••flocity. 

Thornton  and  Tait  say  :  "  If  the  point  of  application  of  •  force  be  dis- 
I  aced  through  a  small  space,  the  resolved  part  of  the  displacement  in  the  di- 
i  ",tion  of  the  force  has  been  called  its  l'irt*al  I'tlocity.  This  is  positive  or 
i  .  tive  according  as  t!  the  same,  or  in  the  opposite, 

at  of  the  force."    This  agrees  with  Bernoulli's  definition  which 
i  .ay  be  found  in  VartgB^o's  No*v<llt  mJcamif**.  Vol.  II,  Chap.  \\  -Trams. 
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stevinus's   a  (Fig.  39)  equilibrium  obtains,  when  an  equal  weight  P 


investiga- 


tions on  the  is  suspended  at  each  side,  for  reasons  already  familiar, 
o? pulleys.   In  b,  the  weight  -P  is  suspended  by  two  parallel  cords, 
a  bed 


0  u 
p  P 


Fig.  39 

each  of  which  accordingly  supports  the  weight  P/2t 
with  which  weight  in  the  case  of  equilibrium  the  free 
end  of  the  cord  must  also  be  loaded.  In  c,  P  is  sus- 
pended by  six  cords,  and  the  weighting  of  the  free  ex- 
tremity with  P/6  will  accordingly  produce  equilibrium. 
In  d,  the  so-called  Archimedean  or  potential  pulley,*  P 
in  the  first  instance  is  suspended  by  two  cords,  each 
of  which  supports  P/2  ;  one  of  these  two  cords  in  turn 
is  suspended  by  two  others,  and  so  on  to  the  end,  so 
that  the  free  extremity  will  be  held  in  equilibrium  by 
the  weight  P/S.  Ii  we  impart  to  these  assemblages 
of  pulleys  displacements  corresponding  to  a  descent  of 
the  weight  P  through  the  distance  h,  we  shall  observe 
that  as  a  result  of  the  arrangement  of  the  cords 


the  counterweight  P 

"  •  li  P/2 

1 


P/8 


...  , 

will  ascend 


a  distance  h  in  a 

"        "      2/1  "  b 
«       «      6/j  «  f 

«       "      8/1  «  d 


*  These  terms  are  not  in  use  in  English. — Trans. 
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In  a  system  of  pulleys  in   equilibrium,  therefore,  His  conciu- 

."  11-1  sions  the 

the   products  of   the   weights  into  the  displacements  germ  of  the 

.  .  principle. 

they  sustain  are  respectively  equal.  >••  I  t  spatium 
agentis  ad  spatium  patientis,  sic  potentia  patientis  ad 
potentiam  agentis." — Stevini,  7/iyV /////<///<//</.  T.  IV, 
lib.  3,  p.  17.2.)  In  this  remark  is  contained  the  germ 
of  the  principle  of  virtual  displacements. 

2.    (•.  :  nth  of  the  principle  in  Galileo's 

recognition 
another  case,  and  that  a  somewhat  more  general  one  :  of  the  pnn- 

.  _.      ciple  in  the 

namely,  in  its  application   to  the  inclined  plane.      On  case  of  the 

inclined 

an   inclined   plane  (Fig.   40),  plane, 

the   length    of   which    AB    is 
double  the  height  BC,  a  load 
laced  on   AB  is  held   in 
equilibrium  i  . id  /'act- 

in  j  along  tli' 
P  =  Q  2.      1: 

st  :  in  motion,  P  —  Q/2  will  desce 
d  stance  ime  distance  //  along 

tl  3  incline  Al*>.  the  phenom- 

6    On    tO    '  ::iiiul.    perceives, 

tl  at   equilibrium  '                                             ueiuhts 

a  3n-  ces- 

j.  »»  /  <-a> '  th.     Thus,  wliile  Q/2  de- 

s  en<  ;  as- 

c  nds//  ,1  ';c -ally,  how» 

;-o  Jy  //  J  ;  the  result                                                  Q(*/*) 

a  ;d  The  el 

d  ;ti«  :ion  atfo:                 the  li^ht  cha. 

il   tl:  :igly  enough,  observation 

1  ae  i  and  unforced,  moreover, 

tl  at  once.     What  can  appear  simpler 

tl    i  tha:  ^ystem  of  In 
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bodies  when  on  the  whole  no  heavy  mass  can  descend. 
Such  a  fact  appears  instinctively  acceptable, 
comparison  Galileo's  conception  of  the  inclined  plane  strikes 
thatof'ste-  us  as  much  less  ingenious  than  that  of  Stevinus,  but 
we  recognise  it  as  more  natural  and  more  profound.  It 
is  in  this  fact  that  Galileo  discloses  such  scientific  great- 
ness :  that  he  had  the  intellectual  audacity  to  see,  in  a 
subject  long  before  investigated,  more  than  his  prede- 
cessors had  seen,  and  to  trust  to  his  own  perceptions. 
With  the  frankness  that  was  characteristic  of  him  he 
unreservedly  places  before  the  reader  his  own  view, 
together  with  the  considerations  that  led  him  to  it. 
TheTorri-  3.  ToRRiCELLi,  by  the  employment  of  the  notion  of 
form  of  the  "centre  of  gravity,"  has  put  Galileo's  principle  in  a 
form  in  which  it  appeals  still  more  to  our  instincts,  but 
in  which  it  is  also  incidentally  applied  by  Galileo  him- 
self. According  to  Torricelli  equilibrium  exists  in  a 
machine  when,  on  a  displacement  being  imparted  to  it, 
the  centre  of  gravity  of  the  weights  attached  thereto 
cannot  descend.  On  the  supposition  of  a  displacement 
in  the  inclined  plane  last  dealt  with,  P,  let  us  say,  de- 
scends the  distance  h,  in  compensation  wherefor  Q 
vertically  ascends  h .  sin  a.  Assuming  that  the  centre 
of  gravity  does  not  descend,  we  shall  have 
P.h—  Q.h  sin  « 


=  0,  or  P.h  — 


P+Q 
or 


. 

If  the  weights  bear  to  one  another  some  different  pro- 
portion, then  the  centre  of  gravity  can  descend  when  a 
displacement  is  made,  and  equilibrium  will  not  obtain. 
We  expect  the  state  of  equilibrium  instinctively,  when 
the  centre  of  gravity  of  a  system  of  heavy  bodies  can- 
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not  descend.   The  Torricellian  form  of  expression,  how- 
contains  in  no  respect  more  than  the  Galilean. 

4.  As  with  systems  of  pulleys  and  with  the  inclined  The  aPPu- 

....  ...  ...  ,  cation  of 

plane,  so  also  the  validity  of  the  principle  of  virtual  the  princi- 
displacements  is  easily  demonstrable  for  the  other  ma- oth« ma- 
chines :  for  the  lever,  the  wheel  ami  axle,  and  the  rest.  ° 
In  a  wheel  and  axle,  for  instance,  with   the  radii  A',  r 
and   the  resp  /',  Q,  equilibrium   exists, 

when  PR=  Qr.      If  we  turn   the  wheel 
and  axle  through  the  angle  or,  P  will  descend  A\r.  and 
According  to   the  conception  of 
when   equilibrium  exists.   /'.  A'»i 

==  Q.  rm.  which  equation  expresses  the  same  thing  as 
the 

5.  When  we  compare  a  system  of  heavy  bodies  in  The  crite- 

rion of  the 
vhich    in-  '  taking   place,    with   a  similar  system  state  of 

,  equilibrium 

vhicl  juilibnuin,  the  question  forces  itself  upon 

is:  What  c<  <•  of   the  two  cases? 

A'hat  is  the  factor  op-  here  that  mo- 

ion,  the  factor  that  iibrium.—  the  factor 

hat  t  in  the  one  case  and  absent  in  the  other? 

tion  to  h  <  .alileo  discovers 

hat    not   only  the    uei^lit  s  of 

•ical  de-  ic  amounts  of  tl  tical 

lisp:  -ion. 

Let  us  call  /'.  /''.  /'"        .  the  w.  m  ot 

iea\  -11111- 

aneously  possible   \<  where 

ilact  ckoned  as  positive,  and 

lents    u;  as    negative.     Galileo    finds 

hen,  that  the  criterion  O1  f  of  equilib- 

"ium    is   contained    in    the   fulfilment   of  the  condition 

.  .  .  ^  to  rii  -i  /"//' 

f  P"  the  factor  t:  iibrium, 
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the  factor  that  determines  motion.      Owing  to  its  im- 
portance this  sum  has  in  recent  times  been  character- 
ised by  the  special  designation  work. 
There  is  no        6.  Whereas  the  earlier  investigators,  in  the  compari- 

necessity  in  .......  ,. 

our  choice   son  of  cases  of  equilibrium  and  cases  or  motion,  directed 

of  the  cri-  , .  . 

teria.  their  attention  to  the  weights  and  their  distances  from 
the  axis  of  rotation  and  recognised  the  statical  mo- 
ments as  the  decisive  factors  involved,  Galileo  fixes 
his  attention  on  the  weights  and  their  distances  of  de- 
scent and  discerns  work  as  the  decisive  factor  involved. 
It  cannot  of  course  be  prescribed  to  the  inquirer 
what  mark  or  criterion  of  the  condition  of  equilibrium 
he  shall  take  account  of,  when  several  are  present  to 
choose  from.  The  result  alone  can  determine  whether 
his  choice  is  the  right  one.  But  if  we  cannot,  for  rea- 
And  all  are  sons  already  stated,  regard  the  significance  of  the  stat- 
fr^om  the  ical  moments  as  given  independently  of  experience,  as 
source.  something  self-evident,  no  more  can  we  entertain  this 
view  with  respect  to  the  import  of  work.  Pascal  errs, 
and  many  modern  inquirers  share  this  error  with  him, 
when  he  says,  on  the  occasion  of  applying  the  principle 
of  virtual  displacements  to  fluids:  "  Etant  clair  que  c'est 
la  meme  chose  de  faire  faire  un  pouce  de  chemin  a  cent 
livres  d'eau,  que  de  faire  faire  cent  pouces  de  chemin 
a  une  livre  d'eau."  This  is  correct  only  on  the  suppo- 
sition that  we  have  already  come  to  recognise  work  as 
the  decisive  factor ;  and  that  it  is  so  is  a  fact  which 
experience  alone  can  disclose. 

illustration  If  we  have  an  equal-armed,  equally-weighted  lever 
ceding  re-  before  us,  we  recognise  the  equilibrium  of  the  lever  as 
the  only  effect  that  is  uniquely  determined,  whether  we 
regard  the  weights  and  the  distances  or  the  weights 
and  the  vertical  displacements  as  the  conditions  that 
determine  motion.  Experimental  knowledge  of  this 
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or  a  similar  character  must,  however,  in  the  necessity  of 
the  case  precede  any  judgment  of  ours  with  regard  to 
the  phenomenon  in  question.  The  particular  way  in 
which  the  disturbance  of  equilibrium  depends  on  the 
conditions  mentioned,  that  is  to  say,  the  significance 
of  the  statical  mome  or  of  the  work  (Ph\  is 

less  capable  of  being  philosophically  excogitated 
than  the  general  fact  of  the  dependence. 

7,    \\L-n   two  equal  :h  emial    and   op- Reduction 

,    ofthegen- 

posite  possible  displacements   are  opposed    to   each  erai  case  of 

the  princi- 

ogmse  at  once  the  subsistence  of  equikb- pie  to  OM 

simpler  and 

num.      V  .'  e  the  more  special  case 

ral  case  of  th-  s  of 

.icement  //.//',  where 

•o   the   sim-  I    I    I    I  "j 

*  *  f  I    I    I     / 

o —  ^BH~~~flHIBH— n 

;  P  and       * /  •  ,/\     /    <r 

wit)  i  3. 

\\v  divide  the 

definite  ma^nitut!--  /'.  \\ : 

\V<-  then  tra;  to  the  level  -f  3, 

will,   of 
nor 

will  iiultaneously  the 

.evel  0  and  the  weight  //  at  the  level 

to  —  i    and  the  second 

again,  and  in  the  same  way, 

g  to  —  2  and  /'  to  -f  4»  g  to  —  3  and  f  to  -f-  4-     To  all 

_;hts  offer  i:  nee, 

•\pr  do  they  produce  them  of  • 
Lowever.  -  4  and 
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The  gen-     d,   e,  f,  g   (or  d.P~)   at  the  level  —  3.      Consequently, 

erahsation. 

with  respect  also  to  the  last-mentioned  total  displace- 
ment, the  weights  neither  produce  it  of  themselves 
nor  do  they  resist  it ;  that  is  to  say,  given  the  ratio  of 
displacement  here  specified,  and  the  weights  will  be 
in  equilibrium.  The  equation  4  .  -$P — 3.  <\P  =  0  is, 
therefore,  characteristic  of  equilibrium  in  the  case  as- 
sumed. The  generalisation  (Ph  —  P'h'  =  0)  is  ob- 
vious. 

Thecondi-  If  we  carefully  examine  the  reasoning  of  this  case, 
character  we  shall  quite  readily  perceive  that  the  inference  in- 
ence.ein  ir~  volved  cannot  be  drawn  unless  we  take  for  granted 
that  the  order  of  the  operations  performed  and  the  path 
by  which  the  transferences  are  effected,  are  indifferent, 
that  is  unless  we  have  previously  discerned  that  work 
is  determinative.  We  should  commit,  if  we  accepted 
this  inference,  the  same  error  that  Archimedes  com- 
mitted in  his  deduction  of  the  law  of  the  lever ;  as  has 
been  set  forth  at  length  in  a  preceding  section  and 
need  not  in  the  present  case  be  so  exhaustively  dis- 
cussed. Nevertheless,  the  reasoning  we  have  pre- 
sented is  useful,  in  the  respect  that  it  brings  palpably 
home  to  the  mind  the  relationship  of  the  simple  and 
the  complicated  cases. 
Theuniyer-  8.  The  universal  applicability  of  the  principle  of 

sal  applica-      .....  r  ....     . 

biiity  of  the  virtual  displacements  to  all  cases  of  equilibrium,  was 
fifstCper-e  perceived  by  JOHN  BERNOULLI  ;  who  communicated  his 
John6 Be*  discovery  to  Varignon  in  a  letter  written  in  1717.  We 

noulli.  ..«  .  .  ..... 

will  now  enunciate  the  principle  in  its  most  general 
form.  At  the  points  A,  B,  C .  .  .  (Fig.  42)  the  forces 
P,  P',  P"  .  .  .  are  applied.  Impart  to  the  points  any 
infinitely  small  displacements  v,  v',  v"  .  .  .  compatible 
with  the  character  of  the  connections  of  the  points  (so- 
called  virtual  displacements),  and  construct  the  pro- 
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jections  /,  /',  /"  of  these   displacements  on  the  direc-  General 

t      ,         f  /-ni  •  i        enunciation 

tions  of   the  forces.     These  projections  we  consider  of  the  Prin- 

positive   when    they  fall   in 

the  direction   of  the   force,  *'  f'B      P 


and  negative  when  th< 
in    the   opposite    direction. 
The    products     />/,     P'f, 
/*"/",  .  .  .  are  called  virtual 
moments,    and    in   the   two 

Mentioned  ha 

contrary  signs.    N<  \. ,  the  principle  asserts,  that  for  the 
of  equilibrium  P/>  -f  P'  f  +  /'"/>"  -|    .  .  .  —  0,  or 

i.ricfly  2i/V  =  0. 

9.    Let  us  n>  more  in  .':  .tiled 

Previous  -.on  a  force  was  almost  universally  dm  of  the 

ccnc<  :11  or  the  pressure  of  a  heavy  pr 

b<  dy.     T-  period  d< 

al  nost  exclu  When,   now, 

ii    the  Newtonian  epoch,  the  i:  .ition  of  the  idea 

o:  foi  all  mechani*  \\  n 

tc   b<  •«•(! 

at  once  to  any  foi  It  was  possible  to 

rt  )la  .  force  by  the  pull  oi  v  body  on  a 

st  ing.      In  this  s- 

ol    virtual  displa*  •  nl\-  for 

h<  ivy  rces  whatso- 

Virtual  «?  displacements  consistent  Definition 

of  virtual 
W    h  t:  •  tcm  and  .iisplace- 

Iwi  h  one  anoti.'-r.     h.  (or example]  the  two  j>":;<tsof 

a  :  /stem,  A  and  /•'.  at  which  forces  act,  are  connected 

:>y  a  reel.  v  bent  1«  to  re- 

.    if    CB  =  2CA,  all   virtual   d 
its  of  B  .  '.  the  arcs  of 

cle 
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always  double  the  displacements  of  A,  and  both  are  in 
every  case  at  right  angles  to  each  other.    If  the  points 
A,  B  (Fig.  43,  2)  be  connected  by  a  thread  of  the  length 
„       /,  adjusted  to  slip  through 
^  1^         stationary  rings  at  C  and  D, 

I       •  \         then  all  those  displacements 

^          2  °f  ^  and  B  are  virtual  in 

Fig.  43.  which  the  points  referred  to 

move  upon  or  within  two  spherical  surfaces  described 
with  the  radii  r1  and  r2  about  C  and  D  as  centres, 
where  rl  -f  r2  -f  CD  =~t. 
The  reason         The  use  of  infinitely  small  displacements  instead  of 

for  the  use     /..:«.«  i  /->     1-1  j     •      •       .• 

of  in  finitely  finite  displacements,  such  as  ualileo  assumed,  is  justi- 


fied  by  the  following  consideration.      If  two  weights 
are  in  equilibrium  on  an  inclined  plane  (Fig.  44),  the 
equilibrium  will  not  be  disturbed  if  the  inclined  plane, 
at  points  at  which  it  is  not  in  immediate  contact  with 
the  bodies  considered,  passes  into 
a  surface  of  a  different  form.   The 
essential   condition   is,   therefore, 
the  momentary  possibility  of  dis- 
Fig.  44.  placement  in  the  momentary  con- 

figuration of  the  system.  To  judge  of  equilibrium  we 
must  assume  displacements  vanishingly  small  and  such 
only ;  as  otherwise  the  system  might  be  carried  over 
into  an  entirely  different  adjacent  configuration,  for 
which  perhaps  equilibrium  would  not  exist. 
Aiimita-  That  the  displacements  themselves  are  not  decisive 

but  only  the  extent  to  which  they  occur  in  the  direc- 
tions of  the  forces,  that  is  only  their  projections  on  the 
lines  of  the  forces,  was,  in  the  case  of  the  inclined  plane, 
perceived  clearly  enough  by  Galileo  himself. 

With  respect  to  the  expression  of  the  principle,  it 
will  be  observed,  that  no  problem  whatever  is  presented 
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if  all  the  material  points  of  the  system  on  which  forces  General  re- 
act, are  independent  of  each  other.  Each  point  thus 
conditioned  can  be  in  equilibrium  only  in  the  event 
that  it  is  not  movable  in  the  direction  in  which  the  force 
acts.  The  virtual  moment  of  each  such  point  vanishes 
separately.  If  some  of  the  points  be  independent  of 
each  other,  while  others  in  their  displacements  are  de- 
pendent on  each  other,  the  remark  just  made  holds 
good  for  the  former  ;  and  for  the  latter  the  fundamental 
proposition  discovered  by  Galileo  holds,  that  the  sum 
of  their  virtual  moments  is  equal  to  zero.  Hence,  the 
sum-total  of  the  virtual  n:  >f  all  jointly  is  equal 

to  zero. 

10.   Let  us  now  endeavor  to  get  some  idea  of  the  Examples, 
significance  of  th  ieration  of  a 

mple  examples  that  cannot  be 

lealt  with  by  the  ordinary  method 

)f  tli'  .dined  j 

belil 

Tl: 

Fig.  45)  consists  of  two  coax- 
al  rigidly  conne«  rs  of 

radii   r,    ai. 

A  cord  or  ch  .»ssed 

ound  the  cylinders  in  Vi- 
ndicated in  th»-  figure.      If   v. «•  pull 
n  th  '»n  of  the  arrow  with 

1  rotation  takes  place 

hrou'_;h  the  angle  tp,  the  weight  (>  attached  below  will 
>e  raised.      In  the  case  of  equilibriim.  ill  exist 

>etween  the  two  virtual  moments  involved  the  equa- 


=  Pr:  = 


6o 


THE  SCIENCE  OF  MECHANICS. 


A  suspend-  A  wheel  and  axle  of  weight  Q  (Fig.  46),  which  on 
and  axle,  the  unrolling  of  a  cord  to  which  the  weight  P  is  at- 
tached rolls  itself  up  on  a  second  cord 
wound  round  the  axle  and  rises,  gives 
for  the  virtual  moments  in  the  case  of 
equilibrium  the  equation 

or  P  =  -. 


In  the  particular  case  R  —  r  =  0,  we 
must  also  put,  for  equilibrium,  Qr  =  0,  or, 
for  finite  values  of  r,  (?  — 0.  In  reality  the 
string  behaves  in  this  case  like  a  loop  in 
which  the  weight  Q  is  placed.  The  lat- 
ter can,  if  it  be  different  from  zero,  continue  to  roll  itself 
downwards  on  the  string  without  moving  the  weight  P. 
If,  however,  when  R  =  r,  we  also  put  (?  =  0,  the  re- 
sult will  be  P=$,  an  indeterminate  value.  As  a  mat- 
ter of  fact,  every  weight  P  holds  the  apparatus  in  equi- 
librium, since  when  R  =  r  none  can  possibly  descend. 
A  double  A  double  cylinder  (Fig.  47)  of  the  radii  r,  R  lies  with 

ayhonrizJn-n  friction  on  a  horizontal  surface,  and  a  force  Q  is  brought 

tal  surface.  ,  ,  . 

to  bear  on  the  string  at- 
tached to  it.  Calling  the  re- 
sistance due  to  friction  P, 
equilibrium  exists  when 
P=  (fiT-^/R}  Q.  If  />> 
(R  —  r/R)  Q,  the  cylinder, 

on  the  application  of  the  force,  will  roll  itself  up  on 
the  string. 

Roberval's  Balance  (Fig.  48)  consists  of  a  paral- 
lelogram with  variable  angles,  two  opposite  sides  of 
which,  the  upper  and  lower,  are  capable  of  rotation 
about  their  middle  points  A,  B.  To  the  two  remaining 
sides,  which  are  always  vertical,  horizontal  rods  are 


Fig.  47- 


Roberval's 
balance. 
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fastened.      If  from   these  rods  we  suspend  two  equal 

weights  P,  equilibrium   will  subsist  independently  of 

the  position  of  the  points 

of  suspension,  because  on 

displacement   the   descent 

of  the  one  weight  is  always 

equal  to  the  ascent  of  the 

other. 

At  three  fixed  points  A, 
/>'.  C*(Fig.  49)  let  pulleys 

be  placed,  over  which  three  strings  are  passed  loaded 
with  equal  weights  and  knotted  at  O.      In  what  posi-t( 
tion  of  the  strings  will  equilibrium  exist?    We  will  call 
lengths  of   the  three  strings 


rium  of 


Fig  49  50. 

-J3.     To  obtain   the  equation  of  equilibrium,  let 
tee  the  point  O  in  the  directions  s2  and  s3  the 
infin  ices  rf/2  and  3s3,  and  note  that  by 

every  direction  of  displacement  in  the  plane 
ABC  (Fig.  50)  can  be  produced.     The  sum  of  the 
tual  mon 

,  cos  a  +  /Vfc,  cos  (or  +  ft) ) 
t  —  P6s3  cos  ft  -f  P6st  cos  (a  +  ft)  \  " 


f-^," 


a  +  cos  (a  -f /?)]  6s, +  [1  —  cos/? 
-f  co  ;,]  6s3=  0 

But  since  each  of  »2,  6*9  is  ar- 
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bitrary,  and  each  independent  of  the  other,  and  may  by 
themselves  be  taken  =  0,  it  follows  that 

1  —  cos  a  -f  cos  (a  +  ft)  =  0 
1  _  cos/3  -f-  cos  (a'-}-  /?)  =  0. 

Therefore 

cos  a  =  cos  /?, 

and  each  of  the  two  equations  may  be  replaced  by 
1  —  cos  a  -f  cos  2a  =  0; 

or  cos  a  =  J, 
wherefore  a  -f  ft  =  120°. 

Remarks  on        Accordingly,  in  the  case  of  equilibrium,  each  of  the 

the  preced-         .  -11  •    i     • 

ing  case,  strings  makes  with  the  others  angles  of  120  ;  which  is, 
moreover,  directly  obvious,  since  three  equal  forces  can 
be  in  equilibrium  only  when  such  an  arrangement  ex- 
ists. This  once  known,  we  may  find  the  position  of 
the  point  O  with  respect  to  ABC  in  a  number  of  dif- 
ferent ways.  We  may  proceed  for  instance  as  follows. 
We  construct  on  AB,  BC,  CA,  severally,  as  sides, 
equilateral  triangles.  If  we  describe  circles  about  these 
triangles,  their  common  point  of  intersection  will  be 
the  point  O  sought ;  a  result  which  easily  follows  from 
the  well-known  relation  of  the  angles  at  the  centre  and 
circumference  of  circles. 

The  case  of        A  bar  OA   (Fig.  51")  is  revolvable  about  O  in  the 

a  bar  re- 
volvable     plane  of  the  paper  and  makes  with  a  fixed  straight -line 

about  one 

of  its  ex-  »<  OX  the  variable  angle 

tremities.  \£  __^. 

p  a.     At  A  there  is  ap- 
plied a  force  P  which 
makes    with    OX  the 
angle  y,  and  at  B,  on 
-  si.  a     ring     displaceable 

along   the   length  of   the  bar,  a  force  Q,  making  with 
OX  the  angle  ft.     We  impart  to  the  bar  an  infinitely 
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small  rotation,  in  consequence  of  which  B  and  A  move  The  case  of 
forward  the  distances  6s  and  cfci^  at  right  angles  to  OA,  ?oivabfe 
and  we  also  displace  the  ring  the  distance  6r  along  the  of  its  ex- 
bar.     The  variable  distance  OB  we  will  call  r,  and  we 
will  let  OA  =  ii.    For  the  case  of  equilibrium  we  have 
then 

Q6r  cos  (ft  —  a)  -f  Q6s  sin  (/?—«)  + 
r)  =  0. 

As  the  displacement  6r  has  no  effect  whatever  on 
the  other  displa.  virtual  moment  therein 

involved  must,  by  itself,  =0,  and  since  6r  may  be  of 
any  magnitude  we  please,  the  coefficient  of  this  virtual 
moment  must  also  =0.     We  have,  therefore, 
Q  cos  (ft  —  a)  =  0, 
t  from  zero, 
-  tf  =  90°. 

tart  that  6s v  =  (a/r)6sj  we 
also  1 

rQ  sin  (ft  —  or)  -f  a  P  sin  (a  —  y)  =  0, 
or  since  sin  (ft —  a)  - 

rQ  -f  aP  sin  (or  —  y)  =  0  ; 
i  the  relation  of  the  two  forces  is  obtained, 
n.    An    advantage,    in  it    to   be   overlooked,    which  Every  «en- 
Ic,  and  therefore  also  the  prin- dpi«Pin- 

volves  an 

-•    of    VII  !  fur-  r 1      t       economy  of 

U     th 

in  the  net  that  it  J— •' 

to  a  gn  t  the  ne- 

A  par- 
In  tlu- posses- 

•  •ed  not,  for  Fig.  52. 

•nplc,  troubl*  os  about  tils  of  a 

chine.      If  a  new  machine  say  were  so  enclosed  in  a 
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box  (Fig.  52),  that  only  two  levers  projected  as  points 
of  application  for  the  force  P  and  the  weight  P',  and 
we  should  find  the  simultaneous  displacements  of  these 
levers  to  be  h  and  /i',  we  should  know  immediately  that 
in  the  case  of  equilibrium  Ph  =  P'h',  whatever  the 
construction  of  the  machine  might  be.  Every  principle 
of  this  character  possesses  therefore  a  distinct  econom- 
ical value. 
Further  re-  12.  We  return  to  the  general  expression  of  the  prin- 

marks  on  . 

the  general  ciple  of  virtual  displacements,  in  order  to  add  a  few 

expression 

oftheprin-  further  remarks.    If 

^'"  at  the  points  A,  B, 

C  .  .  .  .  the  forces 
P,  P',  P"  ----  act, 
and  /,  /,  /'.... 
are  the  projections 

F'g-53.  of    infinitely   small 

mutually  compatible  displacements,  we  shall  have  for 
the  case  of  equilibrium 


If  we  replace  the  forces  by  strings  which  pass  over 
pulleys  in  the  directions  of  the  forces  and  attach  thereto 
the  appropriate  weights,  this  expression  simply  as- 
serts that  the  centre  of  gravity  of  the  system  of  weights 
as  a  whole  cannot  descend.  If,  however,  in  certain  dis- 
placements it  were  possible  for  the  centre  of  gravity 
to  rise,  the  system  would  still  be  in  equilibrium,  as  the 
heavy  bodies  would  not,  of  themselves,  enter  on  any 
Modifica-  such  motion.  In  this  case  the  sum  above  given  would 

tion  of  the  .  , 

previous      be  negative,  or  less  than  zero.    1  he  general  expression 

equation  of      .     ,  ,  .   .  .  .....  .          , 

condition,    of  the  condition  of  equilibrium  is,  therefore, 

PP  +  ?'P'  +  ?"P"  -f  .  .  .  <  q. 

When  for  every  virtual  displacement  there  exists 
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another  equal  and  opposite  to  it,  as  is  the  case  for  ex- 
ample in  the  simple  machines,  we  may  restrict  ourselves 
to  the  upper  sign,  to  the  equation.  For  if  it  were  pos- 
sible for  the  centre  of  gravity  to  ascend  in  certain 
displacements,  it  would  also  have  to  be  possible,  in 
consequence  of  the  assumed  reversibility  of  all  the  vir- 
tual displacements,  for  it  to  descend.  Consequently, 
in  the  present  case,  a  possible  rise  of  the  centre  of 
gravity  is  incompatible  with  equilibrium. 

The  question  assumes  a  •  aspect,  however,  The  condi- 

...  _         tion  is,  that 

when   the  displacements  are  not  all  reversible.     Two  the  sum  of 

.    the  virtual 

bodies  connected  together  by  strings  can  approach  moments 
each  other  but  cannot  recede  from  each  other  beyond  eqSai  to  or 
the  length  of  the  strings.     A  body  is  able  to  slide  or  zero, 
roll  on  the  surface  of  another  body  ;  it  can  move  away 
from  the  surface  of  the  second  body,  but  it  cannot 
it.      In  these  cases,  therefore,  there  are  dis- 
placements that  cannot  be  reversed.     Consequently, 
for  c-  placements  a  rise  of  the  centre  of  gravity 

.  hile  the  contrary  displacements,  to 
li  the  descent  of  the  centre  of  gravity  corresponds, 
are  impossible.     We  must   thru-fore  hold  fast  to  the 
more  general  condition  of  equilibrium.  :he  sum 

of  the  virtual  moment  <s  than  zero. 

13.   !  •"•  La- 

a  deduction  of  the  principle  of  virtual  displacements,  deduction 
\\huh   we  will   now  consider.     At   the   points  A,  /?,  cipie. 

ict     We 

i  question,  and 

other  rings  A',  H,  <  .  fastened  to  points  lying  in 

'.irections  of  \  ' •  k  some  common 

Q/2  of  t!  /./',/'       .        that  enables 

us  to  put : 
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Effected  by  Q 

means  of  a  &U  .  -~-  =  JTt 
set  of  pul-  u 

leys  and  a  - 

single  9    ,     (/  p, 

weight.  £71  .  -~-  =  z    , 


where  «,  »',  n"  .  .  .  .  are  whole  numbers.  Further,  we 
make  fast  to  the  ring  A'  a  string,  carry  this  string  back 
&oA  forth  n  times  between  A'  and  A,  then  through  2?', 


B' 

Fig.  54- 

n'  times  back  and  forth  between  B'  and  B,  then  through 
C',  n"  times  back  and  forth  between  C'  and  C,  and, 
finally,  let  it  drop  at  C',  attaching  to  it  there  the  weight 
Q/2.  As  the  string  has,  now,  in  all  its  parts  the  ten- 
sion Q/2,  we  replace  by  these  ideal  pulleys  all  the 
forces  present  in  the  system  by  the  single  force  Q/2. 
If  then  the  virtual  (possible)  displacements  in  any  given 
configuration  of  the  system  are  such  that,  these  dis- 
placements occurring,  a  descent  of  the  weight  Q/2  can 
take  place,  the  weight  will  actually  descend  and  pro- 
duce those  displacements,  and  equilibrium  therefore 
will  not  obtain.  But  on  the  other  hand,  no  motion 
will  ensue,  if  the  displacements  leave  the  weight  Q/2 
in  its  original  position,  or  raise  it.  The  expression  of 
this  condition,  reckoning  the  projections  of  the  virtual 
displacements  in  the  directions  of  the  forces  positive, 
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and  having  regard  for  the  number  of  the  turns  of  the 
string  in  each  single  pulle\ 

-">"  +  ...<0. 

Equivalent  to  this  condition,  however,  is  the  ex- 
pression 

2*|  ••_i«"<JV  +  ...^o, 

or 

•  +  ...T" 

14.    The  deduction  of  Lagrange,  if  stripped  of  the  The  con- 
rather  odd  fiction  of  the  pulleys,  really  possesses  con-turesof  La 
.  due  to  the  fact  that  the  action  of  a  Seduction, 
single  weight  is  much  more  immediate  to  our  expe- 
r  ence  and  is  m<>:  1  than  the  action  of 

s  iveral  weights.   Yet  it  is  not  proved  by  the  Lagrangi.m 
c  eduction  that  work  is  the  factor  determinative  of  the 

<  isturbance  of  equilibrium,  but  is.  by  tin-  employment 

<  I :  tli-  i    by  it.      As  a  matter  of 
1  ict  every  pulley  fact  enunciated  and  rec- 
(  gniscd  by  the  principle  of  virtual  displacements.   The 
i  iplacement  of  all  the  forces  by  a  single  weight  that 

<  oes  tin.-  presupposes  a  knowledge  of  the 
:  nport  oi  :>e  proceeded  with  on  this  as- 

.unption  alone.     The  fact  that  some  certain  cases  are  it  is  not, 

,  however,  a 

lore  familiar  to  us  and  more  immediate  to  our  expe-  proof. 
ence  has  as  a  necessary  result  that  we  accept  them 
ith  ^is  and  make  them  the  foundation  of  our 

«  edu<  ly  instructing  ourselves  as  to 

t  leii 

It  often   happens  in  the  course  of  the  development 

i  f  S(  t  a  new  principle  pen  ei .  '>me   in- 

r  in  connection   with  a  fact,   is  not  immediately 

:  :co^  its  entire  generality. 
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Theexpe-    Then,    every  expedient   calculated   to   promote  these 

dients  em-  •«'•«• 

ployed  to     ends,  is,  as  is  proper  and  natural,  called  into  service. 

support  all        ,,  r     .  .  i  •    -,       i  .        .     , 

newprin-    All  manner  of  facts,  in  which  the  principle,  although 

ciples.  ....  . 

contained  in  them,  has  not  yet  been  recognised  by  in- 
quirers, but  which  from  other  points  of  view  are  more 
familiar,  are  called  in  to  furnish  a  support  for  the  new 
conception.  It  does  not,  however,  beseem  mature 
science  to  allow  itself  to  be  deceived  by  procedures  of 
this  sort.  If,  throughout  all  facts,  we  clearly  see  and  dis- 
cern a  principle  which,  though  not  admitting  of  proof, 
can  yet  be  known  to  prevail,  we  have  advanced  much 
farther  in  the  consistent  conception  of  nature  than  if 
we  suffered  ourselves  to  be  overawed  by  a  specious 
Value  of  the  demonstration.  If  we  have  reached  this  point  of  view, 
proof.  we  shall,  it  is  true,  regard  the  Lagrangian  deduction 
with  quite  different  eyes ;  yet  it  will  engage  neverthe- 
less our  attention  and  interest,  and  excite  our  satis- 
faction from  the  fact  that  it  makes  palpable  the  simi- 
larity of  the  simple  and  complicated  cases. 

15.  MAUPERTUIS  discovered  an  interesting  proposi- 
tion relating  to  equilibrium,  which  he  communicated 
to  the  Paris  Academy  in  1740  under  the  name  of  the 
"  Loi  de  repos. "  This  principle  was  more  fully  dis- 
cussed by  EULER  in  1751  in  the  Proceedings  of  the 
Berlin  Academy.  If  we  cause  infinitely  small  displace- 
TheLaitte  ments  in  any  system,  we  produce  a  sum  of  virtual  mo- 
ments Pp  -f  P'p'  +  P"p"  -f-  .  .  .  .,  which  only  reduces 
to  zero  in  the  case  of  equilibrium.  This  sum  is  the 
work  corresponding  to  the  displacements,  or  since  for 
infinitely  small  displacements  it  is  itself  infinitely  small, 
the  corresponding  element  of  work.  If  the  displace- 
ments are  continuously  increased  till  a  finite  displace- 
ment is  produced,  the  elements  of  the  work  will,  by 
summation,  produce  a  finite  amount  of  work.  So,  if  we 
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start  from  any  given  initial  configuration  of  the  system  statement 

..        ,  -  .  .of  the  prin- 

and  pass  to  any  given  final  configuration,  a  certain  cipie. 
amount  of  work  will  have  to  be  done.  Now  Maupertuis 
observed  that  the  work  done  when  a  final  configura- 
tion is  reached  which  is  a  configuration  of  equilibrium, 
:ierally  a  maximum  or  a  minimum  :  that  is,  if  we 
carry  the  system  through  the  configuration  of  equilib- 
rium the  work  done  ously  and  subsequently 

less  or  previously  and  subsequently  greater  than  at  the 
configuration  of  equilibrium  itself.  For  the  configura- 
tion of  equilibrium 

+  /"/"  +  -  -  -  -  " 


that  is,  the  element  of  the  work  or  the  differential  (more 
cor  ectly  the  variation)  of  the  work  is  equal  to  zero. 
If  he  differential  of  a  function  can  be  put  equal  to 
zer  >,  the  function  has  generally  a  maximum  or  mini- 
mi! i 

16.  We  can  produce  mentation 

,     .        .  illustration 

.  e  ot  toe  import  of  Maupertuis  s  principle.  ofti 

\\V   imagine   :iie  forces  of  a  system  replaced   bypriadpte. 

•  •'s  pulleys  with  the  weight  Q/2.   We  suppose 
thi  :  each  point  ot  ed  to  movement 

on  a  certain  curve  and  that  the  motion  is  such  that 
wl  in  one  point  o«  irve 

all  the  other  points  assu  uely  determined  po- 

The  simple  ma- 

re  as  a  rule  systems  of  this  kind.      Now.  while 
im  >artitu  to  the  system,  wemayca: 

orizontally  over  the 

!it    (^  2,  while    this    is  ascending    and   descending 

on  a  so  that  a  per  h  it  carries  shall 

de     -ibe  a  cu:  tlie  paper  i  1  When  the 

at  the  points  a,  <-,  r/of  the  .ere  are, 
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interpreta-  we  see,  adjacent  positions  in  the  system  of  points  at 

diagram,     which  the  weight  Q/2  will  stand  higher  or  lower,  than  in 

the  configuration  given.     The  weight  will  then,  if  the 

system  be  left  to  itself,  pass  into  this  lower  position  and 


Fig.  55- 

displace  the  system  with  it.  Accordingly,  under  condi- 
tions of  this  kind,  equilibrium  does  not  subsist.  If 
the  pencil  stands  at  e,  then  there  exist  only  adjacent 
configurations  for  which  the  weight  Q/2  stands  higher. 
But  of  itself  the  system  will  not  pass  into  the  last- 
named  configurations.  On  the  contrary,  every  dis- 
placement in  such  a  direction,  will,  by  virtue  of  the 
tendency  of  the  weight  to  move  downwards,  be  re- 
versed. Stable  equilibrium,  therefore,  is  the  condition 

Stable equi- Ma/  corresponds  to  the  lowest  position  of  the  weight  or' to 
a  maximum  of  work  done  in  the  system.  If  the  pencil 
stands  at  b,  we  see  that  every  appreciable  displace- 
ment brings  the  weight  Q/2  lower,  and  that  the  weight 
therefore  will  continue  the  displacement  begun.  But, 
assuming  infinitely  small  displacements,  the  pencil 
moves  in  the  horizontal  tangent  at  b,  in  which  event 
the  weight  cannot  descend.  Therefore,  unstable  equi- 

Unstabie  librium  is  the  state  that  corresponds  to  the  highest  position 
of  the  weight  Q/2,  or  to  a  minimum  of  work  done  in  the 
system.  It  will  be  noted,  however,  that  conversely 


equilibrium 
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every  case  of  equilibrium  is  not  the  correspondent  of 
a  maximum  or  a  minimum  of  work  performed.  If  the 
pencil  is  at/,  at  a  point  of  horizontal  contrary  flexure, 
the  weight  in  the  case  of  infinitely  small  displace- 

:s  neither  rises  nor  falls.      Equilibrium  exists,  al- 
though   the   work   done   is   neither  a  maximum  nor  a 

:num.  The  equilibrium  of  this  case  is  the  so- 
called  mixt'tf  equilibrium  *  :  for  some  disturbances  it  is  Mixed  equi 
stable,  for  others  unstable.  Nothing  prevents  us  from 
regarding  mixed  equilibrium  as  belonging  to  the  un- 
stable class.  When  the  pencil  stands  at  g,  where  the 
curve  runs  along  horizontally  a  finite  distance,  equi- 
librium !  exists.  Any  small  displacement,  in 
the  configuration  in  question,  is  neither  continued  nor 
reversed.  This  kind  of  equilibrium,  to  which  likewise 
ne  ther  a  maximum  nor  a  minimum  corresponds,  is 
ter  ned  [//<•  ////<//  or]  indiffertnt.  If  the  curve  described  Neutral 
by  Q  i  usp  pointing  uj  thifl  indicates  a equl1 
m  liiiuim  of  work  done  but  no  equilibrium  (not  even 
ui  .table  equilibrium  ,.  To  a  cusp  pointing  downwards 
a  laxim  <•  equilibrium  correspond.  In  the 
la  t  named  case  of  equilibrium  n  of  the  virtual 
m  ments  is  not  equal  to  zero,  but  is  nei^at 

reasoning  have  as-  rhepreced- 

motion  of  a  poin  u  on  one  lufn'appUed 

s  the  motion  of  all  the  other  points  of  ?omore°d!f- 
tl   ;  system  o:  The  movabilityfic 

of  th«  becomes  multiplex,  however,  when  each 

jp<  int  rface,  in  a  manner  SIK  h 

th  ut  the  position  of  one  point  on  its  surface  determines 

•This  term  is  not  u»ed  in  English,  because  our  writers  hold  that  no 

is  conceivable  which  is  not  stable  or  nr ntral  for  some  possible 

-ments.     Hence  what  U  call«  :  ..litirunn  m  the  t.-xt  i*  called 

writers,  who  den  .  t  of  equilibrium 

on    able  in  every  respect.  - 
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uniquely  the  position  of  all  the  other  points  on  their 
surfaces.  In  this  case,  we  are  not  permitted  to  consider 
the  curve  described  by  Q/2,  but  are  obliged  to  picture 
to  ourselves  a  surface  described  by  Q/2.  If,  to  go  a 
step  further,  each  point  is  movable  throughout  a  space, 
we  can  no  longer  represent  to  ourselves  in  a  purely  geo- 
metrical manner  the  circumstances  of  the  motion,  by 
means  of  the  locus  of  Q/2.  In  a  correspondingly  higher 
degree  is  this  the  case  when  the  position  of  one  of  the 
points  of  the  system  does  not  determine  conjointly  all 
the  other  positions,  but  the  character  of  the  system's 
motion  is  more  multiplex  still.  In  all  these  cases,  how- 
ever, the  curve  described  by  Q/2  (Fig.  55)  can  serve 
us  as  a  symbol  of  the  phenomena  to  be  considered.  In 
these  cases  also  we  rediscover  the  Maupertuisian  pro- 
positions. 

Further  ex-  We  have  also  supposed,  in  our  considerations  up  to 
thTsame  this  point,  that  constant  forces,  forces  independent  of 
the  position  of  the  points  of  the  system,  are  the  forces 
that  act  in  the  system.  If  we  assume  that  the  forces 
do  depend  on  the  position  of  the  points  of  the  system 
(but  not  on  the  time),  we  are  no  longer  able  to  conduct 
our  operations  with  simple  pulleys,  but 
must  devise  apparatus  the  force  active  in 
which,  still  exerted  by  Q/2,  varies  with  the 
displacement :  the  ideas  we  have  reached, 
however,  still  obtain.  The  depth  of  the 
descent  of  the  weight  Q/2  is  in  every  case 
the  measure  of  the  work  performed,  which 
is  always  the  same  in  the  same  configura- 
te- 56.  tion  of  the  system  and  is  independent  of 
the  path  of  transference.  A  contrivance  which  would 
develop  by  means  of  a  constant  weight  a  force  varying 
with  the  displacement,  would  be,  for  example,  a  wheel 
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and  axle  (Fig.  56)  with  a  non-circular  wheel.  It  would 
not  repay  the  trouble,  however,  to  enter  into  the  de- 
tails of  the  reasoning  indicated  in  this  case,  since  we 
perceive  at  a  glance  its  feasibility. 

18.  If  we  know  the  relation  that  subsists  bet  ween  The  prin- 
the   work   done   and  the  so-calle  :  courtivron. 
tern,    a   relation   established    in   dynamics,    we   arrive 

easily  at  the  principle  communicated  by  COI-RTIVRON  in 
to   the    Paris  Academy,  which   is  this  :    For  the 

configuration   of         '    .  .      equilibrium,   at   which   the 

,      ,          •        maximum    ., 
work   done  is  a  .  the  vis  viva  ol  the  system, 

minimum 

,  maximum  , 

in   motion,  is   also   a  in  its  transit  through 

minimum 

thise  configurati* 

19.  .  homogeneo  tl  ellipsoid  resting  illustration 
01  a  horizontal  plane  is  admirably  adapted  to  illustrate  ouskindsof 

equilibrium 

tf  3  various  classes  of  equilibrium.  When  the  ellip- 
&  id  rests  on  rnallest  axis,  it  is  in 

st  ible  equilibrium,  for  any  displacement  it  ma 
e  jva  of  gra\  longest 

a  is,  it  is  in  unstable  equilib- 
r  im.  If  the  ellipsoid  stand  on 
til  .  mean  axis.  .brium  is 

n  ixed.   A  homogeneous  sj 
c>    a  homogeneous  right 

d  r  on  a  horizontal  plane  illus  Fig.  57. 

t  ites  the  case  of  in  ••quilibrium.      In  Fig.  57 

iv  j  1;  tin-  paths  of  the  centre  of  gravity 

[o  a  cube  rolling  on  a  horizontal  plane  about  one  of  its 
e  Iges.     The  position  a  of  the  centre  of  gravity  i^ 
}    ^  equilibrium,  the  position  /',  the  posi- 

t  •  .  of  unstable  equilibrium. 
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The  eaten-  2O.  We  will  now  consider  an  example  which  at 
first  sight  appears  very  complicated  but  is  elucidated 
at  once  by  the  principle  of  virtual  displacements.  John 
and  James  Bernoulli,  on  the  occasion  of  a  conversa- 
tion on  mathematical  topics  during  a  walk  in  Basel, 
lighted  on  the  question  of  what  form  a  chain  would 
take  that  was  freely  suspended  and  fastened  at  both 
ends.  They  soon  and  easily  agreed  in  the  view  that 
the  chain  would  assume  that  form  of  equilibrium  at 
which  its  centre  of  gravity  lay  in  the  lowest  possible 
position.  As  a  matter  of  fact  we  really  do  perceive 
that  equilibrium  subsists  when  all  the  links  of  the  chain 
have  sunk  as  low  as  possible,  when  none  can  sink  lower 
without  raising  in  consequence  of  the  connections  of 
the  system  an  equivalent  mass  equally  high  or  higher. 
When  the  centre  of  gravity  has  sunk  as  low  as  it  pos- 
sibly can  sink,  when  all  has  happened  that  can  happen, 
stable  equilibrium  exists.  The  physical  part  of  the 
problem  is  disposed  of  by  this  consideration.  The  de- 
termination of  the  curve  that  has  the  lowest  centre  of 
gravity  for  a  given  length  between  the  two  points  A, 
B,  is  simply  a  mathematical  problem.  (See  Fig.  58.) 
Theprinci-  21.  Collecting  all  that  has  been  presented,  we  see, 
piytherec-  that  there  is  contained  in  the  principle  of  virtual  dis- 

ognition  of       ,  ... 

a  fact.  placements  simply  the  recognition  of  a  fact  that  was 
instinctively  familiar  to  us  long  previously,  only  that 
we  had  not  apprehended  it  so  precisely  and  clearly. 
This  fact  consists  in  the  circumstance  that  heavy 
bodies,  of  themselves,  move  only  downwards.  If  sev- 
eral such  bodies  be  joined  together  so  that  they  can 
suffer  no  displacement  independently  of  each  other, 
they  will  then  move  only  in  the  event  that  some  heavy 
mass  is  on  the  whole  able  to  descend,  or  as  the  prin- 
ciple, with  a  more  perfect  adaptation  of  our  ideas  to 
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What  this  the  facts,  more  exactly  expresses  it,  only  in  the  event 
that  work  can  be  performed.  If,  extending  the  notion 
of  force,  we  transfer  the  principle  to  forces  other  than 
those  due  to  gravity,  the  recognition  is  again  con- 
tained therein  of  the  fact  that  the  natural  occurrences 
in  question  take  place,  of  themselves,  only  in  a  definite 
sense  and  not  in  the  opposite  sense.  Just  as  heavy 
bodies  descend  downwards,  so  differences  of  tempera- 
ture and  electrical  potential  cannot  increase  of  their 
own  accord  but  only  diminish,  and  so  on.  If  occur- 
rences of  this  kind  be  so  connected  that  they  can  take 
place  only  in  the  contrary  sense,  the  principle  then  es- 
tablishes, more  precisely  than  our  instinctive  appre- 
hension could  do  this,  the  factor  work  as  determinative 
and  decisive  of  the  direction  of  the  occurrences.  The 
equilibrium  equation  of  the  principle  may  be  reduced 
in  every  case  to  the  trivial  statement,  that  when  noth- 
ing can  happen  nothing  does  happen. 

Theprin-  22.    It  is  important  to  obtain  clearly  the  perception, 

fight  o?    ethat  we  have  to  deal,   in  the   case  of  all  principles, 

view.          merely  with  the  ascertainment  and  establishment  of  a 

fact.      If  we  neglect  this,  we  shall  always  be  sensible 

of  some  deficiency  and  will  seek  a  verification  of  the 

principle,  that  is  not  to  be  found.    Jacobi  states  in  his 

Lectures  on  Dynamics  that  Gauss  once  remarked  that 

Lagrange's  equations  of  motion  had  not  been  proved, 

but  only  historically  enunciated.     And  this  view  really 

seems  to  us  to  be  the  correct  one  in  regard  to  the  prin- 

ciple of  virtual  displacements.    . 

The  differ-         The  task  of  the  early  inquirers,  who  lay  the  foun- 

ent  tasks  of   ,  -  .  ...  ...  . 

early  and  of  dations  of  any  department  of  investigation,  is  entirely 


in  different  from  that  of  those  who  follow.    It  is  the  busi- 
ment.ep      ness   of  the  former   to  seek  out  and  to  establish  the 
facts  of  most  cardinal  importance  only;  and,  as  history 
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teaches,  more  brains  are  required  for  this  than  is  gen- 

erally supposed.      When  the  most  important  facts  are 

once  furnish  are   then   placed  in  a  position  to 

work  them  out  deductively  and  logically  by  the  meth- 

ods of  mathematical  ph\  an  then  organise  the 

irtment  of  inquiry  in  question,  and  show  that  in  the 

acceptance  of  some  one  fact  a  whole  series  of  others  is 

included  whirli  were  not  to  be  immediately  discerned 

in  t  The  one  task  is  as  important  as  the  other 

\\  •    ^huuld  not   however  confound  the  one  with   the 

other.      \Ve  cannot  {>•  that  nature 

exactly  what    it  can   prove,  that 

of  observed  properties  <1  s  conjointly 

which  often  are  not  directly  manifest. 

I  in  conclusion,  that  the  princi-  Kvery  *en- 

...  .        eral  p 

pl:  of  virtual  displacements,  like  every  general  nrm-piei 

.   ,  ItdU- 

ci  th  it.  by  •  lit  winch  it  furnishes,  niusion- 


di  illuswnment  a  ition.      It  brings  with  weUa 

[    it  lisillusionment  to  the  extent  that  we  recognise  in  it 
I  fa  t  4  before  1  mct- 

i\    1  our  present  recognition  1  iply 

I  m  >re  distinct  and  more  tti<>n.  in 

I  tl  it  oughout  the 


01      Mil      I 

passed  si.  the  prin-  Review  of 

ci  >les  of  stat                        now  in  a   position  to  take 

:   supplementary  survey  of  the  de\ 

]>    nciplesot-  .   This  developm 

I  fa     ng  as  it  does  in  t  -eriod  of  mechanics, 

which   1"  :i  antiquity  and 
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reaches  its  close  at  the  time  when  Galileo  and  his 
younger  contemporaries  were  inaugurating  modern  me- 
chanics,— illustrates  in  an  excellent  manner  the  pro- 
cess of  the  formation  of  science  generally.  All  con- 
ceptions, all  methods  are  here  found  in  their  simplest 
form,  and  as  it  were  in  their  infancy.  These  beginnings 

The  origin  point  unmistakably  to  their  origin  in  the  experiences  of 
the  manual  arts.  To  the  necessity  of  putting  these  ex- 
periences into  communicable  form  and  of  disseminating 
them  beyond  the  confines  of  class  and  craft,  science 
owes  its  origin.  The  collector  of  experiences  of  this 
kind,  who  seeks  to  preserve  them  in  written  form,  finds 
before  him  many  different,  or  at  least  supposably  differ- 
ent, experiences.  His  position  is  one  that  enables  him 
to  review  these  experiences  more  frequently,  more  vari- 
ously, and  more  impartially  than  the  individual  work- 
ingman,  who  is  always  limited  to  a  narrow  province. 
The  facts  and  their  dependent  rules  are  brought  into 
closer  temporal  and  spatial  proximity  in  his  mind  and 
writings,  and  thus  acquire  the  opportunity  of  revealing 

Theecono-  their  relationship,  their  connection,  and  their  gradual 

my  of  com-  .    .  ,  ,-,,,  , 

munication.  transition  the  one  into  the  other.  The  desire  to  sim- 
plify and  abridge  the  labor  of  communication  supplies 
a  further  impulse  in  the  same  direction.  Thus,  from 
economical  reasons,  in  such  circumstances,  great  num- 
bers of  facts  and  the  rules  that  spring  from  them  are 
condensed  into  a  system  and  comprehended  in  a  single 
expression. 

The  gene-          2.   A  collector  of  this  character  has,  moreover,  op- 

ral  charac-  .  ,  /•     i        r 

terofprin-  portumty  to  take  note  ot  some  new  aspect  of  the  tacts 
before  him — of  some  aspect  which  former  observers 
had  not  considered.  A  rule,  reached  by  the  observation 
of  facts,  cannot  possibly  embrace  the  entire  fact,  in  all 
its  infinite  wealth,  in  all  its  inexhaustible  manifoldness; 
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on  the  contrary,  it  can  furnish  only  a  rough  outline  of 
the  fact,  one-sidedly  emphasising  the  feature  that  is  of 
importance  for  the  given  technical  (or  scientific)  aim  in 
//'//<;/  aspects  of  a  fact  are  taken  notice  of,  will 
consequently  depend  upon  circumstances,  or  even  on  Their  form 
the  caprice  of  the  ol>  .ere  is  always  op-  pects"acci- 

portunity  for  the  discover  ;>ects  of  the  fact, 

h  will   lead   to  the  e-  :ules  of 

equal  validity  with.  <  :  r  to.  the  old.      So,  for  in- 

stance, t!  is    and  the  lengths  of   the  lever-a: 

Vs.  as  the  conditions 

that  determined  equilibrium.   Afterwards,  by  Da  Vinci 
ar.d  t'baldi  tl  tfl  and  the  perpendicular  d: 

fr -.11;  re  recognised  as 

the  determin,  iditions.      Still   1  (ialileo, 

tl  e  weights  and  t  IK-   amounts  of   •  placements, 

a  id  final!  1  the  directions 

(.    the  pulls  with  :  as  the 

e  ements  of  ecpiilibriuiu.  mciation  of  the 

r  It 

3.    V.  -.his  kin.:. 

;i  id  -  'H  h  a  n. 

1  ibility  to  error   in  tiooof 

t  ,e  f .  i  act  con- 

(  iptions,  whi-  mental 

i  od< 

t  ite  for  t:  .  .lly  in- 

i  :cessible.     The  cirt  1,  to  winch  we 

1  ive  to  i  .ire  accoi  M>  man 

L  )lla:  juently  difficult 

t  *  single  out  a  -  ntial  to  the 

{   irpnsr  in  vi«-\v.      Just  think  i  >  of  friction, 

t   «rtri.  lf|  and  like  condition^ 

ines,  obscure  and  ol  pure  outlines  of 
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Thisiiabil-  the  main  facts.  No  wonder,  therefore,  that  the  discov- 
us towek  erer  or  verifier  of  a  new  rule,  urged  by  mistrust  of  him- 
of  all  new  self,  seeks  after  a  proof  of  the  rule  whose  validity  he 
believes  he  has  discerned.  The  discoverer  or  verifier 
does  not  at  the  outset  fully  trust  in  the  rule  ;  or,  it  may 
be,  he  is  confident  only  of  a  part  of  it.  So,  Archimedes, 
for  example,  doubted  whether  the  effect  of  the  action 
of  weights  on  a  lever  was  proportional  to  the  lengths  of 
the  lever-arms,  but  he  accepted  without  hesitation  the 
fact  of  their  influence  in  some  way.  Daniel  Bernoulli 
does  not  question  the  influence  of  the  direction  of  a 
force  generally,  but  only  the  form  of  its  influence.  As 
a  matter  of  fact,  it  is  far  easier  to  observe  that  a  circum- 
stance has  influence  in  a  given  case,  than  to  determine 
what  influence  it  has.  In  the  latter  inquiry  we  are  in 
much  greater  degree  liable  to  error.  The  attitude  of  the 
investigators  is  therefore  perfectly  natural  and  defens- 
ible. 

The  natural  The  proof  of  the  correctness  of  a  new  rule  can  be 
proof.  attained  by  the  repeated  application  of  it,  the  frequent 
comparison  of  it  with  experience,  the  putting  of  it  to 
the  test  under  the  most  diverse  circumstances.  This 
process  would,  in  the  natural  course  of  events,  get  car- 
ried out  in  time.  The  discoverer,  however,  hastens  to 
reach  his  goal  more  quickly.  He  compares  the  results 
that  flow  from  his  rule  with  all  the  experiences  with 
which  he  is  familiar,  with  'all  older  rules,  repeatedly 
tested  in  times  gone  by,  and  watches  to  see  if  he  do 
not  light  on  contradictions.  In  this  procedure,  the 
greatest  credit  is,  as  it  should  be,  conceded  to  the  oldest 
and  most  familiar  experiences,  the  most  thoroughly 
tested  rules.  Our  instinctive  experiences,  those  gen- 
eralisations that  are  made  involuntarily,  by  the  irresist- 
ible force  of  the  innumerable  facts  that  press  in  upon 
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njoy  a  peculiar  authority;  and  this  is  perfectly 
warranted  by  the  consideration  that  it  is  precisely  the 
elimination  of  subjective  caprice  and  of  individual  er- 
ror that  is  the  object  aimed  at. 

In   this  manner  Archimedes  provts  his  law  of  the  illustration 
lever,  Stevinus  his  law  of   inclined   pressure,   Danielcedi'n/re- 
Bernoulli  the  parallelogram  of  forces,  Lagrange  the 
principle  of  virtual  displacements.     Galileo  alone  is 
perfectly   aware,    with   respect   to   the   last-mentioned 
principle,  that  his  nt  .  ation  and  perception  are 

of  equal  rank  wit:  >rmtr  one — that  it  is  derived 

from   the  same  source  of  experience.      II-    attempts  no 
demonstration.     Archimedes,  in  his  proof  of  the  prin- 
ciple of  the  1  <-s  facts  concerning  the  centre  of 
g  -avity,  which  he  had  probably  proved  by  means  of  the 
v;ry  principle  now  in  question  ;  nay  suppose 
tl  tat  these  facts  were  otherwise  so  familiar,  as  to  be  un- 
q  icstioned, — so  familiar  indeed,  that  it  may  be  doubted 
\  hether  he  remarked  that  he  had  employed  them  in 
imonstrating  the  principle  of  the  lever.    The  instinc- 
ve  elements  embraced  in  the  views  <  ,f  Archimedes  and 
tevii:                 been  discussed  at  length  in  the  proper 


4.    It  is  quite  in  order,  on  the  making  of  a  new  di- 

lionthatad- 

to  resort  to  all  proper  means  to  bring  the  new  vanced  sci- 
ence should 

de  to  the  test.     When,  however,  after  the  lapse  of  a  occupy, 
i  -asonable  p«  <  en  sufficiently  oi: 

«•  ibjectt'  it  becomes  science  to  recog- 

that  any  other  proof   than  that  has  become  quite 
that  there   is  no  sense  in  considering  a  rule 

founded  on  others 
ac  hed   l»y  the  \,  thod  of 

>n.  only  •  i  considered  and 

as  good  as  another.     To-day,  we 


)  J^ 
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should  regard  the  principles  of  the  lever,  of  statical 
moments,  of  the  inclined  plane,  of  virtual  displace- 
ments, and  of  the  parallelogram  of  forces  as  discovered 
by  equivalent  observations.  It  is  of  no  importance  now, 
that  some  of  these  discoveries  were  made  directly,  while 
others  were  reached  by  roundabout  ways  and  as  de- 
pendent upon  other  observations.  It  is  more  in  keep- 
ing, furthermore,  with  the  economy  of  thought  and  with 
insight  bet- the  aesthetics  of  science,  directly  to  recognise  a  principle 

ter  than  ar- 

tificiaidem-  (say  that  of  the  statical  moments)  as  the  key  to  the  un- 

onstration.  ' 

derstandmg  of  all  the  facts  of  a  department,  and  really 
see  how  it  pervades  all  those  facts,  rather  than  to  hold 
ourselves  obliged  first  to  make  a  clumsy  and  lame  de- 
duction of  it  from  unobvious  propositions  that  involve 
the  same  principle  but  that  happen  to  have  become 
earlier  familiar  to  us.  This  process  science  and  the  in- 
dividual (in  historical  study)  may  go  through  once  for 
all.  But  having  done  so  both  are  free  to  adopt  a  more 
convenient  point  of  view. 

Themis-  5.    In  fact,  this  mania  for  demonstration  in  science 

mania  for6  results  in  a  rigor  that  is  false  and  mistaken.   Some  pro- 

demonstra-  .    .  111.1  j        r 

•tion.  positions  are  held  to  be  possessed  of  more  certainty 

than  others  and  even  regarded  as  their  necessary  and 
incontestable  foundation  ;  whereas  actually  no  higher, 
or  perhaps  not  even  so  high,  a  degree  of  certainty  at- 
taches to  them.  Even  the  rendering  clear  of  the  de- 
gree of  certainty  which  exact  science  aims  at,  is  not  at- 
tained here.  Examples  of  such  mistaken  rigor  are  to 
be  found  in  almost  every  text-book.  The  deductions 
of  Archimedes,  not  considering  their  historical  value, 
are  infected  with  this  erroneous  rigor.  But  the  most 
conspicuous  example  of  all  is  furnished  by  Daniel  Ber- 
noulli's deduction  of  the  parallelogram  of  forces  (Com- 
ment. Acad.  Petrop.  T.  I.). 
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6.   As   already  seen,  instinctive  knowledge   enjoys  The  char- 
our  exceptional  confidence.      No  longer  knowing  how  stinctive 

.    .  ...  knowledge. 

we  have  acquired  it,  we  cannot  criticise  the  logic  by 
which  it  was  inferred.  We  have  personally  contributed 
nothing  to  its  production.  It  confronts  us  with  a  force 
and  irresistibleness  foreign  to  the  products  of  volun- 
tary reflective  experience.  It  appears  to  us  as  some- 
thing free  from  subjectivity,  and  extraneous  to  us,  al- 
«.-  have  it  constantly  at  hum!  so  that  it  is  more 
ours  than  are  the  individual  facts  of  nat 

All  this  has  often  led  utt-  knowledge  of  its  author- 

.....  .  iivnotabso- 

tins  kind  to  an  entirely  ditfert  :  nely,  to  view  int-iv  su- 

it as  exi> ;  :  evious  to  all  experience).  pl 

That  this  opinion   is   untenalO  ily  explained   in 

our  discussion  ot 
:ven  the  authority  of   instinctive   knowledge,  however 
mportant  it  may  be  for  actual  processes  of  devt 
nent,  must  ultimately  give  place  to  that  of  a  clearly  ami 
leliberately  observed  principle.    Instin  owledge 

s,  after  all,  0  !i;«-.  and  as  such 

s  li  to  prove  itself  ut:  ifti 

:ien  ->me  new  region  of  expe- 

•ienc  v  opened  up. 

>I1  of  tll«-  different  The  true  re- 

principles  is  lie  one  extends  farther  principle* 

,n   this  domain,    the  ot:  NotWlth- nl OM. 

stan  the  principle  of 

virtual    <  control    with    facility   a 

greater  number  of   cases   than   othn  still 

that  it  will  al\va\s  maintain 

its  supremac  outstripped  by  some  new 

principle.    All  principles  single  out.  more  or  less  arbi- 

ow  this  that  aspect  of  the  same 

iacts,  and  contain  an  abstract  summarised  rule  for  the 
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refigurement  of  the  facts  in  thought.      We  can  never 
assert  that  this  process  has  been  definitively  completed. 
Whosoever  holds  to  this  opinion,  will  not  stand  in  the 
way  of  the  advancement  of  science. 
Conception        8.    Let  us,  in  conclusion,  direct  our  attention  for  a 

of  force  in  ....._,. 

statics.  moment  to  the  conception  of  force  in  statics,  r  orce  is 
any  circumstance  of  which  the  consequence  is  motion. 
Several  circumstances  of  this  kind,  however,  each  single 
one  of  which  determines  motion,  may  be  so  conjoined 
that  in  the  result  there  shall  be  no  motion.  Now  stat- 
ics investigates  what  this  mode  of  conjunction,  in  gen- 
eral terms,  is.  Statics  does  not  further  concern  itself 
about  the  particular  character  of  the  motion  condi- 
tioned by  the  forces.  The  circumstances  determinative 
of  motion  that  are  best  known  to  us,  are  our  own  vo- 

The  origin  litional  acts — our  innervations.     In  the  motions  which 

of  the  no-  .  .  1-1 

tion  of        we  ourselves  determine,  as  well  as  in  those  to  which 

pressure.  . 

we  are  iorced  by  external  circumstances,  we  are  always 
sensible  of  a  pressure.  Thence  arises  our  habit  of  rep- 
resenting all  circumstances  determinative  of  motion  as 
something  akin  to  volitional  acts — as  pressures.  The 
attempts  we  make  to  set  aside  this  conception,  as  sub- 
jective, animistic,  and  unscientific,  fail  invariably.  It 
cannot  profit  us,  surely,  to  do  violence  to  our  own  nat- 
ural-born thoughts  and  to  doom  ourselves,  in  that  re- 
gard, to  voluntary  mental  penury.  We  shall  subse- 
quently have  occasion  to  observe,  that  the  conception 
referred  to  also  plays  a  part  in  the  foundation  of  dy- 
namics. 

We  are  able,  in  a  great  many  cases,  to  replace  the 
circumstances  determinative  of  motion,  which  occur  in 
nature,  by  our  innervations,  and  thus  to  reach  the  idea 
of  a  gradation  of  the  intensity  of  forces.  But  in  the  esti- 
mation of  this  intensity  we  are  thrown  entirely  on  the 
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resources  of  our  memory,  and  are  also  unable  to  com-  The  com- 

•  0-  .      .  MIT  mon  char- 

rnumcate  our  sensations,      bmce   it  is  possible,  how-  acterof  ail 

.    to    represent    every   condition    that    determines  °' 
motion   by  a  weight,  we  arrive  at  the  perception  that 
all  circumstances  determinative  of  motion  i^all  forces) 
are  alike  in  character  and  replaced  and   meas- 

ured  by  quantities  tl.  :  for  weight.      The  meas- 

urab!  is  a  certain,  convenient,  and 

communicable  index,  in  mechanical  researches,  just  as 
the  thermometer  in  thermal  researches  is  an  exacter 

titute  for  our  perceptions  of  heat.     As  has  pre-  The  idea  of 
vioi:  remark  s  cannot  wholly  rid  itself  alTxVuary" 

of  all  knowledge  <  ::;i  of  motion.      This  par-  sfat?csPt  " 

ticularly  in  the  d.  tion 

cfat'  the  direction  of  tl  :  which  it  would 

produce  if  it  acte  :  iication 

•  »f  a  force  we  mean  that  point  of  a  body  whose  mot 
s  still  dt  :  !  by  the  •  is  freed 

rom  its  connections  with  tin-  otli-  >f  the  body. 

Force  accordingly    ii  re  umstance    that 

enn:  ,iy  be  sta: 


ollows.      11  1  force  is  i  of  ° 

:  mined  by  that  force,  alone.    The 

>oint  lotion  is  de- 

ermined    ind-  tioiis    with    the 

of  the   force    is    that  u  right 
.vhich,  actn:. 

.  determti 

ie  same  ecjuilibrium. 
The  oth«  :  ty  the  determination 

)f  a  :  es  alone  are  unable  to  pro- 

placements,  the  arms  of 
:id  so  forth,  may  be  termed  collateral  condi- 

eqiiilibrium. 


.ions  • 
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THE    PRINCIPLES     OF    STATICS    IN    THEIR    APPLICATION    TO 
FLUIDS. 

NO  essen-  i.    The  consideration  of  fluids  has  not  supplied  stat- 

tiallynew      •  •  .-,  ,•    ,,  •     ,  r 

points  of     ics  with  many  essentially  new  points  of  view,  yet  nu- 

voived  in     merous  applications  and  confirmations  of  the  principles 

>u  ject'  already  known  have  resulted  therefrom,  and  physical 

experience  has  been  greatly  enriched  by  the  investiga- 

tions of  this  domain.   We  shall  devote,  therefore,  a  few 

pages  to  this  subject. 

2.  To  ARCHIMEDES  also  belongs  the  honor  of  found- 
ing the  domain  of  the  statics  of  liquids.  To  him  we 
owe  the  well-known  proposition  concerning  the  buoy- 
ancy, or  loss  of  weight,  of  bodies  immersed  in  liquids, 
of  the  discovery  of  which  Vitruvius,  De  Architecture!,, 
Lib.  IX,  gives  the  following  account  : 

"  Though   Archimedes    discovered    many   curious 


ACrchime°  "matters  that  evince  great  intelligence,  that  which  I  am 
covery.  "  about  to  mention  is  the  most  extraordinary.  Hiero, 
"when  he  obtained  the  regal  power  in  Syracuse,  hav- 
ing, on  the  fortunate  turn  of  his  affairs,  decreed  a 
"votive  crown  of  gold  to  be  placed  in  a  certain  temple 
"to  the  immortal  gods,  commanded  it  to  be  made  of 
"great  value,  and  assigned  for  this  purpose  an  appro- 
"priate  weight  of  the  metal  to  the  manufacturer.  The 
"latter,  in  due  time,  presented  the  work  to  the  king, 
"beautifully  wrought  ;  and  the  weight  appeared  to  cor- 
respond with  that  of  the  gold  which  had  been  as- 
"  signed  for  it. 

"But  a  report  having  been  circulated,  that  some  of 
"the  gold  had  been  abstracted,  and  that  the  deficiency 


THE  PRINCIPLES  OF  STATICS.  87 

'thus  caused  had   been  supplied  by  silver,  Hiero  was  The  ac- 

,.  i         r  i  i  -1-11       count  ofVi- 

"  indignant  at  the  fraud,  and,  unacquainted  with  the  uuvius. 

thod   by  which  the  theft    might   be  detected,    re- 

sted   Archimedes  would   undertake  to  give  it  his 

"attention.     Charged  with    this    commission,   he    by 

"chance  went  to  a  bath,  and  on  jumping  into  the  tub, 

cd  that,  just  in  the  proportion  that  his  body 

ame  immersed,  in  the  same  proportion  the  water 

"ran   out   of   the  vessel.      Whence,    catching   at   the 

"  method  to  be  adopted  for  the  solution  of  the  proposi- 

u p.  leapt  out  of  the 

^sel  in  joy,  and   returning   home   naked,  cried  out 
•  with  a  loud  voice  that  he  had  found  that  of  which  he 

19  in  search,  for  he  continued  exclaiming,  in  Gr< 
« '«"•/.  !  have  found  it.  I  have  found  it!)" 

3.   The  observation  which  led  A  :.es  to  his  Statement 

of  the  Ar- 

prot  B    according!  that     a     bOQV     im    chimedean 

proposition 

iers-  nvalrnt   quantity  of 

/ater;  exactly  as  if  the  body  lay  on  one  pan  of  a  bal.i 
nd  the  |  This  rnnri.-ption,  \vhirh 

t    the   present  <!  i    the  most   natural  and    the 

nost  direct,  also  On 

**loat 

•  •mpletrly   preserved   but 
1 

nedes    st 
cad 

••I:  roperty  of  a  liquid  The  Archi- 

, ,          . .  ,  .  medean  as- 

hat  in  all  u:  «1  continuous  positions  ot  sumption. 

lesser  j>t«  ssutc  is  forced 

ipw.  rliat    ul:  :s    tin-    - 

f-Jut  ea«  •  uffers  pressure  from  the 

>rti  ndicularly  above  it  if  the  latt<  ing 

;rom  another  poi : 
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Analysis  of 
the  princi- 
ple. 


Archimedes  now,  to  present  the  matter  briefly, 
conceives  the  entire  spherical  earth  as  fluid  in  consti- 
tution, and  cuts  out  of  it  pyramids  the  vertices  of 
which  lie  at  the  centre  (Fig.  59).  All  these  pyramids 

must,  in  the  case  of  equilib- 
rium, have  the  same  weight, 
and  the  similarly  situated 
parts  of  the  same  must  all 
suffer  the  same  pressure. 
If  we  plunge  a  body  a  of 
the  same  specific  gravity  as 
water  into  one  of  the  pyra- 
mids, the  body  will  com- 
pletely submerge,  and,  in 


Fig.  59- 


the  case  of  equilibrium,  will  supply  by  its  weight  the 
pressure  of  the  displaced  water.  The  body  b,  of  less 
specific  gravity,  can  sink,  without  disturbance  of  equi- 
librium, only  to  the  point  at  which  the  water  beneath 
it  surfers  the  same  pressure  from  the  weight  of  the 
body  as  it  would  if  the  body  were  taken  out  and  the 
submerged  portion  replaced  by  water.  The  body  c, 
of  a  greater  specific  gravity,  sinks  as  deep  as  it  possibly 
can.  That  its  weight  is  lessened  in  the  water  by  an 
amount  equal  to  the  weight  of  the  water  displaced, 
will  be  manifest  if  we  imagine  the  body  joined  to 
another  of  less  specific  gravity  so  that  a  third  body  is 
formed  having  the  same  specific  gravity  as  water, 
which  just  completely  submerges. 

rhe  state  of        4.   When  in  the  sixteenth  century  the  study  of  the 

in  the  six-    works  of  Archimedes  was  again  taken  up,  scarcely  the 

tury.    '    *~  principles   of   his   researches   were   understood.      The 

complete  comprehension  of  his  deductions  was  at  that 

time  impossible. 

STEVINUS  rediscovered  by  a  method  of  his  own  the 
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Fig.  60. 


most  important  principles  of  hydrostatics  and  the  de- The  discov- 
ductions  therefrom.     It  was  principally  two  ideas  from  vinus° 
which  Stevinus  derived  his  fruitful  conclusions.     The 
one   is   quite   similar   to   that   relating   to   the  endless 
chain.      The  other  consists  in  the  assumption  that  the 
solidification  of  a  fluid  in  equilibrium  does  not  disturb 
its  equilibrium. 

wn  this  principle.     Any  given  The  first 

f    .      .  .     .  .  fundamen- 

mass  of  water  A  (Fig.  60),  immersed  in  water,  is  mtaiprinci 
equilibrium  in  all  It  .  / 

by   the 
rounding  water  but  should,  It 

:i  the   portion  of 

the   place  of  A  and 

place  ame  circum 

« tances.  would,    on    t;  as- 

umptio  to  deso      : 

This  asMimp:  >re,  to  the  establishment 

»f  a  perpetual   motion,  v,  v  to  our  ex- 

>erie  to  our  •  u.wledge  of  things. 

\YaiM    immened    in    \\ater    lo^es   accordingly   itsriu-second 
vhole  weight.     If,  n<  e  of  the ui priaol- 

:ned   by  this' 
it.  will 

.till    be   subjected  to  I  :>res- 

[i  formed    will    suttVr    an 

ipward  |  equal  to  the  weight  of  the 

!1  the  solidified   surface  with 

ance  of  any  specific  gravity  wr  may 

•11    be    plain    that    the  diminution   of   the 

ht  of  the  body  will   be  equal  to  the  weight  of  the 

luid  displaced  on  im: 

:llelepip(  dal 
•JHS«  ith  a  liquid,  the  \  .ital 


go 


THE  SCIENCE  OF  MECHANICS. 


Stevinus's 
deductions. 


Galileo,  in 
the  treat- 
ment of  this 
subject,  em- 
ploys the 
principle  of 
virtual  dis- 
placements 


base  is  equal  to  the  weight  of  the  liquid.  The  pressure 
is  equal,  also,  for  all  parts  of  the  bottom  of  the  same 
area.  When  now  Stevinus  imagines  portions  of  the 
liquid  to  be  cut  out  and  replaced  by  rigid  immersed 
bodies  of  the  same  specific  gravity,  or,  what  is  the 
same  thing,  imagines  parts  of  the  liquid  to  become  so- 
lidified, the  relations  of  pressure  in  the  vessel  will  not 
be  altered  by  the  procedure.  But  we  easily  obtain  in 
this  way  a  clear  view  of  the  law  that  the  pressure  on 
the  base  of  a  vessel  is  independent  of  its  form,  as  well 
as  of  the  laws  of  pressure  in  communicating  vessels, 
and  so  forth. 

5.  GALILEO  treats  the  equilibrium  of  liquids  in  com- 
municating vessels  and  the  problems  connected  there- 
with by  the  help  of  the  principle  of  virtual  displace- 
ments. NN  (Fig.  61)  being  the 
common  level  of  a  liquid  in  equilib- 
rium in  two  communicating  vessels, 
Galileo  explains  the  equilibrium 
here  presented  by  observing  that  in 
the  case  of  any  disturbance  the  dis- 
placements of  the  columns  are  to 
each  other  in  the  inverse  proportion 
of  the  areas  of  the  transverse  sec- 


Fig.  61. 


tions  and  of  the  weights  of  the  columns — that  is,  as 
with  machines  in  equilibrium.  But  this  is  not  quite  cor- 
rect. The  case  does  not  exactly  correspond  to  the 
cases  of  equilibrium  investigated  by  Galileo  in  ma- 
chines, which  present  indifferent  equilibrium.  With 
liquids  in  communicating  tubes  every  disturbance  of  the 
common  level  of  the  liquids  produces  an  elevation  of 
the  centre  of  gravity.  In  the  case  represented  in  Fig. 
61,  the  centre  of  gravity  S  of  the  liquid  displaced  from 
the  shaded  space  in  A  is  elevated  to  S',  and  we  may 
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•  -d  the  rest  of  the  liquid  as  not  having  been  moved. 

Accordingly,  in  the  case  of  equilibrium,  the  centre  of 

ity  of  the  liquid  lies  at  its  lowest  possible  point. 

6.  PASCAL  likewise  employs  the  principle  of  virtual  The  same 

principle 

'lacements,  but  in  a  more  correct  manner,  leaving  made  use  of 
the  weight  of  the  liquid  out  of  account  and  considering 
only  the  pressure  at  the  surface.      If   we  imagine  two 
communicating  vessels  to  be  closed  by  pistons  (Fig. 

and    these   pistons   loaded   with 
:hts  proportional  to  their  surface- 
S  equilibrium  will  obtain,  because 
in  consequence  of  the  invariabili 

:ne  of  the  liquid  •  lace- 

in    every   disturbance   are   in- 
versely proportional   to  the  weights. 
For  Pascal,  accordingly,  it />//<>-«'.*,  as  a  necessary  i 
?equence,  from  the  principle  of  virtual  displacements, 
hat  in  the  case  of  equilibrium  every  pressure  on  a  su- 
•erficial  portion  of  a  liquid  is  propagated  with  umli- 
limsher.  > every  <•  ortion,  h 

ver  and  in  w  iced.    No  objec- 

ion  is  to  be  made  to  principle  in  this 

vay.  "re   natural 

nd  satisfactory  conception  is  to  re  prim  iple  as 

nin 

7.  We  shall  ill  Detailed 

,  /•!••!  ••••  considera- 

es  of  liquid  equilibrium,  tkm  of  th« 

md  from  such  different  points  of  view  as  may  be  con-*" 
^enient. 

The  fundam«  v  of  liquids  given  us  by 

experience  consi^  >  on  the 

iliglr  .onofpn  I.   :  to  our- 

;s  an  element  of  of  a  liquid,  the  gravity  of 

regard — say  a  tiny  cube.     If  the  slightest 
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The  funda-  excess  of  pressure  be  exerted  on  one  of  the  surfaces  of 

mental  »          /•     t  •   i  • 

property  of  this  cube,  (which  we  now  conceive,  lor  the  moment, 

liquids  the  _         ,  .  .     .  ,         _     .  ,    , 

mobility  of  as  a  fixed  geometrical  locus,  containing  the  fluid  but 

their  parts.  . 

not  of  its  substance)  the  liquid  (supposed  to  have  pre- 
viously been  in  equilibrium  and  at  rest)  will  yield  and 
pass  out  in  all  directions  through  the  other  five  surfaces 
of  the  cube.  A  solid  cube  can  stand  a  pressure  on  its 
upper  and  lower  surfaces  different  in  magnitude  from 
that  on  its  lateral  surfaces  ;  or  vice  versa.  A  fluid  cube, 
on  the  other  hand,  can  retain  its  shape  only  if  the  same 
perpendicular  pressure  be  exerted  on  all  its  sides.  A 
similar  train  of  reasoning  is  applicable  to  all  polyhe- 
drons. In  this  conception,  as  thus  geometrically  eluci- 
dated, is  contained  nothing  but  the  crude  experience 
that  the  particles  of  a  liquid  yield  to  the  slightest  pres- 
sure, and  that  they  retain  this  property  also  in  the  in- 
terior of  the  liquid  when  under  a  high  pressure  ;  it 
being  observable,  for  example,  that  under  the  condi- 
tions cited  minute  heavy  bodies  sink  in  fluids,  and  so  on. 
A  second  With  the  mobility  of  their  parts  liquids  combine 

FhePcomy-     still  another  property,  which  we  will  now  consider.   Li- 

pressibility          .  ,  ...  ,  .  , . 

of  their  voi- quids  surfer  through  pressure  a  diminution  of  volume 

ume.  ....  .  , 

which  is  proportional  to  the  pressure  exerted  on  unit 
of  surface.  Every  alteration  of  pressure  carries  along 
with  it  a  proportional  alteration  of  volume  and  density. 
If  the  pressure  diminish,  the  volume  becomes  greater, 
the  density  less.  The  volume  of  a  liquid  continues  to 
diminish  therefore  on  the  pressure  being  increased,  till 
the  point  is  reached  at  which  the  elasticity  generated 
within  it  equilibrates  the  increase  of  the  pressure. 

8.  The  earlier  inquirers,  as  for  instance  those  of  the 
Florentine  Academy,  were  of  the  opinion  that  liquids 
were  incompressible.  In  1761,  however,  JOHN  CANTON 
performed  an  experiment  by  which  the  compressibility 
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of  water  was  demonstrated.     A  thermometer  glass  is  The  first 

,,.  .   ,  .  .      .  .      .  demonstra- 

nlled  with  water,  boiled,  and  then  sealed.   (Fig.  63.)  tionof  the 
The  liquid  reaches  to  a.   But  since  the  space  above  a  isbuuyof 

.....  ,  liquids. 

airless,  the  liquid  supports  no  atmospheric  pres- 
sure. If  the  sealed  end  be  broken  off,  the  liquid 
will  sink  to  b.  Only  a  portion,  however,  of  this 
displacement  is  to  be  placed  to  the  credit  of  the 
compression  of  the  liquid  by  atmospheric  pres- 
For  if  we  place  the  glass  before  breaking 
off  the  top  under  an  air-pump  and  exhaust  the 
chamber,  the  liquid  will  sink  to  <-.  This  last  phe- 
nomenon is  due  to  the  fact  that  the  pressure  that 
bears  down  on  the  exterior  of  the  glass  and  diminishes 
its  capacity,  is  now  remo\  top, 

this  exterior  pressure  of  the  atmosphere  is  compensatt  «1 
for  by  the  interior  pressure  then  introduced,  and  an 
enlargement  of  the  capacity  of  the  ^lass  again  sets  in. 
portion  fore,  answers  to  the  actual  com- 

pression of  the  liquid   !>;.  e  of  the  atn 

phere. 


63. 


The  first  to  institute  exac  uents  on  the  com-  The 

pres  f  water  A  ho  employed  tooer»tedon 

thin 

end  a   \  >d.     A 

thermometer  glass  A  (Fi  filled 

with  boiled  water  and  is  inverted,  with 

.th,  into  a  vessel  of   m«  : 
Near  it  stands  a  manometer  tube  B  filled 
with  air  and  I:  -ted  with  open 

mouth   in  The  whole  ap- 

-.-i.iced  in  a  vessel  filled 
wit!  compressed  by  the 

aid  of  a  pump.     By  this  mea;  Wf-  «4- 

>^4  is  also  compressed,  and  the  filament  of  qu 
vvhich  rises  in  the  capillary  tube  of  the  thermom< 
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glass  indicates  this  compression.  The  alteration  of 
capacity  which  the  glass  A  suffers  in  the  present  in- 
stance, is  merely  that  arising  from  the  pressing  to- 
gether of  its  walls  by  forces  which  are  equal  on  all  sides. 
The  experi-  The  most  delicate  experiments  on  this  subject  have 

ments  of  . 

Grassi.  been  conducted  by  GRASSI  with  an  apparatus  con- 
structed by  Regnault,  and  computed  with  the  assist- 
ance of  Lame's  correction-formulae.  To  give  a  tan- 
gible idea  of  the  compressibility  of  water,  we  will  remark 
that  Grassi  observed  for  boiled  water  at  0°  under  an 
increase  of  one  atmospheric  pressure  a  diminution  of 
the  original  volume  amounting  to  5  in  100,000  parts. 
If  we  imagine,  accordingly,  the  vessel  A  to  have  the 
capacity  of  one  litre  (1000  ccm.),  and  affix  to  it  a  cap- 
illary tube  of  i  sq.  mm.  cross-section,  the  quicksilver 
filament  will  ascend  in  it  5  cm.  under  a  pressure  of 
one  atmosphere. 

Surface-  9.   Surface-pressure,  accordingly,  induces  a  physical 

pressure  in-     ,  .          .  . .        .  ,    .  .  -          .  ,   .    , 

ducesin  alteration  in  a  liquid  (an  alteration  in  density),  which 
alteration  can  be  detected  by  sufficiently  delicate  means — even 
optical.  We  are  always  at  liberty  to  think  that  por- 
tions of  a  liquid  under  a  higher  pressure  are  more  dense, 
though  it  may  be  very  slightly  so,  than  parts  under  a 
less  pressure. 

The  impii-  Let  us  imagine  now,  we  have  in  a  liquid  (in  the  in- 
this  fact,  terior  of  which  no  forces  act  and  the  gravity  of  which 
we  accordingly  neglect)  two  portions  subjected  to  un- 
equal pressures  and  contiguous  to  one  another.  The 
portion  under  the  greater  pressure,  being  denser,  will 
expand,  and  press  against  the  portion  under  the  less 
pressure,  until  the  forces  of  elasticity  as  lessened  on  the 
one  side  and  increased  on  the  other  establish  equilib- 
rium at  the  bounding  surface  and  both  portions  are 
equally  compressed. 
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If  we  endeavor,  now,  quantitatively  to  elucidate  our  Thestate- 
mental  conception  of  these  two  facts,  the  easy  mobiliu •  these impii- 
and  the  compressibility  of  the  parts  of  a  liquid,  so  that 
tin •>•  will  fit   the  most  diverse  classes  of  experience, 
hall  arrive  at  the  following  proposition  :    When 
equilibrium  s  \\  a  liquid,  in  the  interior  of  which 

no  forces  act  and  the  gravity  of  which  wo  neglect,  the 
same  equal  pressure  is  exerted  on  each  and  every  equal 
surface-element  of  that  liquid  however  and  wherever 
situated.  The  press  efore,  is  the  same  at  all 

independent  of  direction. 

Special  experiments  in  demonstration  of    this  prin- 
ciple ha.  -  n  instituted  with  tlx 
quisite  degree  of  exactitude.     But  .the  proposit 
by  our  experience  of  liquids  been  made  very  familiar, 
and  :                             it. 

10.    If  a  liquid   be  enclosed   in  a  vessel  (Fig.  65  i  i-r.-iimi- 

....  .  \  re- 

which  is  supplied  with  a  piston^,  the  cross  se<  ^to 

.....  ,     !!•<•  .iisrnss- 

of  which   is  unit  in  area,  and  with  a  piston  B  wl 

,  ,  ,      .  cal'sdeduc- 

for  the  time  being  is  made  station-  ^_j       , 

ton  A  a  l<>ad  /> 
•lie  sam« 

throughout  all  the  parts  of  t 
i  will  pe 

•  mtinue 

1  till  tin •;  cached 

at  v  elastic  forces  of  tin  id  bodies 

equilibrate  one  another.     If  tin  n 

: lie  cross-section/,  to  i 

a  force  /.  /  iibrium. 

Con  Cell's  deduction  of  the  proposition 

before  discussed  from  the  principle  of  virtual  displace- 
ments, it  is  to  be  remarked  t:  ^  of  dis- 
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Criticism  of  placement  which  he  perceived  hinge  wholly  upon  the 

Pascal's  de-f 

duction.  fact  of  the  ready  mobility  of  the  parts  and  on  the 
equality  of  the  pressure  throughout  every  portion  of 
the  liquid.  If  it  were  possible  for  a  greater  compression 
to  take  place  in  one  part  of  a  liquid  than  in  another, 
the  ratio  of  the  displacements  would  be  disturbed  and 
Pascal's  deduction  would  no  longer  be  admissible. 
That  the  property  of  the  equality  of  the  pressure  is  a 
property  given  in  experience,  is  a  fact  that  cannot  be 
escaped  ;  as  we  shall  readily  admit  if  we  recall  to  mind 
that  the  same  law  that  Pascal  deduced  for  liquids  also 
holds  good  for  gases,  where  even  approximately  there 
can  be  no  question  of  a  constant  volume.  This  latter 
fact  does  not  afford  any  difficulty  to  our  view  ;  but  to 
that  of  Pascal  it  does.  In  the  case  of  the  lever  also,  be 
it  incidentally  remarked,  the  ratios  of  the  virtual  dis- 
placements are  assured  by  the  elastic  forces  of  the 
lever-body,  which  do  not  permit  of  any  great  devia- 
tion from  these  relations. 

Thebehav-         IIt   We  shall  now  consider  the  action  of  liquids  un- 

lour  ot  li- 
quids under  der  the  influence  of  gravity.      The  upper  surface  of  a 

of  gravity.       liquid  in  equilibrium  is  horizontal, 

NN  (Fig.  66).    This  fact  is  at  once 
rendered    intelligible  when  we   re- 
flect that  every  alteration  of  the  sur- 
face in  question  elevates  the  centre 
of  gravity  of  the  liquid,  and  pushes 
the  liquid  mass  resting  in  the  shaded 
space  beneath  NN  and  having  the  centre  of  gravity  £ 
into  the  shaded  space  above  NN  having  the  centre  of 
gravity  S'.     Which  alteration,  of  course,  is  at  once  re- 
versed by  gravity. 

Let   there  be  in  equilibrium  in  a  vessel   a  heavy 
liquid  with  a  horizontal  upper  surface.     We  consider 


Fig.  66. 
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(Fig.  67)  a  small  rectangular  parallelepipedon  in  theThecon- 

-  .  .  ....     ditions  of 

interior.    The  area  of  its  horizontal  base,  we  will  say,  is  equilibrium 

id  the  length  of  its  vertical  edges  <///.    The  weight  subjected 
of  this  parallelepipedon  is  therefore  ad/is,  where  s  istionofgrav- 

;>ecific  gravity.  If  the  paral- 
lelepipedon do  not  sink,  thi- 

:ble  only  on  the  condition  that 
a  greater  pressure  is  exerted  on  the 
lower  surface  by  the  tin  id  than  on 
the  upper.  The  pressures  on  the 


upper  and   lower  surfaces  we  will  Flg  ^ 

ely  designate  as  ap  and  a  (/  -f-  dp).  Equi- 
librium obtains  when  ctdh.s  =  adp  or  dp/dh  =  s, 
uhere  //  in  the  downward  direction  is  reckoned  as  posi- 
tive. We  see  from  this  that  for  equal  increments  of  /i 
\  -rtically  downwards  the  pressure  /  must,  correspond- 
i  igly,  also  receive  equal  increments.  So  that  /  = 
/  f  -}-  g  ;  and  if  </,  the  pressure  at  the  upper  surface, 
^v  hich  is  usually  the  pressure  of  osphere,  be- 

c  >mes  =  0,  we  have,  more  simply,  /  =  h  s,  that  is,  the 
I  ressure  is  proportional  to  the  depth  beneath 
fee.    If  we  ima^:  quid  to  be  pouring  into  a  ves- 

«•  :1,  and  this  condition  of  a-  lined,  every 

1   mid  particle  will  then  sink  until  the  compressed  j 
t  cle  beneath  balances  by  the  elasticity  developed  in  it 
t  »c  weight  or  :  tide  above. 

From  the  view  we  ha  -  nted  it  will  be  fur-  Different 

i 
t  er  apparent,  that  t:  .ise  of  pressure  in  a  liquid  tion«e>i»t 


t  kes  place  solely  in  the  direction  in   which 
a  ts.     Only  at  the  lov  he  base,  of  t 

I  irallelepipedon,  is  an  excess  of  elastic  pressure  on  the 
p  irt  of   the    liquid   beneath   required    to   balance   tin- 

two  sides  of 
ti  e  vertical  containing  surfaces  of  the  parallelepipedon, 
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the  liquid  is  in  a  state  of  equal  compression,  since  no 
force  acts  in  the  vertical  containing  surfaces  that  would 
determine  a  greater  compression  on  the  one  side  than 
on  the  other. 

Level  sur-  If  we  picture  to  ourselves  the  totality  of  all  the 
points  of  the  liquid  at  which  the  same  pressure  /  acts, 
we  shall  obtain  a  surface — a  so-called  level  surface.  If 
we  displace  a  particle  in  the  direction  of  the  action  of 
gravity,  it  undergoes  a  change  of  pressure.  If  we  dis- 
place it  at  right  angles  to  the  direction  of  the  action  of 
gravity,  no  alteration  of  pressure  takes  place.  In  the 
latter  case  it  remains  on  the  same  level  surface,  and 
the  element  of  the  level  surface,  accordingly,  stands  at 
right  angles  to  the  direction  of  the  force  of  gravity. 

Imagining  the  earth  to  be  fluid  and  spherical,  the 
level  surfaces  are  concentric  spheres,  and  the  directions 
of  the  forces  of  gravity  (the  radii)  stand  at  right  angles 
to  the  elements  of  the  spherical  surfaces.  Similar  ob- 
servations are  admissible  if  the  liquid  particles  be  acted 
on  by  other  forces  than  gravity,  magnetic  forces,  for 
example. 

Their  func-        The  level  surfaces  afford,  in  a  certain  sense,  a  dia- 
thought.      gram  of  the  force-relations  to  which  a  fluid  is  subjected; 
a  view  further  elaborated  by  analytical  hydrostatics. 

12.  The  increase  of  the  pressure  with  the  depth  be- 
low the  surface  of  a  heavy  liquid  may  be  illustrated  by 
a  series  of  experiments  which  we  chiefly  owe  to  Pas- 
cal. These  .experiments  also  well  illustrate  the  fact, 
that  the  pressure  is  independent  of  the  direction.  In 
Fig.  68,  i,  is  an  empty  glass  tube  g  ground  off  at  the 
bottom  and  closed  by  a  metal  disc  //,  to  which  a 
string  is  attached,  and  the  whole  plunged  into  a  vessel 
of  water.  When  immersed  to  a  sufficient  depth  we 
may  let  the  string  go,  without  the  metal  disc,  which  is 
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supported  by  the  pressure  of  the  liquid,  falling.    In  2,  Pascal's  ex- 
the  metal  disc  is  replaced  by  a  tiny  column  of  mer- on  the 

•     i  -  -i    pressure  of 

curv.      If  (3)  we  dip  an  open   siphon   tube  ruled  with  liquids. 
mercury  into  the  water,  we  shall 
see  the  mercury,  in  consequence 
of  the  pressure  at  a,   rise   into 
the  longer  arm.      In  4,  we  see  a 
tube,  at  the  lower  extremity  of 
which  a  leather  bag  filled  with 
mercury  is  tied  :  continued   im- 
mersion    forces      the     men 
higher  and  higher  into  t: 
In  5,  a  piece  of  wood  //  is  dr: 
by  the  pressure  of  the  water  into 
the  small  arm  of  an  empty  siphon 
tube.     In  6,  a  piece  of  woo 
immersed  in  y  adheres  to 

the  bottom  of  the  vessel,  and  is 
firmly  against   it   for  as 
long  a  time  as  icury  is 

k«  pt  from   v  way  un- 

derneath it. 

13.   » 
clear  to  ourselves  that  t 

of  a  heavy 

liquid  increases  proportionally  to 
surface, 

the  base 

of  a  lependent  of 

i  will  1"  ved. 

'•s  as  we  de- 
scend at  an  equal  rate,  whether  the  vessel  (Fig.  69) 
as  the  form  abed  or  ebcf.     In  both  cases  the  v. 

: -c  they  meet  the  liquid,  go  on  deforming 


The  JT.-V- 
sure  at  the 

I. .!•.«•   ,.f    .1 

vrisel  hide 
if.  form 
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Elucida- 
tion of  this 
fact. 


The  princi- 
ple of  vir- 
tual dis- 
placements 
applied  to 
the  consid- 
eration of 
problems  of 
this  class. 


till  the  point  is  reached  at  which  they  equilibrate  by  the 
elasticity  developed  in  them  the  pressure  exerted  by  the 
fluid,  that  is,  take  the  place  as  regards  pressure  of  the 

fluid  adjoining.  This  fact  is 
a  direct  justification  of  Ste- 
vinus's  fiction  of  the  solidi- 
fied fluid  supplying  the  place 
of  the  walls  of  the  vessel. 
The  pressure  on  the  base 
69-  always  remains  P  =  A  h  s, 

where  A  denotes  the  area  of  the  base,  h  the  depth  of 
the  horizontal  plane  base  below  the  level,  and  s  the 
specific  gravity  of  the  liquid. 

The  fact  that,  the  walls  of  the  vessel  being  neg- 
lected, the  vessels  i,  2,  3  of  Fig.  70  of  equal  base- 
area  and  equal  pressure-height  weigh  differently  in  the 

balance,  of  course 
in  no  wise  con- 
tradicts the  laws 
of  pressure  men- 
tioned. If  we  take 
into  account  the 
lateral  pressure,  we  shall  see  that  in  the  case  of  i  we 
have  left  an  extra  component  downwards,  and  in  the 
case  of  3  an  extra  component  upwards,  so  that  on  the 
whole  the  resultant  superficial  pressure  is  always  equal 
to  the  weight. 

14.  The  principle  of  virtual  displacements  is  ad- 
mirably adapted  to  the  acquisition  of  clearness  and 
comprehensiveness  in  cases  tof  this  character,  and  we 
shall  accordingly  make  use  of  it.  To  begin  with,  how- 
ever, let  the  following  be  noted.  If  the  weight  q  (Fig. 
71)  descend  from  position  i  to  position  2,  and  a  weight 
of  exactly  the  same  size  move  at  the  same  time  from 


Fig.  70. 
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Prelimi- 
re- 


2  to  3,  the  work  performed  in  this  operation  is  qh^  -f-  JjjJ,' 
qh^  =q  (h^  +  /t2),  the  same,  that  is,  as  if  the  weight marks- 
q  passed  directly  from  i  to  3  and  the  weight  at  2  re- 
mained in  its  original   position.     The  observation   is 
easily  generalised. 


\ A 


Fit 

Let  us  consider  a  heavy  homogeneous  rectangular 
dlelepipedon.  with  vertical  edges  of  the  length 
bj.se  A,  and  the  specific  (Fig.  7.-  this 

p.irallelepipedon  (or,  what  is  the  same  thing,  its  centre 
o!  gravity)  descend  a  distance  dh.  The  \\«>rk  done  is 
tl  en  '/,  or,  also,  A  dhsth.  In  the  first  expres- 

s  >n  we  conceive  the  whole  weight  Ahs  displaced  the 
v  rtical  distance  dh  ;   in   the  second  we  conceive 
u  sight   .-/«///»•   as   havinu  -led   from    the   upper 

s  aded  space  to  the  lower  shaded 
a  id  leave  out  of  account 
t   e    rest    of    the    b< 
I  Mh  methods  of  con 
t  m  are  admissible  and 
t   uivalent. 

15.   With  the  aid  of 
tl  is  observation  we  shall  [ 

0  tai.i  a  (  Fl«  73- 

tl  e  paradox  of  Pascal,  which  consists  of  the  following 

1  le  vessel  g  (Fi:  i.ite  support  and 
c«     sisting  of  a  narrow  upper  and  a  very  broad  lower 
c;  under,  is  closed  at  the  bottom  by  a  movable  piston, 
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which,  by  means  of  a  string  passing  through  the  axis 
of  the  cylinders,  is  independently  suspended  from  the 
extremity  of  one  arm  of  a  balance.  If  g  be  filled  with 
water,  then,  despite  the  smallness  of  the  quantity  of 
water  used,  there  will  have  to  be  placed  on  the  other 
scale-pan,  to  balance  it,  several  weights  of  consider- 
able size,  the  sum  of  which  will  be  A  /is,  where  A  is 
the  piston-area,  h  the  height  of  the  liquid,  and  s  its 
specific  gravity.  But  if  the  liquid  be  frozen  and  the 
mass  loosened  from  the  walls  of  the  vessel,  a  very 
small  weight  will  be  sufficient  to  preserve  equilibrium. 
The  expia-  Let  us  look  to  the  virtual  displacements  of  the  two 

nation  of  ,_,.  T         .         „ 

the  paradox  cases  (Fig.  74).      In  the  first  case,  supposing  the  pis- 
ton to  be  lifted  a  distance  dh,  the  virtual   moment  is 

Adhs.h  or  Aks.dh.    It  thus 
comes    to    the   same  thing, 
dh          whether  we  consider  the  mass 
that  the  motion  of  the  piston 
displaces  to  be  lifted  to  the 
upper   surface    of    the    fluid 
Flg<  74>  through  the  entire  pressure- 

height,  or  consider  the  entire  weight  Ahs  lifted  the 
distance  of  the  piston-displacement  dh.  In  the  second 
case,  the  mass  that  the  piston  displaces  is  not  lifted  to 
the  upper  surface  of  the  fluid,  but  surfers  a  displace- 
ment which  is  much  smaller— the  displacement,  namely, 
of  the  piston.  If  A,  a  are  the  sectional  areas  respect- 
ively of  the  greater  and  the  less  cylinder,  and  k  and  / 
their  respective  heights,  then  the  virtual  moment  of  the 
present  case  is  Adh  s .  k  -f-  a  dh  s .  /  =  (A  k  -|-  &  /)  s.dh\ 
which  is  equivalent  to  the  lifting  of  a  much  smaller 
weight  (Ak  -f-  #/)  s,  the  distance  dh. 

1 6.   The  laws  relating   to  the  lateral   pressure  of 
liquids  are  but  slight  modifications  of  the  laws  of  basal 
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pressure.      If  we  have,  for  example,  a  cubical  vessel  The  laws  of 
of  i  decimetre  on  the  side,  which  is  a  vessel  of  litre  pressure. 
capacity,  the  pressure  on  any  one  of  the  vertical  lateral 
walls  A  BCD,  when  the  vessel  is  filled  with  water,  is 
easil  inable.   The  deeper  the  migratory  element 

considered  descends  beneath  the  surface,  the  greater 
the  pressure  will  be  to  which  it  is  subjected.  We  easily 
perceive,  thus,  that  the  pressure  on  a  lateral  wall  is  rep- 
resented by  a  wedge  of  water  ABC  Dili  resting  upon 

;1  horizontally 
placet!,  where  ID  is  at 
ri^ht  angles  to  BD  and 
/  /;  —  HC  =  A  C.  The 
1;  trral  pressure  ace- 
dingly  is  equal  to  half 
a  kilogram  i! 

To  determine 
I  Tint  of  application  of  the  resultant  pressure,  cone. 
.  BCD  again  horizontal  with  the  water-wedge  rest 
i  pon  it.  We  cut  off./  f=\AC,  draw  the 

!•  rai.  A'/,  and  nisect  it  at  J  the  point  of 

;  pplication  sought,  for  through  this  point 
1  ne  cutt;  f  the  wedge  passes. 

A  plan<  ie  base  of  a  vessel  The  pre«- 

!  lied  with  a  1  divided  into  the  elements  or,  a',  pflS^n" 

.  .  v.  ith  '  .  .   In-low  tli.-  tan 

I  1C  liquid.      Th- 

-//-}-  a'  h'  -f-  a"  h"  -f-  •  •  • )  s. 

we  call  the  total  base-area  //,  and  the  depth  of  its 
<  entre  of  gravity  below  the  surface  //,  then 

„/,  +  tfif  4.  ct'h"  +  .  .  .  __  ah  +  a'h'  +  .  .  . 
*+«'+*"+...  A 

'  hence  the  pressure  on  the  base  is  A/fs. 


cli 
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The  deduc-        17.   The  principle  of  Archimedes  can  be  deduced  in 

tion  of  the 

pi incipie  of  various  ways.      Alter  the  manner  of  Stevmus,  let  us 

Archime-  .          ...  .  r    '«.«'••  a 

desmaybe  conceive  in  the  interior  of  the  liquid  a  portion  of  it 
various  solidified.  This  portion  now,  as  before,  will  be  sup- 
ported by  the  circumnatant  liquid.  The  resultant  of 
the  forces  of  pressure  acting  on  the  surfaces  is  accor- 
dingly applied  at  the  centre  of  gravity  of  the  liquid  dis- 
placed by  the  solidified  body,  and  is  equal  and  opposite 
to  its  weight.  If  now  we  put  in  the  place  of  the  solid- 
ified liquid  another  different  body  of  the  same  form,  but 
of  a  different  specific  gravity,  the  forces  of  pressure  at 
the  surfaces  will  remain  the  same.  Accordingly,  there 
now  act  on  the  body  two  forces,  the  weight  of  the  body, 
applied  at  the  centre  of  gravity  of  the  body,  and  the  up- 
ward buoyancy,  the  resultant  of  the  surface-pressures, 
applied  at  the  centre  of  gravity  of  the  displaced  liquid. 
The  two  centres  of  gravity  in  question  coincide  only  in 
the  case  of  homogeneous  solid  bodies. 

If  we  immerse  a  rectangular  parallelepipedon  of  al- 
titude //  and  base  a,  with  edges  vertically  placed,  in  a 
liquid  of  specific  gravity  j,  then  the  pressure  on  the 
upper  basal  surface,  when  at  a  depth  k  below  the  level 
of  the  liquid  is  aks,  while  the  pressure  on  the  lower 
surface  is  a  (k  -|-  /i)  s.  As  the  lateral  pressures  destroy 
each  other,  an  excess  of  pressure  a/is  upwards  re- 
mains ;  or,  where  v  denotes  the  volume  of  the  paral- 
lelepipedon, an  excess  v .  s. 

Another  We  shall  approach  nearest  the  fundamental  con- 

method  m-  .  .  i  •         , 

voiving  the  ception  trom  which  Archimedes  started,  by  recourse  to 

principle  of  .  11-, 

virtual  dis-  the  principle  ot  virtual  displacements.      Let  a  paral- 

placements. 

lelepipedon  (Fig.  76)  of  the  specific  gravity  a,  base  a, 
and  height  h  sink  the  distance  dh.  The  virtual  mo- 
ment of  the  transference  from  the  upper  into  the  lower 
shaded  space  of  the  figure  will  be  a  dh  .  ah.  But  while 


One  meth- 
od. 
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this  is  done,  the  liquid  rises  from  the  lower  into  the  up- 
per space,  and  its  moment  is  adhsh.  The  total  vir- 
tual moment  is  therefore  ah  (ff  —  j)  dh  =  (/  —  g}  <///, 
where/  denotes  the  weight  of  the  body  and  q  the  weight 
ie  displaced  liquid. 


A  F»«-  77- 

18.   The  question   might  occur  to  us,  whether  the  is  the  buoy- 
upward  pressure  of  a  body  in  a  liquid  is  affected  In  the  body  in  a 

!  af- 

rnmersion  of  the  latter  in  another  liquid.     As  a  fact,  f.-«  t,d  i.v 

l^^l 

t  us  very  question  has  been  proposed.     Let  therefore  *«on  <: 

liquid  in  .1 

a  body  A  :i  a  liquid  .-/  and  the  second 

1  quid  with  the  containing  ibmerged  in 

,  nother  liquid  B.     If  in  the  determination  of  the  loss 
(  f  weight  in  re  proper  to  take  account  of  the 

i  >ss  of  weight  loss  of  weight  would 

:  ecessarily  vanish  when  the  fluid  B  became  identical 

ith  A.     Therefore,  A'  immersed  in  A  would  suffer  a 
1  >ss  of  weight  and  it  woui  h  a  rule 

ould  be  nonsensical. 

With    tin-  aid  of  the  >  of  vii:  ,  -lace-  The  eiuci- 

i  icnts,  we  easily  comprehend  the  more  complicated  m"     com- 


ises  of  this  charact.  \  body  be  first  gradually 

imcned    in    />',  then   partly    in    B  and   partly    in   A, 
lally  in  ./  \\h«.lly  :  then,  in  the  second  case,  consider- 
g  the  virtual   moments,  both  liquids  are  to  be  tak<  n 
to  account  in  the  proportion  of  the  volume  of 
dy  immersed  in  them.     But  as  soon  as  the  body  is 

of  A  on  further  < 


'    1    ISS 
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The  Archi- 
medean 
principle  il- 
lustrated by 
an  experi- 
ment. 


The  coun- 
ter-experi- 
ment. 


Remarks  on 
the  experi- 
ment. 


placement  no  longer  rises,  and  therefore  B  is  no  longer 
of  consequence. 

19.  Archimedes's  principle  maybe  illustrated  by  a 
pretty  experiment.  From  the  one  extremity  of  a  scale- 
beam  (Fig.  78)  we  hang  a  hollow  cube  H,  and  beneath 
it  a  solid  cube  M,  which  exactly  fits  into 
the  first  cube.  We  put  weights  into  the 
opposite  pan,  until  the  scales  are  in 
equilibrium.  If  now  M  be  submerged 
in  water  by  lifting  a  vessel  which  stands 
beneath  it,  the  equilibrium  will  be  dis- 
turbed ;  but  it  will  be  immediately  re- 
stored if  If,  the  hollow  cube,  be  filled 
with  water. 

A  counter-experiment  is  the  follow- 
ing. H  is  left  suspended  alone  at  the 
one  extremity  of  the  balance,  and  into 
the  opposite  pan  is  placed  a  vessel  of 
water,  above  which  on  an  independent 
support  J/hangs  by  a  thin  wire.  The  scales  are  brought 
to  equilibrium.  If  now  M  be  lowered  until  it  is  im- 
mersed in  the  water,  the  equilibrium  of  the  scales  will 
be  disturbed  ;  but  on  filling  H  with  water,  it  will  be 
restored. 

At  first  glance  this  experiment  appears  a  little  para- 
doxical. We  feel,  however,  instinctively,  that  M  can- 
not be  immersed  in  the  water  without  exerting  a  pres- 
sure that  affects  the  scales.  When  we  reflect,  that  the 
level  of  the  water  in  the  vessel  rises,  and  that  the  solid 
body  M  equilibrates  the  surface-pressure  of  the  water 
surrounding  it,  that  is  to  say  represents  and  takes  the 
place  of  an  equal  volume  of  water,  it  will  be  found 
that  the  paradoxical  character  of  the  experiment  van- 
ishes. 


Fig.  78. 
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20.    The  most   important  statical   principles  have  The  gene- 
been  reached  in  the  investigation  of  solid  bodies.   This  pies  of  stat- 
course  is  accidentally  the  historical  one,  but  it  is  by  no  have  been 

"...  -ni         i-r    reached  in 

means  the  only  possible  and  necessary  one.      1  he  dit-  theinvesti- 
ferent  methods  that  Archimedes,  >  Galilei),  and  alVd  b<xiies 

the  rest,  pursued,  place  this  idea  clearly  enough  before 
thr  mind.     As  a  matter  of  fact,  general  statical  princi- 
ples, might,  with  the  assistance  of  some  very  simple 
ositions  from  the  statics  of  ri-iil  bodies.  ha\e  1 
ied  in  the  investigation  of  liquids.      Stevinus  cer- 
tainly came  very  near  such  a  discovery.    \\V  ^liall  stop 
a  moment  to  discuss  the  question. 

us  imagine  a  liquid,  the  weight  of  which  we  neg-  The  dis 
Let  this  liquid  be  enclosed  in  a  vessel  and  sub- 
jccted  to  a  <1  A  portion  of  the  liquid, 

1<  t  us  suppose,  solidifies.     On  the  cl<>  :.ice  nor- 

n  al  forces  act  proportional  to  the  elements  of  the  area, 
aid  •.'.  ithout  difficulty  that  their  resultant  will 

c  ways  be  = 

If  we  mark  off  by  a  closed  curve  a  portion  of  the 
c  osed  surface,  we  obtain,  on  either  side  of  it,  a  non- 
(  osed  surface.     All  surfaces  v, 
mi'  >f  doubi-  h  forces 

normally  sense)  pro- 

]  ortional  to  the  elcn  he  area, 

1  ave  lines  coincident  in  tfofl  for 

t  le  resultant 

>uppose,  now,  that  a  fluid 
(  y-linder,  determined  by  any  closed 
j  lane  curve  as  t  79- 

\  ase,  solidifies.     We  may  neglect  the  two  basal 
1  ice  ular  to  the  axis.     Ai 

<    Mndrical  surface  the  cl  :nply  may  be  con- 

f  dei  1  :          :         :...  thod   follow  quite  analogous 
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The  dis-      propositions  for  normal  forces  proportional  to  the  ele- 

cussion  and 

illustration  mcnts  of  a  plane  curve. 

statement.  If  the  closed  curve  pass  into  a  triangle,  the  con- 
sideration will  shape  itself  thus.  The  resultant  normal 
forces  applied  at  the  middle  points  of  the  sides  of  the 
triangle,  we  represent  in  direction,  sense,  and  magni- 
\  tude  by  straight  lines  (Fig.  80).  The 

*-^  '  lines  mentioned  intersect  at  a  point — 

the  centre  of  the  circle  described  about 
the  triangle.      It  will  further  be  noted, 


T 

Fig.  80.  tjiat  ^  tjie  simpie  parallel  displace- 

ment of  the  lines  representing  the  forces  a  triangle  is 
constructible  which  is  similar  and  congruent   to   the 
original  triangle. 
Thededuc-         Thence  follows  this  proposition: 

tion  of  the  -  ,   .    , 

triangle  of  Any  three  forces,  which,  acting  at  a  point,  are  pro- 
this  method  portional  and  parallel  in  direction  to  the  sides  of  a  tri- 
angle, and  which  on  meeting  by  parallel  displacement 
form  a  congruent  triangle,  are  in  equilibrium.  We  see 
at  once  that  this  proposition  is  simply  a  different  form 
of  the  principle  of  the  parallelogram  of  forces. 

If  instead  of  a  triangle  we  imagine  a  polygon,  we 
shall  arrive  at  the  familiar  proposition  of  the  polygon 
of  forces. 

We  conceive  now  in  a  heavy  liquid  of  specific  gravity 
K  a  portion  solidified.  On  the  element  a  of  the  closed 
encompassing  surface  there  acts  a  normal  force  a  HZ, 
where  z  is  the  distance  of  the  element  from  the  level  of 
the  liquid.  We  know  from  the  outset  the  result, 
similar  de-  If  normal  forces  which  are  determined  by  a  HZ, 

duction  of  . 

another  im- where  a  denotes  an  element  ot  area  and  z  its  perpen- 

portant  pro-      .        ,          , . 

position,  dicular  distance  from  a  given  plane  E,  act  on  a  closed 
surface  inwards,  the  resultant  will  be  V.  H,  in  which  ex- 
pression V  represents  the  enclosed  volume.  The 
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resultant  acts  at  the  centre  of  gravity  of  the  volume. 
is  perpendicular  to  the  plane  mentioned,  and  is  directed 
towards  this  plai 

Under  the  same  conditions  let  a  rigid  curved  surf  ace  The  propo- 

,  Mtion  here 

be  1  :    by  a  plane  hull  encloses  on  the  deduced,  a 

special  case 

plane  the  area  A.     The  i  «>t    tin   forces  acting  of  Green's 

Theorem. 

on  the  curved  surface  is  K,  \\\ 


A'-  =  (AZn)*  +  (  Fx)»  —  AZVK*  co 


in   which   expression  Z  denotes  the  distance  of   the 
:e  of  gravity  of  the  surface  .-/  from  /..  and  r  tin- 
normal  ai  .  /. 

In   the   proposition  of  tl;  mathe- 

maticall  '1  h.t\e  iei-oi;uiM'il  a  par- 

ti ular  case  of  Green's  Theorem,  \.  the 

r«  duction   of  surface  L;ra- 

ti  )ns  < 

fl  ;id  in  equilibriui:  ''vfew 

t  ms  of  forces  of 

r  acl;  'ions  ti  / 

i  ere  accident  that  S  light  on  tl 

1    ©positions.     The  method  h«  «  orrespo: 

t  .actly  to  his.      In  ti. 

F   ill  I- 

.idoxic.il   results   th.i  tfuire- 

...      .  ,  I-, 

t  c  investigation  of  liquids,  supplied  a  stimulus  to  fur-  invettig.- 

t   er  reflection  and  research.     It  should  also  not  be  left  domain. 
u  moticed,  that  the  conception  of 

c,  nti>  ,t  formed  on  the  occasion  in- 

v  stigation  of  liquids.      A  inn  much  more 

!   mode  of  v 

.:<>ui;h  tl.  <-ven  of 
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systems  of  several  solid  bodies.  The  origin,  in  fact, 
of  important  modern  mechanical  ideas,  as  for  instance 
that  of  the  potential,  is  traceable  to  this  source. 


vn. 

THE  PRINCIPLES  OF  STATICS  IN  THEIR  APPLICATION  TO 
GASEOUS  BODIES. 

character          i .   The  same  views  that  subserve  the  ends  of  science 

of  this  de- 
partment of  m   the  investigation  of  liquids  are  applicable  with  but 

slight  modifications  to  the  investigation  of  gaseous 
bodies.  To  this  extent,  therefore,  the  investigation  of 
gases  does  not  afford  mechanics  any  very  rich  returns. 
Nevertheless,  the  first  steps  that  were  taken  in  this 
province  possess  considerable  significance  from  the 
point  of  view  of  the  progress  of  civilisation  and  so 
have  a  high  import  for  science  generally. 
The  eius-  Although  the  ordinary  man  has  abundant  oppor- 

iveness  of  ....  .  .     ,  .  /•    i  •       1 

its  subject-  tunity,  by  ms  experience  ot  the  resistance  ot  the  air,  by 
the  action  of  the  wind,  and  the  confinement  of  air  in 
bladders,  to  perceive  that  air  is  of  the  nature  of  a  body, 
yet  this  fact  manifests  itself  infrequently,  and  never  in 
the  obvious  and  unmistakable  way  that  it  does  in  the 
case  of  solid  bodies  and  fluids.  It  is  known,  to  be  sure, 
but  is  not  sufficiently  familiar  to  be  prominent  in  popu- 
lar thought.  In  ordinary  life  the  presence  of  the  air  is 
scarcely  ever  thought  of.  (See  p.  517.) 

The  effect          Although  the  ancients,  as  we  may  learn  from  the 

of  the  first  T7.  .  .  1-1 

disclosures  accounts  ot  Vitruvius,  possessed  instruments  which, 
ince.lsp  >v"like  the  so-called  hydraulic  organs,  were  based  on  the 
condensation  of  air,  although  the  invention  of  the  air- 
gun  is  traced  back  to  Ctesibius,  and  this  instrument 
was  also  known  to  Guericke,  the  notions  which  people 
held  with  regard  to  the  nature  of  the  air  as  late  even 
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as  the  seventeenth  century  were  exceedingly  curious 
and  loose.  We  must  not  be  surprised,  therefore,  at  the 
intellectual  commotion  which  the  first  more  important 
experiments  in  this  direction  evoked.  The  enthusiastic 
description  which  Pascal  gives  of  Boyle's  air-pump  ex- 
periments is  readily  comprehended,  if  we  transport  our- 
selves back  into  the  epoch  of  these  discoveries.  What 
indeed  could  be  more  wonderful  than  the  sudden  dis- 
covery that  a  thing  which  we  do  not  see,  hardly  feel, 
and  take  scarcely  any  notice  of,  constantly  envelopes 
us  on  all  sides,  penetrates  all  things  ;  that  it  is  the  most 
important  condition  of  life,  of  combustion,  and  of  gi- 
gantic mechanical  phenomena.  It  was  on  this  occa- 
sion, perhaps,  first  made  manifest  by  a  great  and  strik- 
ing disclosure,  that  physical  science  is  not  restricted 
to  the  investigation  of  palpable  and  grossly  sensible 
processes. 
The  views  2.  In  Galileo's  time  philosophers  explained  the 

entertained      ,  r  .  ,  .  , 

on  this  sub-  phenomenon  ot  suction,  the  action  of  syringes  and 
leo'sdme.  pumps  by  the  so-called  horror  vacui — nature's  abhor- 
rence of  a  vacuum.  Nature  was  thought  to  possess 
the  power  of  preventing  the  formation  of  a  vacuum  by 
laying  hold  of  the  first  adjacent  thing,  whatsoever  it 
was,  and  immediately  filling  up  with  it  any  empty  space 
that  arose.  Apart  from  the  ungrounded  speculative 
element  which  this  view  contains,  it  must  be  conceded, 
that  to  a  certain  extent  it  really  represents  the  phe- 
nomenon. The  person  competent  to  enunciate  it  must 
actually  have  discerned  some  principle  in  the  phenom- 
enon. This  principle,  however,  does  not  fit  all  cases. 
Galileo  is  said  to  have  been  greatly  surprised  at  hearing 
of  a  newly  constructed  pump  accidentally  supplied 
with  a  very  long  suction-pipe  which  was  not  able  to 
raise  water  to  a  height  of  more  than  eighteen  Italian 
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ells.  His  first  thought  was  that  the  horror  racui  (or  the 
resistenza  del  racuo)  possessed  a  measurable  power.  The 
greatest  height  to  which  water  could  be  raised  by  suc- 
tion he  called  altszza  limitatissima.  He  sought,  more- 
over, to  determine  directly  the  weight  able  to  draw  out 
of  a  closed  pump-barrel  a  tightly  fitting  piston  resting 
on  the  bottom. 

3.   '1  i.i   hit  upon  the  idea  of  measuring  the  Torriceiii's 

experiment 

resistance  to  a  vacuum  by  a  column  ot  instead 

of  a  column  of  water,  and  he  expected  to  obtain  a  col- 
umn of  about  -j*j  of  the  length  of  the  water  column. 
His  expectation  was  confirmed  by  the  experiment  per- 
formed in  1643  by  Yiviani  in  the  well-known   manner, 
and  which  hears  to-day  the  name  of  the  Torricellian 
nt.     A  glass  tube  somewhat  over  a  metre  in 
length,  sealed  at  one  end  and  filled  with  mercury,  is 
stopped  at  the  open  end  with  the  tinker,  inverted  in  a 
of  mercury,  and  placed  ii:  al  position.   Re- 

ing  the  finger,  the  column  of  mercury  falls  and  re- 
mains stationary  at  a  height  of  about  76  cm.     By  this 
s  rendered  quite  probable,  that  some 
very  definite  pressure  forced  the  fluids  into  the  vacuum 
i  pressure  this  was,  Torricelli  very  soon  divined. 
Galileo  had  endeavored,  some  time  before  this, 
dett •:  .night  of  •   weighing 

bottle  containing  nothing  but  air  and  then  again 
weighing  the  bottle  after  the  air  had  been  partly  ex- 
pelled by  heat.  It  was  known,  accordingly,  that  th< 
air  was  heavy.  But  to  the  majority  of  men  the  horror 
;  and  the  weight  of  the  air  were  very  distantly 
connected  n<>:  It  is  possible  that  in  Torriceiii's 

case  une   into  sufficient  proximity  to 

lead  him  to  the  c<  that  all  phenomena  ascribed 

to  the  horror  vacui  were  explicable  in  a  simple  and 
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Atmospher-  logical  manner  by  the  pressure  exerted  by  the  weight 

ic  pressure  . 

discovered  ot  a  fluid  column — a  column  of  air.      Torricelh  discov- 

by  Torri- 

ceiii.  ered,  therefore,  the  pressure  of  the  atmosphere  ;  he  also 
first  observed  by  means  of  his  column  of  mercury  the 
variations  of  the  pressure  of  the  atmosphere. 

4.  The  news  of  Torricelli's  experiment  was  circu- 
lated in  France  by  Mersenne,  and  came  to  the  knowl- 
edge of  Pascal  in  the  year  1644.  The  accounts  of  the 
theory  of  the  experiment  were  presumably  so  imper- 
fect that  PASCAL  found  it  necessary  to  reflect  indepen- 
dently thereon.  (Pesanteur  de  fair.  Paris,  1663.) 

Pascal's  ex-        He  repeated  the  experiment  with  mercury  and  with 

periments. 

a  tube  of  water,  or  rather  of  red  wine,  40  feet  in  length. 
He  soon  convinced  himself  by  inclining  the  tube  that 
the  space  above  the  column  of  fluid  was  really  empty ; 
and  he  found  himself  obliged  to  defend  this  view  against 
the  violent  attacks  of  his  countrymen.  Pascal  pointed 
out  an  easy  way  of  producing  the  vacuum  which  they 
regarded  as  impossible,  by  the  use  of  a  glass  syringe, 
the  nozzle  of  which  was  closed  with  the  finger  under 
water  and  the  piston  then  drawn  back  without  much 
difficulty.  Pascal  showed,  in  addition,  that  a  curved 
siphon  40  feet  high  filled  with  water  does  not  flow,  but 
can  be  made  to  do  so  by  a  sufficient  inclination  to  the 
perpendicular.  The  same  experiment  was  made  on  a 
smaller  scale  with  mercury.  The  same  siphon  flows 
or  does  not  flow  according  as  it  is  placed  in  an  inclined 
or  a  vertical  position. 

In  a  later  performance,  Pascal  refers  expressly  to 
the  fact  of  the  weight  of  the  atmosphere  and  to  the 
pressure  due  to  this  weight.  He  shows,  that  minute 
animals,  like  flies,  are  able,  without  injury  to  them- 
selves, to  stand  a  high  pressure  in  fluids,  provided  only 
the  pressure  is  equal  on  all  sides  ;  and  he  applies  this 
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at  once  to  the  case  of  fishes  and  of  animals  that  live  inTheanai- 
the  air.     Pascal's  chief  merit,  indeed,  is  to  have  estab- liquid  and 

atmospher- 

ushed  a  complete  analogy  between  the  phenomena  con-  ic  pressure, 
ditioned  by  liquid  pressure  (water- pressure)  and  those 
conditional  by  atmospheric  press 

5.    By  a  series  <  :  :nents  Pascal  shows  that 

mercury  in  consequence  of  atmospheric  pressure  rises 
into  a  space  containing  no  air  in  the  same  way  that, 
in  consequence  of  water- pressure,  it  rises  into  a  space 
containing  \\  If  into  a  deep  ves- 

sel tilled  with  water  (Fig.  81)  a  tube  be 
sunk   at  ti  of  which  a  bag  of 

mercury  I  ;t  so  inserted  that  the 

:  end  of  the  tube  projects  out  of  the 
1    thus  contains  only  air,   then 
the  deeper  the  tube  is  Mink  int« 
the   :  -A  ill   the  bjected 

in  the  mn^iaiitly  increasing  pressure  of  tl.  .  as- 

tube.    The  e  ie  made, 

with  a  siphon  tube,  nr  with  a  tube  open  at  its  lower  end. 

Undoubtrdlv  it  . 

of  moun- 

phenomenon  that  le 

.1  by 

the  ban  -.1111111  must  Decessaruy  stand  lower  atthebarom- 

•ummit  of  a  .it   its  base,  and  that 

it  could  accordingly  be  employed   to  determine 
height  ol  Hecomm.  idea  to 

0  forthwith   successfully 

performed  the  experiment  on  the  summit  of  the  Puy 
de  D  ^8.) 

henomena  connected  with  ad- Adhesion 

plates. 

hesion  plates  to  the.   pressure  of  the  atm<> 
gave  as  an  illustration  of  t  :j»le  involved  the  re- 

•stance  experiei  \\  a  large  hat  lying  flat  on  a 

is  suddenly  lifted.     The  cleaving  of  wood  to  the 
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A  siphon 
which  acts 
by  water- 
pressure. 


Pascal's 
modifica- 
tion of  the 
Torricelli- 
an experi- 
ment. 


bottom  of  a  vessel  of  quicksilver-  is  a  phenomenon  of 
the  same  kind. 

Pascal  imitated  the  fldw  produced  in  a  siphon  by 
atmospheric  pressure,  by  the  use  of  water-pressure. 
The  two  open  unequal  arms  a  and 
b  of  a  three-armed  tube  a  b  c  (Fig. 
82)  are  dipped  into  the  vessels  of 
mercury  e  and  d.  If  the  whole 
arrangement  then  be  immersed  in 
a  deep  vessel  of  water,  yet  so  that 
the  long  open  branch  shall  always 
project  above  the  upper  surface, 
the  mercury  will  gradually  rise  in 
Fig- 82-  the  branches  a  and  b,  the  columns 

finally  unite,  and  a  stream  begin  to  flow  from  the  vessel 
d  to  the  vessel  e  through  the  siphon-tube  open  above 
to  the  air. 

The  Torricellian  experiment  was  modi- 
fied by  Pascal  in  a  very  ingenious  manner. 
A  tube  of  the  form  abed  (Fig.  83),  of 
double  the  length  of  an  ordinary  barom- 
eter-tube, is  filled  with  mercury.  The 
openings  a  and  b  are  closed  with  the  fin- 
gers and  the  tube  placed  in  a  dish  of 
mercury  with  the  end  a  downwards.  If 
now  a  be  opened,  the  mercury  in  cd  will 
all  fall  into  the  expanded  portion  at  c,  and 
the  mercury  in  ab  will  sink  to  the  height 
of  the  ordinary  barometer-column.  A  vac- 
uum is  produced  at  b  which  presses  the 
finger  closing  the  hole  painfully  inwards. 
Fig-  83-  If  b  also  be  opened  the  column  in  a  b  will 
sink  completely,  while  the  mercury  in  the  expanded 
portion  c,  being  now  exposed  to  the  pressure  of  the 
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atmosphere,  will  rise  in  cd  to  the  height  of  the  barom- 
eter-column. Without  an  air-pump  it  was  hardly  'pos- 
sible to  combine  the  experiment  and  the  counter- 
:iment  in  a  simpler  and  more  ingenious  manner 
than  Pascal  thus  did. 

6.   With  regard  to  Pascal's  mountain-experiment,  Suppie- 
hall  add  the  following  brief  supplenu  n:  irks. 


Let  bQ  be  the  height  of  the  barometer  at  the  level  of  mountain- 

experiment 
«-a,  and  let  it  tall.  metres, 


where  /•  is  a  proper  fraction.   At  a  further  eleva- 

tion of  ///  nut  must  expect  to  obtain  the  barom- 

ht  k  .  k  /',  irougha  stratum 

of  air  the  hich  bears  to  that  of  the  first  the 

proportion  of  k  :  1.  If  we  pass  upwards  to  the  altitude 

h  =  '  ometer-height  corresponding 
thereto  will  be 


The  principle  of  the  method  is,  we  see,  a  very  simple 
es  solel  ;ous 

iteral  con  :id  correcti*  re  to  be 

looked  to. 

most  original  and   fruitful  achievemeii  (.M,eri 

th«-  domain   <.f    I  v00nf 

:  : 

in  tl.  by  philosoj.  '-culation 

ceeded  ci  card  of 

:it  from  \  alerianus   Magnus 
ulDieto:  1054,  where  he  d- 

i   the  ex;  lade  by  him 

about  1650.   This  confirm^  hod 
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of  constructing  a  water-barometer  which  was  entirely 
different  from  that  of  Torricelli. 

Thehistori-  Guericke's  book  {Experimenta  nova,  ut  vocantur, 
Guencke's  Mdgdeburgica.  Amsterdam.  1672)  makes  us  realise 
the  narrow  views  men  took  in  his  time.  The  fact  that 
he  was  able  gradually  to  abandon  these  views  and  to 
acquire  broader  ones  by  his  individual  endeavor  speaks 
favorably  for  his  intellectual  powers.  We  perceive 
with  astonishment  how  short  a  space  of  time  separates 
us  from  the  era  of  scientific  barbarism,  and  can  no  lon- 
ger marvel  that  the  barbarism  of  the  social  order  still 
so  oppresses  us. 
its  specula-  In  the  introduction  to  this  book  and  in  various  other 

tive  charac-     ,  ~          .    ,          .         ,  .,  •  «  .  •  ,. 

ter.  places,  Guericke,  in  the  midst  of  his  experimental  in- 

vestigations, speaks  of  the  various  objections  to  the 
Copernican  system  which  had  been  drawn  from  the 
Bible,  (objections  which  he  seeks  to  invalidate,)  and 
discusses  such  subjects  as  the  locality  of  heaven,  the 
locality  of  hell,  and  the  day  of  judgment.  Disquisi- 
tions on  empty  space  occupy  a  considerable  portion 
of  the  work. 

Guericke's         Guericke   regards  the  air  as  the  exhalation  or  odor 

notion  of  . 

the  air.  of  bodies,  which  we  do  not  perceive  because  we  have 
been  accustomed  to  it  from  childhood.  Air,  to  him, 
is  not  an  element.  He  knows  that  through  the  effects  of 
heat  and  cold  it  changes  its  volume,  and  that  it  is 
compressible  in  Hero's  Ball,  or  Pila  Heronis ;  on  the 
basis  of  his  own  experiments  he  gives  its  pressure  at 
20  ells  of  water,  and  expressly  speaks  of  its  weight,  by 
which  flames  are  forced  upwards. 

8.  To  produce  a  vacuum,  Guericke  first  employed 
a  wooden  cask  filled  with  water.  The  pump  of  a  fire- 
engine  was  fastened  to  its  lower  end.  The  water,  it 
was  thought,  in  following  the  piston  and  the  action  of 
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Guericke't  First  Experiment*.     (Ejcfrrim,  Mafdtb.) 
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His  at- 
tempts to 
produce  a 
vacuum. 


His  final 
success. 


gravity,  would  fall  and  be  pumped  out.  Guericke  ex- 
pected that  empty  space  would  remain.  The  fastenings 
of  the  pump  repeatedly  proved  to  be  too  weak,  since  in 
consequence  of  the  atmospheric  pressure  that  weighed 
on-  the  piston  considerable  force  had  to  be  applied  to 
move  it.  On  strengthening  the  fastenings  three  power- 
ful men  finally  accomplished  the  exhaustion.  But, 
meantime  the  air  poured  in  through  the  joints  of  the 
cask  with  a  loud  blast,  and  no  vacuum  was  obtained. 
In  a  subsequent  experiment  the  small  cask  from  which 
the  water  was  to  be  exhausted  was  immersed  in  a  larger 
one,  likewise  filled  with  water.  But  in  this  case,  too,  the 
water  gradually  forced  its  way  into  the  smaller  cask. 

Wood  having  proved  in  this  way  to  be  an  unsuit- 
able material  for  the  purpose,  and  Guericke  having  re- 
marked in  the  last  experiment  indications  of  success, 
the  philosopher  now  took  a  large  hollow  sphere  of 
copper  and  ventured  to  exhaust  the  air  directly.  At 
the  start  the  exhaustion  was  successfully  and  easily 
conducted.  But  after  a  few  strokes  of  the  piston,  the 
pumping  became  so  difficult  that  four  stalwart  men 
(viri  quadrati),  putting  forth  their  utmost  efforts,  could 
hardly  budge  the  piston.  And  when  the  exhaustion 
had  gone  still  further,  the  sphere  suddenly  collapsed, 
with  a  violent  report.  Finally  by  the  aid  of  a  copper 
vessel  of  perfect  spherical  form,  the  production  of  the 
vacuum  was  successfully  accomplished.  Guericke  de- 
scribes the  great  force  with  which  the  air  rushed  in  on 
the  opening  of  the  cock. 

9.  After  these  experiments  Guericke  constructed 
an  independent  air-pump.  A  great  glass  globular  re- 
ceiver was  mounted  and  closed  by  a  large  detachable 
tap  in  which  was  a  stop-cock.  Through  this  opening 
the  objects  to  be  subjected  to  experiment  were  placed 
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in  the  receiver.     To  secure  more  perfect  closure 

...  «       ar-pump. 

receiver  was  made  to  stand,  with  its  stop-cock  under 
water,  on  a  tripod,  beneath  which  the  pump  proper  was 


Goericke't  Air-pump.    (Exftrim.  MagJtb.) 

r>la(  •  tly,  separate  receivers,  c< 

'  'th  ere  also  employed  in 

;xpci 
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The  curious        The  phenomena  which  Guericke  observed  with  this 

phenomena  .  r    ,  ,  ,  .  ,-„.,  .  ,   .    •. 

observed  by  apparatus  are  manifold  and  various.  Ine  noise  which 
the  air-  water  in  a  vacuum  makes  on  striking  the  sides  of  the 
glass  receiver,  the  violent  rush  of  air  and  water  into 
exhausted  vessels  suddenly  opened,  the  escape  on  ex- 
haustion of  gases  absorbed  in  liquids,  the  liberation  of 
their  fragrance,  as  Guericke  expresses  it,  were  imme- 
diately remarked.  A  lighted  candle  is  extinguished 
on  exhaustion,  because,  as  Guericke  conjectures,  it 
derives  its  nourishment  from  the  air.  Combustion,  as 
his  striking  remark  is,  is  not  an  annihilation,  but  a 
transformation  of  the  air. 

A  bell  does  not  ring  in  a  vacuum.  Birds  die  in  it. 
Many  fishes  swell  up,  and  finally  burst.  A  grape  is  kept 
fresh  in  vacua  for  over  half  a  year. 

By  connecting  with  an  exhausted  cylinder  a  long 
tube  dipped  in  water,  a  water-barometer  is  constructed. 
The  column  raised  is  19-20  ells  high;  and  Von  Guericke 
explained  all  the  effects  that  had  been  ascribed  to  the 
horror  vacui  by  the  principle  of  atmospheric  pressure. 
An  important  experiment  consisted  in  the  weighing 
of  a  receiver,  first  when  filled  with  air  and  then  when 
exhausted.  The  weight  of  the  air  was  found  to  vary 
with  the  circumstances  ;  namely,  with  the  temperature 
and  the  height  of  the  barometer.  According  to  Gue- 
ricke a  definite  ratio  of  weight  between  air  and  water 
does  not  exist. 
The  experi-  But  the  deepest  impression  on  the  contemporary 

mentsrelat-     .  1,1  •  • 

ing  to  at-     world  was  made  by  the  experiments  relating  to  atmos- 

mospheric  . 

pressure,  pheric  pressure.  An  exhausted  sphere  termed  ot  two 
hemispheres  tightly  adjusted  to  one  another  was  rent 
asunder  with  a  violent  report  only  by  the  traction  of 
sixteen  horses.  The  same  sphere  was  suspended  frorrj 
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a  beam,  and  a  heavily  laden  scale-pan  was  attached  to 
the  lower  half. 

The  cylinder  of  a  large  pump  is  closed  by  a  piston. 
To  the  piston  a  rope  is  tied  which  leads  over  a  pulley 
and  is  divided  into  numerous  branches  on  which  a 
great  number  of  men  pull.  The  moment  the  cylinder  is 
connected  with  an  exhausted  receiver,  the  men  at  tin 
ropes  are  thrown  to  the  ground.  In  a  similar  manner 
a  huge  weight  is  lifted. 

ntions  the  compressed-air  gun  as  some-  Guericke's 
thing  already  known,  and  constructs  independently  an**' 
instrument  ti  it  approj  ailed  a  rari- 

,iir  gun.    A  bulk -t  atmos- 

•Imnigh  a  suddenly  exhausted  tube, 
forces  aside  at  the  end  of  the  tube  a  leather  ich 

closes  it,  and  then  continues  its  flight  with  a  consi 
able  vel« 

Closed  vessels  carried  to  the  summit  of  a  mountain 
and  opened,  blow  out  air ;  carried  down  again  in  the 
same  manner.  o  and  other 

iat  the  air  is  ela 

10.   The  in\  ere  con  t:  mvesti 

_,        ...  _.  .    Rations  of 

i,  ROBERT  BOYLE.*   The  new  expen-  Robert 

:ii(  h   Pm;.  II,-    ob- 

M  the  propagation  of  light  in  a  vacuum 
action  of  a  magnet  through  it ;  lights  tinder  by  me. 
of  a  burning  glass;  l>:  .-ider  th- 

ceiver  of  the  air-pump,  a  to  consti 

a  balance-manometer    ["the    statical    manometer"]. 
The  ebullition  of  heated  fluids  and  the  freezing  of  wa 
on  exhaustioi  ved  by  him. 

Of  the  air  pump  experiments  commn  , -resent 

lay  may  also  be  mention. 

•And  published  by  him  in  1660,  before  the  work  of  Von  Guericke.—  Tram. 
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The  fail  of  which  confirms  in  a  simple  manner  the  view  of  Galileo 
vacuum,      that  when  the  resistance  of  the  air  has  been  eliminated 
light  and  heavy  bodies  both  fall  with  the  same  velo- 
city.   In  an  exhausted  glass  tube  a  leaden  bullet  and  a 
piece  of  paper  are  placed.      Putting  the  tube  in  a  ver- 
tical position  and  quickly  turning  it  about  a  horizontal 
axis  through  an  angle  of  180°,  both  bodies  will  be  seen 
to  arrive  simultaneously  at  the  bottom  of  the  tube. 
Quantita-  Of  the  quantitative  data  we  will  mention  the  fol- 

tive  data.  .         .  , 

lowing.  The  atmospheric  pressure  that  supports  a 
column  of  mercury  of  76  cm.  is  easily  calculated  from 
the  specific  gravity  13-60  of  mercury  to  be  1-0336  kg. 
to  i  sq.cm.  The  weight  of  1000  cu.cm.  of  pure,  dry 
air  at  0°  C.  and  760  mm.  of  pressure  at  Paris  at  an  ele- 
vation of  6  metres  will  be  found  to  be  i  -293  grams, 
and  the  corresponding  specific  gravity,  referred  to 
water,  to  be  0-001293. 
Thediscov-  ii.  Guericke  knew  of  only  one  kind  of  air.  We 

ery  of  other  ,  . 

gaseous       may  imagine  therefore  the  excitement  it  created  when 

'S'  in  1755  BLACK  discovered  carbonic  acid  gas  (fixed  air) 

and  CAVENDISH  in   1766  hydrogen  (inflammable  air), 

discoveries  which  were  soon  followed  by  other  similar 

ones.  The  dissimilar 
physical  properties  of 
gases  are  very  strik- 
ing. Faraday  has  il- 
lustrated their  great 
inequality  of  weight 
by  a  beautiful  lecture- 
experiment.  If  from 
Fig'84'  a  balance. in  equilib- 

rium, we  suspend  (Fig.  84)  two  beakers  A,  B,  the  one 
in  an  upright  position  and  the  other  with  its  opening 
downwards,  we  may  pour  heavy  carbonic  acid  gas  from 
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above  into  the  one  and  light  hydrogen  from  beneath 
into  the  other.  In  both  instances  the  balance  turns  in 
the  direction  of  the  arrow.  To-day,  as  we  know,  the 
decanting  of  gases  can  be  made  directly  visible  by  the 
optical  method  of  Foucault  and  Toeppkr. 

i  2.   Soon  after  Torricelli's  di>  ;ttempts  were  The  mercu- 

made  to  employ  practically  the  vacuum  thus  produced,  pump. 
The  so-called  mercurial  air-pumps  were  tried.  I'.ut  no 
such  instrument  was  successful  until  the  present  cen- 
tury. The  mercurial  air-pumps  now  in  common  use 
an-  really  barometers  of  which  the  extremities  are  sup- 
plied with  large  expansions  and  so  connected  that  tin  Mi- 
difference  of  level  may  be  easi  up- 
takes the  place  of  the  piston  of  the  ordinary  air  pump. 

13.  :orce  of  the  air,  a  property  ob-  Boyie-sUw. 

ke,  was  more  accurately  investigated 
by  I''  "in.       The    law    \\hirh 

both  found  is  as  follows.     If  /'be  called  the  volunx 

ure  on  unit  area 

of    the    «  thru    t  /  .   /'    is 

vs  =  a  const,  titv.      If   the  volume   of   • 

enclosed  air  be  i  one-half,   tl. 

double  the  pi  :1   the  volume  of 

quantity   be  doubled,    tin-    pressure    will 

sink  to  one-half ;  and  so  0  :te  correct — as  a 

number  of  English  \M  Maintain'  ent 

I — that  Boyle  and  not  Mariotte  is  to  be  regarded 

as    the    discoverer  of   the    law  tl  ily  goes  by 

Mariotte's  name.     Not  only  is  tl  l»ut   it  must 

also  be  added   that  Boyle  knew  that   the   law  did   not 

fact  appears  to  have  escaped 

The  method  pursued   by  '  in  the  ascertain 

•  of  the  law  was  \  rtially  ii 
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Fig.  85. 


Mariotte's  Torricellian  tubes  with  mercury,  measured  the  volume 
ments.  of  the  air  remaining,  and  then  performed  the  Torricel- 
lian experiment.  The  new  volume  of 
air  was  thus  obtained,  and  by  subtract- 
ing the  height  of  the  column  of  mer- 
cury from  the  barometer-height,  also 
the  new  pressure  to  which  the  same 
quantity  of  air  was  now  subjected. 

To  condense  the  air  Mariotte  em- 
ployed a  siphon-tube  with  vertical 
arms.  The  smaller  arm  in  which  the 
air  was  contained  was  sealed  at  the 
upper  end  ;  the  longer,  into  which  the 
mercury  was  poured,  was  open  at  the 
upper  end.  The  volume  of  the  air 
was  read  off  on  the  graduated  tube, 
and  to  the  difference  of  level  of  the 
mercury  in  the  two  arms  the  barometer- 
height  was  added.  At  the  present  day 
both  sets  of  experiments  are  performed 
in  the  simplest  manner  by  fastening  a 
cylindrical  glass  tube  (Fig.  86)  rr, 
closed  at  the  top,  to  a  vertical  scale 
and  connecting  it  by  a  caoutchouc 
tube  kk  with  a  second  open  glass  tube 
r'r',  which  is  movable  up  and  down 
the  scale.  If  the  tubes  be  partly  filled 
with  mercury,  any  difference  of  level 
whatsoever  of  the  two  surfaces  of  mer- 
cury may  be  produced  by  displacing 


His  appa- 
ratus. 


Fig.  86. 


/-'  r',  and  the  corresponding  variations  of  volume  of  the 
air  enclosed  in  r  r  observed. 

It  struck  Mariotte  on  the  occasion  of  his  investiga- 
tions that  any  small  quantity  of  air  cut  off  completely 
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from   the  rest  of  the  atmosphere  and   therefore    notTheexpan- 

.     .  ,  sive  force  of 

directly  affected  by  the  latter's  weight,  also  supported  isolated 

portions  of 

the  barometer-column  .  as  where,  to  give  an  instance,  theatmos- 
the  open  arm  of  a  barometer- tube  is  closed.   The  simple  P 
explanation   of    this   phenomenon,   which,   of  course, 
Mariotte  imrr,  t'ouml,  is  this,  that  the  air  before 

enclosure  must  have  been  compressed  to  a  point  at 
which  its  tension  balanced  the  gravitational  pressure 
of  the  atmosphere  :  that  is  to  say,  to  a  point  at  which 
it  exerted  an  equivalent  elastic  pressi; 

We  shall  not  enter  here  into  the  details  of  the  ar- 
rangement and  use  of  air-pumps,  which  are  readily 
understood  from  the  law  of  Boyle  an  te. 

14.    It  sim;  mark,  that  the  dis- 

coveries .  furnished  so  much  that  was  new 

.1  that  a  valuable  intellectual  stimulus  pro- 
ceeded from  :  ace. 


CHAPTER  II. 

THE  DEVELOPMENT  OF  THE  PRINCIPLES  OF 
DYNAMICS. 

GALILEO'S  ACHIEVEMENTS. 
Dynamics          i.   We  now  pass  to  the  discussion  of  the  funda- 

wholly  a  ....  r    ,  .  „,.   .  . 

modern  mental  principles  01  dynamics.  Ihis  is  entirely  a  mod- 
ern science.  The  mechanical  speculations  of  the  an- 
cients, particularly  of  the  Greeks,  related  wholly  to 
f  statics.  Dynamics  was  founded  by  GALILEO.  We  shall 
readily  recognise  the  correctness  of  this  assertion  if  we 
but  consider  a  moment  a  few  propositions  held  by  the 
Aristotelians  of  Galileo's  time.  To  explain  the  descent 
of  heavy  bodies  and  the  rising  of  light  bodies,  (in  li- 
quids for  instance,)  it  was  assumed  that  every  thing  and 
object  sought  its  place :  the  place  of  heavy  bodies  was 
below,  the  place  of  light  bodies  was  above.  Motions 
were  divided  into  natural  motions,  as  that  of  descent, 
and  violent  motions,  as,  for  example,  that  of  a  pro- 
jectile. From  some  few  superficial  experiments  and 
observations,  philosophers  had  concluded  that  heavy 
bodies  fall  more  quickly  and  lighter  bodies  more  slowly, 
or,  more  precisely,  that  bodies  of  greater  weight  fall 
more  quickly  and  those  of  less  weight  more  slowly.  It 
is  sufficiently  obvious  from  this  that  the  dynamical 
knowledge  of  the  ancients,  particularly  of  the  Greeks, 
was  very  insignificant,  and  that  it  was  left  to  modern 
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times  to  lay  the  true  foundations  of  this  department  of 
inquiry.    (See  Appendix,  VII.,  p.  520.) 


\ticfi€i 

in  which  Galileo   LUIIIIIH;  >rld  the  : 
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Galileo's     dynamical  investigation  of  the  laws  of  falling  bodies, 
tionof  the   appeared  in  16^8.    The  modern  spirit  that  Galileo  dis- 

lawsoffall-     1 

ing  bodies,  covers  is  evidenced  here,  at  the  very  outset,  by  the  tact 
that  he  does  not  ask  why  heavy  bodies  fall,  but  pro- 
,  pounds  the  question,  How  do  heavy  bodies  fall  ?  in 
agreement  with  what  law  do  freely  falling  bodies  move? 
The  method  he  employs  to  ascertain  this  law  is  this. 
He  makes  certain  assumptions.  He  does  not,  however, 
like  Aristotle,  rest  there,  but  endeavors  to  ascertain  by 
trial  whether  they  are  correct  or  not. 

His  first.  The  first  theory  on  which  he  lights  is  the  following. 

erroneous     _  ...  .          -111  r         i      -    n-         11 

theory.  It  seems  m  his  eyes  plausible  that  a  freely  tailing  body, 
inasmuch  as  it  is  plain  that  its  velocity  is  constantly 
on  the  increase,  so  moves  that  its  velocity  is  double 
after  traversing  double  the  distance,  and  triple  after 
traversing  triple  the  distance  ;  in  short,  that  the  veloci- 
ties acquired  in  the  descent  increase  proportionally 
to  the  distances  descended  through.  Before  he  pro- 
ceeds to  test  experimentally  this  hypothesis,  he  reasons 
on  it  logically,  implicates  himself,  however,  in  so  doing, 
in  a  fallacy.  He  says,  if  a  body  has  acquired  a  certain 
velocity  in  the  first  distance  descended  through,  double 
the  velocity  in  double  such  distance  descended  through, 
and  so  on  ;  that  is  to  say,  if  the  velocity  in  the  second 
instance  is  double  what  it  is  in  the  first,  then  the  double 
distance  will  be  traversed  in  the  same  time  as  the  origi- 
nal simple  distance.  If,  accordingly,  in  the  case  of 
the  double  distance  we  conceive  the  first  half  trav- 
ersed, no  time  will,  it  would  seem,  fall  to  the  account 
of  the  second  half.  The  motion  of  a  falling  body  ap- 
pears, therefore,  to  take  place  instantaneously;  which 
not  only  contradicts  the  hypothesis  but  also  ocular  evi- 
dence. We  shall  revert  to  this  peculiar  fallacy  of 
Galileo's  later  on. 
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3.  After  Galileo  fancied  he  had  discovered  this  as- 
ption  to  be  untenable,  he  made  a  second  one,  ac- 
cording to  which  th<  acquired  is  proportional 
to  the  time  of  the  descent.  That  is,  if  a  body  fall  once. 
and  then  fall  again  during  twice  as  long  an  interval  of 
time  as  it  first  fell,  it  will  attain  in  the  second  instance 
double  the  velocity  it  acquired  in  the  first.  He  found 
no  self-contradiction  in  this  theory,  and  he  accordingly 
proceeded  t  igate  by  experiment  whether  the 
accorded  Nyith  ol  [acts,  huas  dif- 
ficult to  prove  by  •]  velocity 
acq  is  proportional  to  the  time  of  deso  :  1 

by  what 

dist  • onseqiit 

need  from  his  assuni) 

:e,  and  tested  th: 
. 

t,  and  i 
v    correct.      He    dra 

raight  line,  and 

on  it  cuts  off  successive  por-  O- 

.:rn 


His  second, 


Discussion 

dation  of 
the  true 
theory. 


:nities   of    these   ; 
.   and   t! 

•  rsent  the  viv  >rtion  OGol 

<  ent 

clap  corresponding  perpendicular  (,'// 

veloci 

If,  r  he  progress  of  the 

velo  ith  Galileo  the  follov, 

-elapsed,  the  vel« 
£Z>  is  also  <  --locity  .-/ 

its  uf  time,  E  and  G, 
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Uniformly  equally  distant  in  opposite  directions  from  the  instant 
motion.  C,  we  shall  observe  that  the  velocity  HG  exceeds  the 
mean  velocity  CD  by  the  same  amount  that  EF  falls 
short  of  it.  For  every  instant  antecedent  to  C  there 
exists  a  corresponding  one  equally  distant  from  it  sub- 
sequent to  C.  Whatever  loss,  therefore,  as  compared 
with  uniform  motion  with  half  the  final  velocity,  is  suf- 
fered in  the  first  half  of  the  motion,  such  loss  is  made 
up  in  the  second  half.  The  distance  fallen  through  we 
may  consequently  regard  as  having  been  uniformly  de- 
scribed with  half  the  final  velocity.  If,  accordingly, 
we  make  the  final  velocity  v  proportional  to  the  time 
of  descent  /",  we  shall  obtain  v  =  gt,  where  g  denotes 
the  final  velocity  acquired  in  unit  of  time  —  the  so-called 
acceleration.  The  space  s  descended  through  is  there- 
fore given  by  the  equation  s  =  (^//2)  /  or  s  =  gt*/2. 
Motion  of  this  sort,  in  which,  agreeably  to  the  assump- 
tion, equal  velocities  constantly  accrue  in  equal  inter- 
vals of  time,  we  call  uniformly  accelerated  motion, 
Tabieofthe  If  we  collect  the  times  of  descent,  the  final  veloci- 
ties,  and  the  distances  traversed,  we  shall  obtain  the 


distances  of  f    ,,         .  .  . 

descent,      lollowmg  table  : 


/.  v.  s. 

i.  V-  i  x  i  .  f- 

2.  2g.  2  X  2  .  |- 

3.  3^.  3  X  3  .    - 


4  X  4  . 


*g-  *  X  /  •  f- 
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4.    The  relation  obtaining   between  /  and  s  admits  E 
of  experimental  proof;  and  this  Galileo  accomplished  tion  of  the 
in  the  manner  which  we  shall  now  describe. 

We  must  first  remark  that  no  part  of  the  knowledge 
and  ideas  on  this  subject  with  which  we  are  nowr  so 
familiar,  existed  in  Galileo's  time,  but  that  Galileo  had 
to  create  these  ideas  and  means  for  us.  Accordingly, 
it  was  impossible  for  him  to  proce  >uKi  do 

to-day,  and  he  was  obliged,  then-fore,  to  pursue  a  dif- 
ferent method.      He  first  sought  to  retard  the  motion 
of  descent,  that  it  might  be  more  accurately  obser\ 
1I«-   mad  ations  on   balls,  which   he  caused  to 

roll  down  inclined  planes  (grooves);  assuming  that  only 
the  velocity  of  the  motion  would  be.  lessened  here,  but 
that   the  form  of   the  law  of  descent  would  remain  un- 
modified.    If,  beginning  from  the  upptri  tieartl- 
aces  i,  4,  9,  1 6  .  .  .  be  notched  off  on  the  groove,  ployed. 

:11  be    rr;  :>le, 

y  the  nu:  ult 

!.  continued.    The  observation  of 

the  t  o  accomplished  in  a  very  in- 

geni<  no  clocks  of  the  mod 

kind   in  his  <i  --red  possible  by 

al  knowledge  of  which  Galileo  laid 
os.     The  mechanical  clo  hwereu 

.  inaccin  re  available  only  for  th<- 

measurement  of  great  spaces  of  time.     Moreover,  it 

:  glasses  that  were  m 
landed  down 

!eo,  now,  constructed  a  very 

simple  clock  .ecially  adjusted 

to  tin-  inc. is:.:  nail   spaces  of   time;   a  thing 

lot  L  essel  of 

water  of  _;e  trans  ^ions,  having  in 
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Galileo's  the  bottom  a  minute  orifice  which  was  closed  with  the 
finger.  As  soon  as  the  ball  began  to  roll  down  the  in- 
clined plane  Galileo  removed  his  finger  and  allowed  the 
water  to  flow  out  on  a  balance  ;  when  the  ball  had  ar- 
rived at  the  terminus  of  its  path  he  closed  the  orifice. 
As  the  pressure-height  of  the  fluid  did  not,  owing  to 
the  great  transverse  dimensions  of  the  vessel,  percept- 
ibly change,  the  weights  of  the  water  discharged  from 
the  orifice  were  proportional  to  the  times.  It  was  in 
this  way  actually  shown  that  the  times  increased  simply, 
while  the  spaces  fallen  through  increased  quadratically. 
The  inference  from  Galileo's  assumption  was  thus  con- 
firmed by  experiment,  and  with  it  the  assumption  itself. 

The  reia-  e.   To  form  some  notion  of  the  relation  which  sub- 

tion  of  mo-      .  .  ..... 

tiononan  sists  between  motion  on  an  inclined  plane  and  that  of 
plane  to  free  descent,  Galileo  made  the  assumption,  that  a  body 
descent,  which  falls  through  the  height  of  an  inclined  plane 
attains  the  same  final  velocity  as  a  body  which  falls 
through  its  "length.  This  is  an  assumption  that  will 
strike  us  as  rather  a  bold  one ;  but  in  the  manner  in 
which  it  was  enunciated  and  employed  by  Galileo,  it  is 
quite  natural.  We  shall  endeavor  to  explain  the  way  by 
which  he  was  led  to  it.  He  says  :  If  a  body  fall  freely 
downwards,  its  velocity  increases  proportionally  to  the 
time.  When,  then,  the  body  has  arrived  at  a  point  be- 
low, let  us  imagine  its  velocity  reversed  and  directed 
upwards  ;  the  body  then,  it  is  clear,  will  rise.  We  make 
the  observation  that  its  motion  in  this  case  is  a  reflection, 
so  to  speak,  of  its  motion  in  the  first  case.  As  then  its 
velocity  increased  proportionally  to  the  time  of  descent, 
it  will  now,  conversely,  diminish  in  that  proportion. 
When  the  body  has  continued  to  rise  for  as  long  a 
time  as  it  descended,  and  has  reached  the  height  from 
which  it  originally  fell,  its  velocity  will  be  reduced  to 
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zero.     We  perceive,  therefore,  that  a  body  will   rise,  justifica- 
tion of  the 
in  virtue  of  the  velocity  acquired  in  its  descent,  just  as  assumption 

as  it   has  fallen.      If,  accordingly,  a   body  falling  final  veioc- 

itiesofsuch 

:i  an  inclined  plane  could  acquire  a  velocity  wmcn  motions  an 
would  enable  it,  when  placed  on  a  differently  inclined 
plane,  to  ri>e  higher  than  the  point  from  which  it  had 
fallen,  we   should   be  able   to  effect   the   elevation   of 
bodu  \  alone.     There  is  contained,  accord- 

ingly, in  this  assumption,  that  the  velocity  acquired  by 
a  body  in  descent  depends  solely  on  th<  -Jit 

fallen  through  and  is  independent  of  the  inclination  of 
the  path,  nothing  more  than  the  uncontradictory 

•  nsion  and  recognition  of  the/</,  /  that  heavy  bodies 
do  not  possess  the  U  :  :o  rise,  but  only  the  ten- 
dency to  fall.      If  we  should  assume  that  a  body  fall- 

>f  an  inclined  plane  in  some  way 

or  other  a  great* :  v  than  a  body  that 

fell  t;  <•  should  only  have  to  let  the 

body  pass  with   the  acqt.  ocity  to  another  in- 

:ical  plane  to  to  a  gre. 

height  than  ilrn  from.      And    if   tin-  velo- 

^n  the  inclined  plane  were  less,  we  should 
only  have  to  reverse  the  process  to  ob:  re- 

sult.   In  both  instances  a  heavy  body  could,  by  an  ap- 
prop:  ;t  of  inclined    planes,  be  forced 

continually  upwards  solely  by  its  .  _;ht — a  state 

of   tl  wholly   con 

•  ledge  o:  ire  of  heavy  bodies.  (See  p.  522.) 
6.   Galileo,  in   this  case,  again,  did  not  stop  with 

Mere  philoso;  :ul    logical   discussion  of   his 

nption,  but  tested  it  by  comparison  with  < 
rier: 

He  took  a  simple   filar  pendulum  (Fig.  SS >  with  a 
Lifting    tiie    pendulum,    \sliilo 
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Galileo's     elongated  its  full  length,  to  the  level  of  a  given  altitude, 
tai  verifica-  and  then  letting  it  fall,  it  ascended  to  the  same  level 

tion  of  this  .  . 

assumption  on  the  opposite  side.  If  it  does  not  do  so  exactly, 
Galileo  said,  the  resistance  of  the  air  must  be  the  cause 
of  the  deficit.  This  is  inferrible  from  the  fact  that  the 
deficiency  is  greater  in  the  case  of  a  cork  ball  than  it  is 


Effected  by  in  the  case  of  a  heavy  metal  one.    However,  this  neg- 
lected,  the  body  ascends  to  the  same  altitude  on  the 


of  apendS-  opposite  side.   Now  it  is  permissible  to  regard  the  mo- 

lum  string.     ..  .  j     i  •        Ai  r  •      i 

tion  of  a  pendulum  in  the  arc  of  a  circle  as  a  motion 
of  descent  along  a  series  of  inclined  planes  of  different 
inclinations.  This  seen,  we  can,  with  Galileo,  easily 
cause  the  body  to  rise  on  a  different  arc — on  a  different 
series  of  inclined  planes.  This  we  accomplish  by  driv- 
ing in  at  one  side  of  the  thread,  as  it  vertically  hangs, 
a  nail/ or  g,  which  will  prevent  any  given  portion  of 
the  thread  from  taking  part  in  the  second  half  of  the 
motion.  The  moment  the  thread  arrives  at  the  line  of 
equilibrium  and  strikes  the  nail,  the  ball,  which  has 
fallen  through  ba,  will  begin  to  ascend  by  a  different 
series  of  inclined  planes,  and  describe  the  arc  am  or  an. 
Now  if  the  inclination  of  the  planes  had  any  influence 
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on  the  velocity  of  descent,  the  body  could  not  rise  to 
the  same  horizontal  level  from  which  it  had  fallen. 
But  it  does.  By  driving  the  nail  sufficiently  low  down, 
we  may  shorten  the  pendulum  for  half  of  an  oscillation 
as  much  as  we  please  ;  the  phenomenon,  however,  al- 
s  remains  the  same.  If  the  nail  //  be  driven  so  low 
•  !«>wn  that  the  remainder  of  the  string  cannot  reach  to 
the  plane  £,  the  ball  will  turn  completely  over  and 
wind  the  thread  round  the  nail  ;  bjecause  when  it  has 
attained  the  greatest  height  it  can  reach  it  still  has  a 
residual  \  !«  ft. 

7.    If  we  assume  thus,  that  the  same  final  isTheas- 

attained  on  an  inclined   plane  whether  t!  •  fall  ieadsto  the 

law  of  rela- 

through  the.  brighter  the  length  of  the  plane,  — in  which  tive  accel- 
erations 
assumption  nothing  more  is  contained  than  that  a  body  sought. 

by  virtue  of  the  velocity  it  has  acquired  in  falling 
as  it  has  fallen, — we  shall  easily  arrive, 
with  Galileo,  at  tl  times  ot '  tin;  de- 

•  ight  and  the  length  of  . 

;>roportion  of  L,rht  and 

!i  ;  or.  v>  saint-,  that  the  accelerations 

proportional    to   the   times  of  descent. 

acceleration  along  the  height  will  consequently 

on  along 

the  length  the  proportion  of  the 

length  to  th<  Let  A B 

eight  and  AC 

the  length  of  the  inclined  plane.  *>. 

Both  will  be  descended  through  in  uniformly  accel- 

•  d  motion  in  the  tim-  .\  with   the  final 

locity  v.     Then -fore, 

AB  = 

AC      l. 
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If  the  accelerations  along  the  height  and  the  length  be 
called  respectively  g  and  g^  we  also  have 


v  —  gt  and  v  = 


<r  /  AB 

^t  whence    ^  =  --=.  —.=  =  sm  a- 
&  i 

In  this  way  we  are  able  to  deduce  from  the  accel- 
eration on  an  inclined   plane  the  acceleration  of   free 
descent. 
A  corollary         From  this  proposition  Galileo  deduces  several  cor- 

of  the  pre-  . 

ceding  law.  ollaries,  some  of  whiah  have  passed  into  our  elementary 
text-books.  The  accelerations  along  the  height  and 
length  are  in  the  inverse  proportion  of  the  height  and 
length.  If  now  we  cause  One  body  to  fall  along  the 
length  of  an  inclined  plane  and  simultaneously  another 
to  fall  freely  along  its  height,  and  ask  what  the  dis- 
tances are  that  are  traversed  by  the  two  in  equal  inter- 
vals of  time,  the  solution  of  the  problem  will  be  readily 
found  (Fig.  90)  by  simply  letting  fall  from  B  a  perpen- 
dicular on  the  length.  The  part  AD,  thus  cut  off,  will 
be  the  distance  traversed  by  the  one  body  on  the  in- 
clined plane,  while  the  second  body  is  freely  falling 
through  the  height  of  the  plane. 

A 


B 


Fig.  90. 


Relative  If  we  describe  (Fig.  91)  a  circle  on  AB  as  diame- 

scription  of  ter,  the  circle  will  pass  through  D,   because  D  is  a 

the  chords       .     ,   ,  IT^-HI  i  i 

anddiame-  right  angle.    It  will  be  seen  thus,  that  we  can  imagine 

cies.    '       any  number  of  inclined  planes,  AE,  AF,  of  any  degree 

of  inclination,  passing   through  A,  and   that   in  every 
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case  the  chords  AG,  AH  drawn  in  this  circle  from  the 
upper  extremity  of  the  diameter  will  be  traversed  in 
the  same  time  by  a  falling  body  as  the  vertical  diame- 
ter itself.  Since,  obviously,  only  the  lengths  and  in- 
clinations are  essential  here,  we  may  also  draw  the 
chords  in  question  from  the  lower  extremity  of  the 
diameter,  and  say  generally  :  The  vertical  diameter 
of  a  circle  is  described  by  a  falling  particle  in  the  same 
time  that  any  chord  through  either  extremity  is  so 
descr: 

shall   present  another  corollary,  which,  in  the  The  figures 
tty   form   in  which   (ialileo  gave  it,  is  usually  no bodta  fill* 
longer  incorporated   in  elementary  exposition^       WeSocdtol 
imagine  gutters  radiating   in  a  vertical  plane  from   ac" 
common  point  A  at  a 
number    of    different 
degrees  of  inclination 
to   the   horizon    (Fig. 
We  place  at  their 
common  ty  A 

numb.-: 

iesand  cause  them 
iltaneous- 
uotion  c>: 

'•lies  will 
a  anyone 

nit  of  time  a  circle.   After  the  lapse  of  a  longer  t 
will  be  found  in  a  circle  of  larger  radius,  and  the 
dii    in-  -lally    to  tin- 

times.      If  v.  to  radiate  in  a  space 

ad  of  a  plan  lling  bodies  will 

•  ,  and  the  radii  <>f  the  spheres  will  increase  pic 
jiiaresof    the  times.       This  will    be 


140  THE  SCIENCE  OF  MECHANICS. 

perceived  by  imagining  the  figure  revolved  about  the 
vertical  A  V. 

character!        8.   We  see  thus, — as  deserves  again   to  be  briefly 
inquiries.  /  noticed, — that  Galileo  did  not  supply  us  with  a  theory 
of  the  falling  of  bodies,  but  investigated  and  estab- 
lished, wholly  without  preformed  opinions,  the  actual 
facts  of  falling. 

Gradually  adapting,  on  this  occasion,  his  thoughts 
to  the  facts,  and  everywhere  logically  abiding  by  the 
ideas  he  had  reached,  he  hit  on  a  conception,  which  to 
himself,  perhaps  less  than  to  his  successors,  appeared 
in  trie  light  of  a  new  law.  In  all  his  reasonings,  Galileo 
followed,  to  the  greatest  advantage  of  science,  a  prin- 
ciple which  might  appropriately  be  called  the  principle 


The  pnn-  (  of  continuity.     Once  we  have  reached  a  theory  that  ap- 

ciple  of 

continuity,  plies  to  a  particular  case,  we  proceed  gradually  to 
modify  in  thought  the  conditions  of  that  case,  as  far 
as  it  is  at  all  possible,  and  endeavor  in  so  doing  to 
adhere  throughout  as  closely  as  we  can  to  the  concep- 
tion originally  reached.  There  is  no  method  of  pro- 
cedure more  surely  calculated  to  lead  to  that  compre- 
hension of  all  natural  phenomena  which  is  the  simplest 
and  also  attainable  with  the  least  expenditure  of  men- 
tality and  feeling.  (Compare  Appendix,  IX.,  p.  523.) 
A  particular  instance  will  show  more  clearly  than 
any  general  remarks  what  we  mean.  Galileo  con- 

A  r     n        E  F 


B 

Fig-  93- 

siders  (Fig.  93)  a  body  which  is  falling  down   the  in- 
clined  plane  AJB,  and  which,  being   placed   with   the 
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velocity  thus  acquired  on  a  second  plane  BC,  for  ex-  Galileo's 
ample,  ascends  this  second  plane.    On  all  planes  BC,  of  the  so* 
/>'/),  and  so  forth,  it  ascends  to  the  horizontal   plane  of  inertfsT 
that  passes  through  A.      But,  just  as  it  falls  on  BD 
with  k-s-  --ion  than  it  does  on  BC,  so  similarly 

it  will  ascend  on  BD  with  les-  than  it  will 

on  BC.      Th  the  plan  />'/  .   AY 

proach  to  the  horizontal  plane  /?//,  the  less  will   the 
retardation  of  the  body  on  those  planes  be,  and   the 
d  further  will  it  move  on  them.    On  the  hori- 
zontal plane  />Y/the  retardation  v  hat 
is,  of  course,  neglecting  friction  a                               <>  of 
iml  the  body  will  continue  to  move  infinitely 
and  infinitely  far  with  <v>.                               i'hus  ad- 

to  the  limiting  case  of  tin-  problem  presen1 
Galileo  discovers  the  so-called  law  of  inertia,  accord 
a  body  not  under  the  mtluence  d 

will  re- 
\\V   M 

9.   The  motion  of  falling  that  '  ually  The  deduc- 

( the 

toe-  ccordin^ 

.*    fortnly  ac- 

increases  proportionally  to  the  time — a  so-called  uni- c«ier«ted 

,  ,  ,  motion. 

formly  accelei  tion. 

It  would  be  an  anachronism  and  utterly  m  al 

toatt  ,  done,  to  iie  uniformly 

accel  :otion  of 

action  of  the  force  of  grav  ir.ivity  is  a  constant 

it   KI-H'  of 

e  equal  increments  of  velocit  motion 

iy  accelerati  v  exposition 

1  be  unhistorical,  and  would  put  the 
hole  discovery  in  a  false  light,  for  the  reason  that  the 
notion  of   force  as  we  hold  it   to-day  was  first  created 
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Forces  and  by  Galileo.      Before  Galileo  force  was  known  solely  as 

accelera- 

tions.  pressure.  Now,  no  one  can  know,  who  has  not  learned 
it  from  experience,  that  generally  pressure  produces 
motion,  much  less  in  what  manner  pressure  passes  into 
motion  ;  that  not  position,  nor  velocity,  but  accelera- 
tion, is  determined  by  it.  This  cannot  be  philosophi- 
cally deduced  from  the  conception,  itself.  Conjectures 
may  be  set  up  concerning  it.  But  experience  alone  can 
definitively  inform  us  with  regard  to  it. 

10.  It  is  not  by  any  means  self-evident,  therefore, 
that  the  circumstances  which  determine  motion,  that 
is,  forces,  immediately  produce  accelerations.   A  glance 
at  other  departments  of  physics  will  at  once  make  this 
clear.      The  differences  of  temperature  of  bodies  also 
determine  alterations.    However,  by  differences  of  tem- 
perature   not    compensatory    accelerations    are    deter- 
mined, but  compensatory  velocities. 

The  fact  That  it  is  accelerations  which  are  the  immediate  ef- 

determine  fects  of  the  circumstances  that  determine  motion,  that 
tions  is  an  is,  of  the  forces,  is  a  fact  which  Galileo  perceived  in  the 
taifact.  natural  phenomena.  Others  before  him  had  also  per- 
ceived many  things.  The  assertion  that  everything  seeks 
its  place  also  involves  a  correct  observation.  The  ob- 
servation, however,  does  not  hold  good  in  all  cases, 
and  it  is  not  exhaustive.  If  we  cast  a  stone  into  the 
air,  for  example,  it  no  longer  seeks  its  place ;  since  its 
place  is  below.  But  the  acceleration  towards  the  earth, 
the  retardation  of  the  upward  motion,  the  fact  that  Ga- 
lileo perceived,  is  still  present.  His  observation  always 
remains  correct;  it  holds  true  more  generally;  it  em- 
braces in  one  mental  effort  much  more. 

11.  We  have  already  remarked   that   Galileo  dis- 
covered the  so-called  law  of   inertia  quite  incidentally. 
A  body  on  which,  as  we  are  wont  to  say,  no  force  acts, 
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preserves  its  direction  and  velocity   unaltered.      The  Historyof 
fortunes  of  this  law  of  inertia  have  been  strange.      It  called  ia\\ 

i  ,  j  .       _     ,.     of  inertia. 

appears  never  to  have  played  a  prominent  part  in  Gali- 

thought.      But  Galileo's  successors,  particularly 

_;ensand  v  .  formulated  it  as  an  independent 

have  even  made  of  inertia  a  general 
property  of  matter.     We  shall  readily  perceive,  how- 
.  that  the  :iia  is  not  at  all  an  indepen- 

la\v,  but   is  contained  implicitly  in  Galileo's  per 
on  that  all  ci:  ;ces  determinative  of  motion, 

or  forces,  produce  acctltra:. 

In  I  torce  determine,  not  position,  not  velo-Theiawa 

city,  hut  acceleration.  ck*Hgt   of    velocity,   it   stands   tot- 

til. I! 

>n  that  whei  no  force  there  will  be  no  leo-s  fund* 

.  me-mal  ob- 

t    necessary  to  enunciate  servation. 

;i  independent  form.     The  embarrassment  of  tlu 
neophyte,  which  also  tors 

in  the  face  of  the  great  mass  ot 

alum-  could  !  :hein  to  conceive  :  t  as 

. 

.  to  repr«  asself-evidi -nt.  or  i  noneoni 

general  -.ion  that  "th<  !ring°it. 

t  of  a  ca 

strainin.  '°gic  can  lead   us  so  out 

is  to  be  accomplished  iu  t: 

lomain  with  scholastic  propositions  \  one 

just  cited.     \\Y  may  <  -ivince  ourselves  that  the 

• 

is  as  \  i  son.    It  :ted 

velocity  "the  effei  t,"  then  the  first  proposition  is  cor- 
rect ;  if  we  call  t! 

lion  ho!  : 

ne  Galileo's  researches  from 
anotl  He  began  stigations  with  the 


° 
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Notion  of    notions  familiar  to  his  time — notions  developed  mainly 

velocity  as    .        ,  .  .     ,   .     ,   .      . 

it  existed  in  in  the  practical  arts.  One  notion  of  this  kind  was  that 
time.  of  velocity,  which  is  very  readily  obtained  from  the  con- 
sideration of  a  uniform  motion.  If  a  body  traverse  in 
every  second  of  time  the  same  distance  c,  the  distance 
traversed  at  the  end  of  /  seconds  will  be  s  =  ct.  The 
distance  c  traversed  in  a  second  of  time  we  call  the  ve- 
locity, and  obtain  it  from  the  examination  of  any  por- 
tion of  the  distance  and  the  corresponding  time  by  the 
help  of  the  equation  c  =  s/t,  that  is,  by  dividing  the 
number  which  is  the  measure  of  the  distance  traversed 
by  the  number  which  is  the  measure  of  the  time  elapsed. 
Now,  Galileo  could  not  complete  his  investigations 
without  tacitly  modifying  and  extending  the  traditional 
idea  of  velocity.  Let  us  represent  for  distinctness  sake 


Fig-  94- 

in  i  (Fig.  94)  a  uniform  motion,  in  2  a  variable  motion, 
by  laying  off  as  abscissae  in  the  direction  OA  the  elapsed 
times,  and  erecting  as  ordinates  in  the  direction  AB  the 
distances  traversed.  Now,  in  i,  whatever  increment 
of  the  distance  we  may  divide  by  the  corresponding  in- 
crement of  the  time,  in  all  cases  we  obtain  for  the  ve- 
locity c  the  same  value.  But  if  we  were  thus  to  proceed 
in  2,  we  should  obtain  widely  differing  values,  and 
therefore  the  word  "velocity  "  as  ordinarily  understood, 
ceases  in  this  case  to  be  unequivocal.  If,  however,  we 
consider  the  increase  of  the  distance  in  a  sufficiently 
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small  element  of  time,  where  the  element  of  the  curve  Galileo's 

moditica- 

m  2  approaches  to  a  straight  line,  we  may  regard  the  tionof  this 

. ,  _,,  .....  ,  notion. 

increase  as  uniform.  The  velocity  in  this  element  of 
the  motion  we  may  then  define  as  the  quotient,  J  s/A  /, 
of  the  element  of  the  time  into  the  corresponding  ele- 
ment of  the  distance.  Still  more  precisely,  the  velocity 
at  any  instant  is  defined  as  the  limiting  value  which 
the  ratio  J  \  J  /  assumes  as  the  elements  become  in- 
finitely small — a  value  designated  by  ds/dt.  This  : 
notion  includes  the  old  one  as  a  particular  case,  and  is. 
moreover,  immediately  applicable  to  uniform  motion. 
Although  the  express  formulation  of  this  idea,  as  thus 
extended,  did  not  take  place  till  long  after  Galileo.  \\< 
see  none  the  less  that  he  made  use  of  it  in  his  reason- 
ings. 

13.   An  entirely  new  notion  to  which  Galileo  was  He 
lt.1   i>  the  idea  <>:  :iifonnly  acceler-  ^on. 

motion    the    velocities    increase    with    the    time 
agreeably  to  the  same  law  as   in  uniform  motion  tin- 
spaces  increase  with  If  we  call  ,    tin-  velo- 
/,  then  v  =  gt.     Here  g  denotes 
tin-  imrrnu-nt  of  th«-  vrlcx  itv  in  unit  of  time  m 

hich   we  also  obtain   from   the  equat 
g=V/t.      Wi  investigation    oi 

crated  motions  was  begun,   this  notion  of  accelera- 
tion had  to  experience  an  extension  similar  to  that  of 
lotion  of  velocity.    If  in  i  and  2  th«  :>e  again 

drawn  as  abscissae,  but  now  the  ?r/,v///>j  as  ordinates, 
we  may  go  through  anew  tin-  whole   train  of 

ling  and  define  the  acceleration  as  dv/dt, 
denotes  an  infinitely  small   incrrmrnt  of   tin- 
velocity  and  lit  the  corresponding   i;  ot   tin- 
lime.      In  the  notation  of  the  differential  calculus  we 
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have  for  the  acceleration  of  a  rectilinear  motion,  (p 


Graphic  The  ideas  here  developed  are  susceptible,  moreover, 

representa-  .  rr      i 

tion  of        of  graphic  representation.      It  we  lay  on  the  times  as 

these  ideas.     ,  ,.  in 

abscissae  and  the  distances  as  ordmates,  we  shall  per- 
ceive, that  the  velocity  at  each  instant  is  measured  by 
the  slope  of  the  curve  of  the  distance.  If  in  a  similar 
manner  we  put  times  and  velocities  together,  we  shall 
see  that  the  acceleration  of  the  instant  is  measured  by 
the  slope  of  the  curve  of  the  velocity.  The  course  of 
the  latter  slope  is,  indeed,  also  capable  of  being  traced 
in  the  curve  of  distances,  as  will  be  perceived  from 
the  following  considerations.  Let  us  imagine,  in  the 


B 


Fig.  95- 


The  curve   usual  manner  (Fig.  95),  a  uniform  motion  represented 

of  distance.  v 

by  a  straight  line  OCD.  Let  us  compare  with  this  a 
motion  OCE  the  velocity  of  which  in  the  second  half 
of  the  time  is  greater,  and  another  motion  OCF  of 
which  the  velocity  is  in  the  same  proportion  smaller. 
In  the  first  case,  accordingly,  we  shall  have  to  erect  for 
the  time  OB  =  2  OA,  an  ordinate  greater  than  BD  = 
2  AC;  in  the  second  case,  an  ordinate  less  than  BD. 
We  see  thus,  without  difficulty,  that  a  curve  of  dis- 
tance convex  to  the  axis  of  the  time-abscissae  corre- 
sponds to  accelerated  motion,  and  a  curve  concave 
thereto  to  retarded  motion.  If  we  imagine  a  lead-pen- 
cil to  perform  a  vertical  motion  of  any  kind  and  in 
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front  of  it  during  its  motion  a  piece  of  paper  to  be  uni- 
formly drawn  along  from  right  to  left  and  the  pencil  to 
thus  execute.'  the  drawing  in  Fig.  96,  we  shall  be  able  to 
read  off  from  the  drawing  the  peculiarities  of  the  mo- 
tion. At  </  the  velocity  of  the  pencil  was  directed  up- 
wards, at  /'  it  was  greater,  at  <•  it  was  =  0,  at  </  it  was 
direc  it  was  again  —  u  At  </.  /', 

the  acceleration  ted  upwards,  at  t  down- 

wards ;  at  c  ami  <•  it  was  greatest. 

14.    The  summary  representation  of  what  Galileo  Tabular 
discover  r  st  made  by  a  table  of  times,  acquired  mem  of  Ga- 

sdis- 
/.  S.  ^' 

*  L| 

2  % 

3  3* 


f  'g 

:ities,  and  traversed  distances.      But  the  numbers  The  table 
follow  so  simple  a  law, — one  imm-  iMe,  placed  by 

rulf 

that  there   is  nothing  to  prevent  our  replacing  theco,, 
(-for  its  nine  tin- 

onnects  the  first  and  second  i  olumns,  we 
shall  find  that    it  taed  by  tin-  equation  r=gt, 

bj  in    it  .ibbrevi- 

direction   for  c<>  AO  t  olumns 

of  the  table,    'i  i  st  and  thud 

colui  [nation  s  =  g  t*  •  on- 

»n  of  the  second  and  third  columi.  ited 

by  s  = 
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rhe  rules.          Of  the  three  relations 


s  = 


_ 

~v 

strictly,  the  first  two  only  were  employed  by  Galileo. 
Huygens  was  the  first  who  evinced  a  higher  apprecia- 
tion of  the  third,  and  laid,  in  thus  doing,  the  founda- 
tions of  important  advances. 

A  remark  15.    We   may   add   a    remark   in    connection    with 

tionofthe   this  table  that  is  very  valuable.      It  has  been  stated 

the  times,    previously  that  a  body,  by  virtue  of  the  velocity  it  has 

acquired  in  its  fall,  is  able  to   rise   again  to  its  origi- 

nal height,  in  doing  which  its  velocity  diminishes   in 

the  same  way  (with  respect  to  time  and  space)  as  it 

increased  in  falling.      Now  a  freely  falling  body  ac- 

quires in  double  time  of  descent  double  velocity,  but 

falls  in  this  double  time  through  four  times  the  simple 

distance.   A  body,  therefore,  to  which  we  impart  a  ver- 

tically upward   double  velocity  will  ascend   twice  as 

long  a  time,  but  four  times  as  high  as  a  body  to  which 

the  simple  velocity  has  been  imparted. 

The  dispute        It  was  remarked,  very  soon  after  Galileo,  that  there 

ot  the  Car-    .      .    , 

tesians  and  is  inherent  in  the  velocity  of  a  body  a  something  that 

Leibnitz- 

ians  on  the  corresponds  to  a  iorce  —  a  something,  that  is,  by  which 

measure  of        .  __ 

force.  a  force  can  be  overcome,  a  certain  "  efficacy,"  as  it  has 
been  aptly  termed.  The  only  point  that  was  debated 
was,  whether  this  efficacy  was  to  be  reckoned  propor- 
tional to  the  velocity  or  to  the  square  of  the  velocity. 
The  Cartesians  held  the  former,  the  Leibnitzians  the 
latter.  But  it  will  be  perceived  that  the  question  in- 
volves no  dispute  whatever.  The  body  with  the  double 
velocity  overcomes  a  given  force  through  double  the 
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time,  but  through  four  times  the  distance.  \Yith  re- 
spect to  time,  therefore,  its  efficacy  is  proportional  to 
the  velocity  ;  with  respect  to  distance,  to  the  square  of 
the  velocity.  D'Alembert  drew  attention  to  this  mis- 
understanding, although  in  not  very  distinct  terms.  It 
is  to  be  especially  remarked,  however,  that  Huygens's 
thoughts  on  this  question  were  perfectly  clear. 

16.  The  experimental  procedure  by  which,  at  theThepresent 
present  day,  the  laws  of  falling  bodies  are  verified,  istaimeansof 
som<  rferent  from  that  of  Galileo.  Two  methods  the  Ui 

;'.  ithcr  the  motion  of  falling,  which  ies. 

from  Mity  is  difficult  to  observe    directly,  is  so 

retarded,  without  altering  the  law,  as  to  be  easily  ob- 

<>r  the  motion  of  falling  is  not  altered  at  all, 

hut  our  means  of  observation   are  improved  in  deli- 

On  the  fir*t  principle  Galileo's  inclined 

Atwood's 

tfl  (Fig.  97)  of  an  easily  run 
ning  pulley,  over  .id, 

.il  weights  P  are 
;ed.      It   upon  one  of  the  wei  ve 

rinly  no 

n   will   be  set  up  b\  97- 

weight,  i  /,)^_art 

that  will   !.<•   rt-adily  obta  til  have  dis- 

notion  of  Now  by  means  of  a 

mdard  connected  with  the  pulley 
it  may  easily  be  shown  that  in  th-  .  2,  3,  4 

4,  9,  16  d.    The  t 

corresponding  to  any  given  tune  of  desce; 

.itching  the  small  additional  weight.  />, 
'. 'eyoml  the  outline  of 

Pt  in  a  ring  through  which  the  falling  body  passes, 
after  which  the  motion  continues  without  acceleration. 


i5o  THE  SCIENCE  OF  MECHANICS. 

The  appa-          The  apparatus  of  Morin  is  based  on  a  different  prin- 
Morin,  La-  ciple.     A  body  to  which  a  writing   pencil   is   attached 

horde,  Lip-    ,  .  ,..,., 

pich,  and  describes  on  a  vertical  sheet  of  paper,  which  is  drawn 
uniformly  across  it  by  a  clock-work,  a  horizontal  straight 
line.  If  the  body  fall  while  the  paper  is  not  in  motion, 
it  will  describe  a  vertical  straight  line.  If  the  two 
motions  are  combined,  a  parabola  will  be  produced, 
of  which  the  horizontal  abscissae  correspond  to  the 
elapsed  times  and  the  vertical  ordinates  to  the  dis- 
tances of  descent  described.  For  the  abscissae  i,  2, 
3,  4  ....  we  obtain  the  ordinates  i,  4,  9,  16  .  .  .  .  By 
an  unessential  modification,  Morin  employed  instead  of 
a  plane  sheet  of  paper,  a  rapidly  rotating  cylindrical 
drum  with  vertical  axis,  by  the  side  of  which  the  body 
fell  down  a  guiding  wire.  A  different  apparatus,  based 
on  the  same  principle,  was  invented,  independently,  by 
Laborde,  Lippich,  and  Von  Babo.  A  lampblacked 
sheet  of  glass  (Fig.  980)  falls  freely,  while  a  horizon- 
tally vibrating  vertical  rod,  which  in  its  first  transit 
through  the  position  of  equilibrium  starts  the  motion 
of  descent,  traces,  by  means  of  a  quill,  a  curve  on  the 
lampblacked  surface.  Owing  to  the  constancy  of  the 
period  of  vibration  of  the  rod  combined  with  the  in- 
creasing velocity  of  the  descent,  the  undulations  traced 
by  the  rod  become  longer  and  longer.  Thus  (Fig.  98) 
bc='$ab,  cd=$ab,  de  =  jab,  and  so  forth.  The 
law  of  falling  bodies  is  clearly  exhibited  by  this,  since 
ab-^cb  — <\ab,  ab-{-b<;-{-cd  =  C)ab,  and  so  forth. 
The  law  of  the  velocity  is  confirmed  by  the  inclinations 
of  the  tangents  at  the  points  a,  b,  c,  d,  and  so  forth.  If 
the  time  of  oscillation  of  the  rod  be  known,  the  value 
of  g  is  determinable  from  an  experiment  of  this  kind 
with  considerable  exactness. 

Wheatstone  employed  for  the  measurement  of  mi- 
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nute  portions  of  time  a  rapidly  operating  clock-work  The  de- 
called  a  chronoscope,  which  is  set  in  motion  at  the  be-  wheat- 
ginning  of  ihe  time  to  be  measured  and  stopped  at  thempp.an' 
termination  of  it.      Hipp  has  advantageously  modified 


I-.*    -,-. 


FiR.  98m. 

this  method   by  simply  causing  a  light   index-hand  to 

ins  of  a  clutch  in  and  out  of  gear  with 

a  rapidly  m<>  regulated  by  a  vibrating 

:  of  steel  tuned  to  a  high  note,  and  acting  as  an  es- 
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Galileo's 
minor  in- 
vestiga- 
tions. 


capement.  The  throwing  in  and  out  of  gear  is  effected 
by  an  electric  current.  Now  if,  as  soon  as  the  body  be- 
gins to  fall,  the  current  be  interrupted,  that  is  the  hand 
thrown  into  gear,  and  as  soon  as  the  body  strikes  the 
platform  below  the  current  is  closed,  that  is  the  hand 
thrown  out  of  gear,  we  can  read  by  the  distance  the 
index-hand  has  travelled  the  time  of  descent. 

17.  Among  the  further  achievements  of  Galileo  we 
have  yet  to  mention  his  ideas  concerning  the  motion 
of  the  pendulum,  and  his  refutation  of  the  view  that 
bodies  of  greater  weight  fall  faster  than  bodies  of  less 
weight.  We  shall  revert  to  both  of  these  points  on  an- 
other occasion.  It  may  be  stated  here,  however,  that 
Galileo,  on  discovering  the  constancy  of  the  period  of 
pendulum-oscillations,  at  once  applied  the  pendulum 
to  pulse-measurements  at  the  sick-bed,  as  well  as  pro- 
posed its  use  in  astronomical  observations  and  to  a  cer- 
tain extent  employed  it  therein  himself. 

The  motion        1  8.    Of  still  greater  importance  are  his  investiga- 

tes.         tions  concerning  the  motion  of  projectiles.   A  free  body, 

according  to  Galileo's  view,  constantly  experiences  a 

vertical  acceleration  g  towards  the  earth.      If  at  the 

beginning  of  its  motion  it   is  affected  with  a  vertical 

velocity  c,  its  velocity  at  the 
end  of  the  time  /  will  be  v  = 
c-{-gt.  An  initial  velocity  up- 
wards would  have  to  be  reck- 
oned negative  here.  The  dis- 
tance  described  at  the  end  of 
time  /  is  represented  by  the 
where  c  t  and  t*  are  the 


-  99- 


equation  s  =  a  +  ct  -\-  %gt* 

portions  of  the  traversed  distance  that  correspond  re- 
spectively to  the  uniform  and  the  uniformly  accelerated 
motion.  The  constant  a  is  to  be  put  =  0  when  we  reckon 


THE  PRINCIPLES  OF  DYNAMICS.  153 

the  distance  from  the  point  that  the  body  passes  at  time 
/  =  0.  When  Galileo  had  once  reached  his  fundamental 
conception  of  dynamics,  he  easily  recognised  the  case 
of  horizontal  projection  as  a  combination  of  t\vo  inde- 
pendent motions,  a  horizontal  uniform  motion,  and  a 
vertical  uniformly  accelerated  motion.  He  thus  intro- 
duced into  use  the  principle  of  the  parallthgram  of  mo- 
tions. Even  oblique  projection  no  longer  presented  the  \ 
slightest  difficulty. 

If  a  body  receives  a  horizontal  velocity  r,  it  dc- The  curve 
scribes  in  the  horizontal  direction  in  time  /  the  distance  tionapar- 
y  =  c t,  while  simultaneously  it  falls  in  a  vertical  di: 
tion  the  distance  x=g/*/2.      Different  moti« 
minati  ve  circumstances  exercise  no  mutual  effect  on  one 
another,  and  the  motions  determined  by  them  take 
place  'each  other.     Galileo  was  led  to 

assumption  by  the  attentive  observation  of 
phenomena;  and  the  assumption  proved  itself  true. 
For  th«  ii  a  body  describes  when  the  two 

I'.icstion  are  compounded,  we  find,  by  em- 

:he  two  equations  above  given,  the  express 
y  =  \\*c*/g)x>   It  is  the  parabola  of  Apollonius  hav- 

;>arameter  equal  to  f*/gand  its  axis  vertical, 
as  Galileo  kn< -w. 

with  Galileo,  that  •  >/>//</ t/r-   pro-  o»>: 

•  Pr° 
jection  involves  nothll  The  velocity  c  imparted 

to  a  body  at  the  angle  a  with  the  horizon  is  resolvable 
into  the  hon/untal  component  c  .  cosa  and  :  ical 

com  pone-  i  the  latter  velocity  the  body 

ascends  during  the  same  interval  of  time  /  which  it 
.Id  take  to  acquire  this  velocity  in  falling  vertically 
downwards.  Therefore,  t.sina=gt.  When  it  has 
reached  its  greatest  height  the  vertical  component  of 
its  initial  velocity  has  vanished,  and  from  the  point  5 
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onward  (Fig.  100)  it  continues  its  motion  as  a  horizon- 
tal projection.  If  we  examine  any  two  epochs  equally 
distant  in  time,  before  and  after  the  transit  through  S, 
£  _  „  we  shall  see  that  the  body  at 

these  two  epochs  is  equally 
distant  from  the  perpendicu- 
lar through  6"  and  situated  the 
same  distance  below  the  hori- 
zontal line  through  S.  The 
curve  is  therefore  symmet- 


Fig- ioo. 


rical  with  respect  to  the  vertical  line  through  S.      It 
is  a  parabola  with  vertical   axis  and   the   parameter 


The  range  To  find  the  so-called  range  of  projection,  we  have 
crfprojec-  s-mpiy  to  consider  the  horizontal  motion  during  the 
time  of  the  rising  and  falling  of  the  body.  For  the  ascent 
this  time  is,  according  to  the  equations  above  given, 
/  =  c  sin  a/g,  and  the  same  for  the  descent.  With  the 
horizontal  velocity  c  .  cos  a,  therefore,  the  distance  is 

traversed 

_  c  sin  a        t2       .  c2    .    , 

w  =  c  cos  of .  2  -        —=  —  2  sin  ex  cos  a  =  —  sin  1  a. 
g  g  ^ 

The  range  of   projection    is  greatest   accordingly 
when  a  =  45°,  and  equally  great   for  any  two  angles 

The  mutual        ig.   The  recognition  of  the  mutual  independence  of 

indepen-  .  ..... 

dence  of     the  forces,  or  motion-determinative  circumstances  oc- 

forces.  .  1-! 

curnng   m    nature,   which  was 
reached  and  found  expression 
in  the  investigations  relating  to 
projection,  is  important.  A  body 
may  move  (Fig.  101)  in  the  di- 
rection AB,  while   the  space  in  which  this  motion  oc- 
curs is  displaced  in  the  direction  AC.     The  body  then 
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goes  from  A  to  D.     Now,  this  also  happens  if  the  two 
circumstances  that  simultaneously  determine   the  mo- 
tions AB  and  ./('.  have  no  influence  on  one  another, 
-ee  that  compound   by  the  paral- 

lelogram not  only  displacements  that  have  taken  place 
but   also  velocities  and  accelerations   that  simultane- 
take  place.    (See  Appendix,  X.,  p.  525.) 


•IMF   \(  •'• 

i    The  nr\t  in  succession  of  the  great  mechanical  in 
quirers  is    H  in   every   respect    must 

ranked  as  Galileo's  peer.    If,  perha;  icalqu 


endo  '.  :d  than   th»»sr  of  (ialileo, 

v  was  compensated  for  b\ 
of  his  ge<  vgens  not  only  continued 

• 
solved    tl 

i.ilik-o  liad  tl  :  ;in- 

iics  of  a  single  body. 
:iitude  <  : 

1  in  item's 

ilia- 

•  lnluni 
Clock,    tl:- 

.dulum- 

n  regard: 

unit  of 
the 
'•ometrical  properties  of  c 

•  >f   evoli.'  of 


curva 
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2.   With  respect  to  the  form  of  presentation  of  his 
work,  it  is  to  be  remarked  that  Huygens  shares  with 


CHRIST!  ANUS    HUGENIUS 
natus  1     Apr  ills  16*2^ . 


Galileo,  in  all  its  perfection,  the  latter's  exalted  and 
inimitable  candor.  He  is  frank  without  reserve  in  the 
presentment  of  the  methods  that  led  him  to  his  dis- 
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coveries,  and  thus  always 
conducts  his  reader  into  the 
full  comprehension  of  his 
performances.  Nor  had  he 
cause  to  conceal  these 
methods.  If,  a  thousand 
years  from  now,  it  shall  be 
found  that  he  was  a  man,  it 
will  likewise  be  seen  what 
manner  of  man  he  was. 
In  our  discussion  of  the 
achievements  of  Huygens, 

shall  h,< 

proceed  in  a  somewhat  dif- 
ferent manner  from  that 
which  \\<-  pursued  in  the 
case  of  Galileo.  Galileo's 

classical 

plicity,  could  he  tfiven  in  an 
almost  ir  :<>rm. 

With  s  not 

possil  leals 

with      more       complicated 
itical 
methods  and  notations  be- 

i'-'jiiate  and  (inn 
brous.   For  reasons  of  brev- 
ity, there: 

.'•e  all  the  co: 

of   w!  in  mod- 

ern  form,    retaining,    how- 

.nd  cha; 


Characteri- 
sation of 
Huygens's 
perform- 
ances. 


Huycens's  Pendulum  Clock. 
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Centrifugal         3.   We    begin   with   the   investigations   concerning 

and  centri-  .  .   , 

petal  force,  centrifugal  force.  When  .once  we  have  recognised  with 
Galileo  that  force  determines  acceleration,  we  are  im- 
pelled, unavoidably,  to  ascribe  every  change  of  velocity 
and  consequently  also  every  change  in  the  direction  of 
a  motion  (since  the  direction  is  determined  by  three 
velocity-components  perpendicular  to  one  another)  to 
a  force.  If,  therefore,  any  body  attached  to  a  string, 
say  a  stone,  is  swung  uniformly  round  in  a  circle,  the 
curvilinear  motion  which  it  performs  is  intelligible  only 
on  the  supposition  of  a  constant  force  that  deflects  the 
body  from  the  rectilinear  path.  The  tension  of  the 
string  is  this  force  ;  by  it  the  body  is  constantly  deflected 
from  the  rectilinear  path  and  made  to  move  towards 
the  centre  of  the  circle.  This  tension,  accordingly,  rep- 
resents a  centripetal  force.  On  the  other  hand,  the  axis 
also,  or  the  fixed  centre,  is  acted  on  by  the  tension  of 
the  string,  and  in  this  aspect  the  tension  of  the  string 
appears  as  a  centrifugal  force. 


Fig.  102.  Fig.  103. 

Let  us  suppose  that  we  have  a  body  to  which  a  ve- 
locity has  been  imparted  and  which  is  maintained  in 
uniform  motion  in  a  circle  by  an  acceleration  constantly 
directed  towards  the  centre.  The  conditions  on  which 
this  acceleration  depends,  it  is  our  purpose  to  investi- 
gate. We  imagine  (Fig.  102)  two  equal  circles  uni- 
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formly  travelled  round  by  two  bodies  :  the  velocities  in  Uniform 
the  circles  I  and  II  bear  to  each  other  the  proportion  equal 

If  in  the  two  circles  we  consider  any  same  arc- 
element  corresponding  to  some  very  small  angle  <r,  then 
the  corresponding  element  s  of  the  distance  that  the 
bodies  in  consequence  of  the  centripetal  acceleration 
have  dej>  ctilinear  path  vthe  tai 

will  also  be  the  same.     If  we  call  <pt  and  </->.,  the  re- 
spective accelerations,  and  T  and  r/2  the  time-elem< 
for  the  angle  nd  by  Galileo's  law 

</>,  -     r..  •/'_.        »  T..  that  1- to  say  <p2  =  -l, 

Therefore,  by  generalisation,   in  equal  circles  ths 
centripetal  acceleration  is  proportional  to  the  square  of 

motion. 

Let  us  now  consider  the  motion  in  the  circles  I  and  Ui 
II     Fig.  i  of  which  are  to  each  ot  iiequ.i 

ike  for  the  ratio  of  the  velocities  of 

: notions  also  .it  like  arc-elements  are 

times.    </*,,  </>2,  j,  2J  denote 

:  av- 

.al    for    both 

is  to  say  <pa  =  2^,. 

If  reduce   the  velocity  of  the  motion  in  II 

iialf,  so    t  :i    I    and    I  I     her. 

will  thereby  h«-  ;  th.  that   is 

iy  to  ^  :.  we  get 

velocity  of  th'  .r  motion  is  t:  tin- cen- 

tal acceleration    i  ely  proportional   to  the 

railius  «.!  c  described. 

•  •  early  investigators,  owing  to  their  following 
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Deduction   the  conceptions  of  the  ancients,  generally  obtained  their 

of  the  gen-  ....  r  , 

erai  law  of  propositions  in  the  cumbersome  lorm  ot  proportions. 
We  shall  pursue  a  different  method.  On  a  movable 
object  having  the  velocity  v  let  a  force  act  during  the 
element  of  time  T  which  imparts  to  the  object  perpen- 
dicularly to  the  direction  of  its  motion  the  acceleration 
<p.  The  new  velocity-component  thus  becomes  cpr, 
and  its  composition  with  the  first  velocity  produces  a 
new  direction  of  the  motion,  making  the  angle  a  with 
the  original  direction.  From  this  results,  by  conceiving 
the  motion  to  take  place  in  a  circle  of  radius  r,  and  on 
account  of  the  smallness  of  the  angular  element  putting 


The  para- 
doxical 
character 
of  this 
problem. 


Fig.  104.  Fig.  105. 

tan  a  =  a,  the  following,  as  the  complete  expression 
for  the  centripetal  acceleration  of  a  uniform  motion  in 
a  circle, 

CDT  vr  v2 

—  =  tan  a  =  a  =  —  or  cp  = — . 
v  r  r 

The  idea  of  uniform  motion  in  a  circle  conditioned 
by  a  constant  centripetal  acceleration  is  a  little  para- 
doxical. The  paradox  lies  in  the  assumption  of  a  con- 
stant acceleration  towards  the  centre  without  actual 
approach  thereto  and  without  increase  of  velocity.  This 
is  lessened  when  we  reflect  that  without  this  centripetal 
acceleration  the  body  would  be  continually  moving 
away  from  the  centre  ;  that  the  direction  of  the  accel- 
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eration  is  constantly  changing  ;  and  that  a  change  of 
velocity  (as  will  appear  in  the  discussion  of  the  prin- 
ciple of  is  connected  with  an  approach  of  the 

bodies  that  accelerate  each  other,  which  does  not  : 
place  here.     The  more  complex  case  of  elliptical  cen- 
tral motion  is  elucidative  in  this  direction.  (See  p.  527.) 

5.  The  expression  for  the  centripetal  or  centrifugal  A  different 

expi  - 

acceleration,  cp  =  r2  /r,  can  easily  be  put  in  a  somewhat  of  the  law. 

form.  If  T  denote  the  periodic  time  of  the 
circular  motion,  the  time  occupied  in  describing  the 
circumference,  then  vT=  2  /  •  -  :itly  <^>  = 

+  rn*/T-,  in  which  form  we  expres- 

sion later  on.    If  several  bodies  moving  in  circles  1: 
the  same  periodic  times,  the  re  centripetal  ac- 

celerations by  which  they  are  held  in  their  paths,  as  is 
apparent  from  the  last  expression,  are  proportional  to 
the  radii. 

6.  \Vt-  shall  take  it  foi  granted  thai  the  reader  issomephe- 
familiar  with   the   phenomena  that   illustrate  the  con-  which  the 


siderations  here  presenter  ture  of  s:  pm. 

rth  on  which  bodies  ai  <1  about, 

ning  of  soft  rotating  sph« 

aid  of  his  conception,  to 
at  once  whole  series  0  :  ;iena.  When  a  pendulum- 

k,  for  ex  !i  had  br- 

io (  '>7i-i67^ 

"II,    Huygens  de  rent 

diminution  of  the  acceleration  of  gra\ 

il  accelr: 
rota: 
once  rendered  the  observation  int. 

uiy  here  be 
noticed,  on  account  of  its  histon 

ton  brought  out  his  theory  of  universal  gravitation, 
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ing  experi 
ment  of 
Huygens. 


An  interest- Huy gens  belonged  to  the  great  number  of  those  who 
were  unable  to  reconcile  themselves  to  the  idea  of  action 
at  a  distance.      He  was  of  the  opinion  that  gravitation 
could  be  explained  by  a  vortical  medium.    If  we  enclose 
in  a  vessel  filled  with  a  liquid  a  number  of  lighter  bod- 
ies, say  wooden  balls  in  water,  and  set  the  vessel  ro- 
tating about  its  axis,  the  balls  will  at  once  rapidly  move 
towards  the  axis.      If  for  instance  (Fig.  106),  we  place 
the  glass  cylinders  RR  containing  the  wooden  balls  KK 
by  means  of  a  pivot'Z  on  a  rotatory  apparatus,  and  ro- 
tate the  latter  about  its  ver- 
tical axis,  the  balls  will  im- 
mediately run  up  the  cyl- 
inders in  the  direction  away 
from  the  axis.     But  if  the 
tubes  be  filled  with  water, 
each  rotation  will  force  the 

balls  floating  at  the  extremities  EE  towards  the  axis. 
The  phenomenon  is  easily  explicable  by  analogy  with 
the  principle  of  Archimedes.  The  wooden  balls  receive 
a  centripetal  impulsion,  comparable  to  buoyancy, 
which  is  equal  and  opposite  to  the  centrifugal  force 
acting  on  the  displaced  liquid.  (See  p.  528.) 

7.  Before  we  proceed  to  Huygens's  investigations 
on  the  centre  of  oscillation,  we  shall  present  to  the 
reader  a  few  considerations  concerning  pendulous  and 
oscillatory  motion  generally,  which  will  make  up  in  ob- 
viousness for  what  they  lack  in  rigor. 

Many  of  the  properties  of  pendulum  motion  were 
known  to  GALILEO.  That  he  had  formed  the  concep- 
tion which  we  shall  now  give,  or  that  at  least  he  was 
on  the  verge  of  so  doing,  may  be  inferred  from  many 
scattered  allusions  to  the  subject  in  his  Dialogues.  The 
bob  of  a  simple  pendulum  of  length  /  moves  in  a  circle 


Oscillatory 
motion. 
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g.  107)  of  radius  /.    If  the  pendulum  a  very  Galileo's 

small  excursion,  it  will  travel  in  its  oscillations  over  ationofthe 
very  small  arc  which  coincides  approximately  with  the  pendulum. 
chord  belonging  to  it.  But  this 
chord  is  described  by  a  falling 
particle,  moving  on  it  as  on  an 
inclined  plane  (see  Sect,  i  of  this 
Chapter,  §  7),  in  the  same  time 
as  the  vertical  diameter  BD=. 
2/.  If  the  time  of  descent  be 
called  /,  we  shall  have  2/  = 
i  7]~g.  But 

since  the  continued  movement 

from  B  up  the  line  BC"  occupies  an  equal  interval  of 
time,  we  have  to  put  for  the  time  T  of  an  oscillation 
from  Cto  C',  T=  4l/7/^  It  will  be  seen  that  even  from 
so  crude  a  conceptio:  form  of  tin 

i  express 
for  the  time  of  very  small  oscillations  is,  as  we  know, 


Again,  the  motion  of  a  pendulum  bob  may  i,iium 

as  a  motion  of  descent  on  a  succession   «  .wed  at  < 

• 
peiul'.lum  bob  receives  pUuMt. 

in  the  direction  of  the  position  of  equilibrium  the  a« 

• 

of  this  acceleration  ;  ccelera- 

il  and  oppo^  <  cted  to 

the  «  i.      When    the   excin 

curvature  of  the  path  may  b<  <*d. 

8.   From  t  ve  may  proceed 

•tidy  of  os(  illatoi  r.    A 

ree  to  move  on  a  straight  line  OA  (Fig.  108), 
and  constantly  receives   in  the  direction   towards  the 
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A  simpler 
and  modern 
view  of  os- 
cillatory 
motion. 


point  O  an  acceleration  proportional  to  its  distance  from 
O.  We  will  represent  these  accelerations  by  ordinates 
erected  at  the  positions  considered.  Ordinates  upwards 
denote  accelerations  towards  the  left  ;  ordinates  down- 

wards represent  accel- 
erations  towards    the 


D'C 


0 


A'. 


II 


The  period 
of  oscilla- 
tion inde- 
pendent of 
the  ampli- 
tude. 


right.  The  body,  left 
to  itself  at  A,  will 
move  towards  O  with 
varied  acceleration, 
pass  through  OtoAlt 
where  OA  l  =  OA, 
come  back  to  O,  and 
so  again  continue  its 
F'g-  lo8-  motion.  It  is  in  the 

first  place  easily  demonstrable  that  the  period  of  os- 
cillation (the  time  of  the  motion  through  AOA  1)  is  in- 
dependent of  the  amplitude  of  the  oscillation  (the  dis- 
tance OA}.  To  show  this,  let  us  imagine  in  I  and 
II  the  same  oscillation  performed,  with  single  and 
double  amplitudes  of  oscillation.  As  the  acceleration 
varies  from  point  to  point,  we  must  divide  OA  and 
O'A'  =  2OA  into  a  very  large  equal  number  of  ele- 
ments. Each  element  A  '  B'  of  O'  A'  is  then  twice  as 
large  as  the  corresponding  element  AB  of  OA.  The 
initial  accelerations  cp  and  cp  stand  in  the  relation 
(p'  =  2  (p.  Accordingly,  the  elements  AB  and  A'  B'  = 
2  AB  are  described  with  their  respective  accelerations 
cp  and  2(p  ia  the  same  time  T.  The  final  velocities  v 
and  v'  in  I  and  II,  for  the  first  element,  will  be  v  =  cpr 
and  v'  =  2cpr,  that  is  v  =  2  v.  The  accelerations  and 
the  initial  velocities  at  B  and  B'  are  therefore  again  as 
1:2.  Accordingly,  the  corresponding  elements  that 
next  succeed  will  be  described  in  the  same  time.  And 
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of  every  succeeding  pair  of  elements  the  same  asser- 
tion also  holds  true.  Therefore,  generalising,  it  will 
be  readily  perceived  that  the  period  of  oscillation  is 
independent  of  its  amplitude  or  breadth. 

Next,  let  us  conceive  two  oscillatory  motions,  I  and  The  time  of 

oscillation 

II,  that  have  equal  excursions  (Fig.  109);  but  m  II  let 

proportion- 

a  fourfold  acceleration  correspond  to  the  sai:  ce  ai  to  ti», 


from  O.    We  divide  the  amplitudes  of         ,  oftheac- 

^^\\    celeration. 

the  oscillations  AO  and   &  A'  = 
into   a    very    large    equal    number    of 
parts.      These  parts  are  then  equal  in 
I  and  II.     The  initial  accelerations  at 

:id  A'  are  <p   ami  4  ele-         n 

ments  of  tance  described 

AB  =  A' If  =  s  ;  and   t:  ,  are 


resp-  r  and  r*.  W<eobtain,  then, 

T  =  \/2S/<p,     T'   =    1  72  J/4  9   --    T/2> 

rk-mrnt  A'B1  is  accordin 
elled    through    in    one  half    t!  Fi«.  109. 

The   final  velocities  p  and 
re  found 

v'  =  4  ^>(r/2)  =  2  r.     Sii;  :«>r<.  the  initial  velo- 

/>"  are  to  one  another  as  ;  the 

accelerations  are  aga  u  tin •« •:-  II   suc- 

ceeding  the   first  wi.  half   th< 

Bsponding  one  in  1      ( ••  ::•  T.I; .••:-.\^,  we 
get:  For  equal  excur  ie  of  oscillat 

ely  proportional  to  the  square  root  of  the  accelera- 
tions. 

9.  The  considerations  last  presented  may  be  put  in 

.    ohvious   form    : 

method  of  co  ployed  by  Newton.    New- 

on  calls  th"  If  that  have  geo- 

metrically similar  configurations  and  whose  homolo- 
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The  princi-  gous  masses  bear  to  one  another  the  same  ratio.      He 

pleofsimil-  .      .   .       .   .      ,  •       -i 

itude.  says  further  that  systems  of  this  kind  execute  similar 
movements  when  the  homologous  points  describe  simi- 
'  lar  paths  in  proportional  times.  Conformably  to  the 
geometrical  terminology  of  the  present  day  we  should 
not  be  permitted  to  call  mechanical  structures  of  this 
kind  (of  five  dimensions)  similar  unless  their  homolo- 
gous linear  dimensions  as  well  as  the  times  and  the 
masses  bore  to  one  another  the  same  ratio.  The  struc- 
tures might  more  appropriately  be  termed  affined  to 
one  another. 

We  shall  retain,  however,  the  name  phoronomically 
similar  structures,  and  in  the  consideration  that  is  to 
follow  leave  entirely  out  of  account  the  masses. 

In  two  such  similar  motions,  then,  let 

the  homologous  paths  be  s  and  as, 

the  homologous  times  be  /  and  /?/;  whence 

the  homologous  velo- 

s        ,  oi  s 

cities  are   v  =  --  and  yv  =  n  y> 

the  homologous  accel- 

2s       ,  a   2s 

erations   ^~/2  a      e(P  =  #2"  72 ' 

Thededuc-        Now  all  oscillations  which  a  body  performs  under 
laws  of  os6-   the  conditions  above  set  forth  with  any  two  different 
thisamethod  amplitudes  i  and  <x,  will  be  readily  recognised  as  sim- 
ilar motions.    Noting  that  the  ratio  of  the  homologous 
accelerations  in  this  case  is  f  =  a,  we  have  a  =  <x//32. 
Wherefore  the  ratio  of  the  homologous  times,  that  is 
to  say  of  the  times  of  oscillation,  is  ft  =  =fc  i.      We  ob- 
tain thus  the  law,  that  the  period  of  oscillation  is  inde- 
pendent of  the  amplitude. 

If  in  two  oscillatory  motions  we  put  for  the  ratio 
between  the  amplitudes  i  :  a,  and  for  the  ratio  between 
the  accelerations  i  :  CXJA,  we  shall  obtain  for  this  case 
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f=  nr;<=  a  '  '  fi-  ,  and  therefore  ft  =  i  '±  \/  f*\  where- 
with the  second  law  of  oscillating  motion  is  obtained. 

Two  uniform  circular  motions  are  always  phoronom- 
ically  similar.  Let  the  ratio  of  their  radii  be  i  :  a  and 
the  ratio  of  their  velocities  i  :  y.  The  ratio  of  their 
accelerations  is  then  f  =  a  /ft2,  and  since  y=<v/ft, 
also  f=  y2/a  ;  whence  the  theorems  relative  to  cen- 
tripetal acceleration  are  obtai: 

It  is  a  pity  that  in\  >ns  of  this  kind  respect- 

ing mechanical  and  phoronomical  affinity  are  not  more 
extensively  cultivated,   since  they  promi-  lost 

beautiful   and  most  elucidative  extensions  of 
imag 

10.   Between  uniform  motion  in  a  circle  and  oscil-  Thecon- 

....  .  nection  be- 

latory  motion  of  the  kind  ju  >ed  an  important  tweenoscii- 

relation  hich  we  shall  now  consider.     We  as-  tionof  this 

!  and 

ii  of  rectangular  co- 
ordinate- t  the 

centre,  Oy  of  the  circle  of  1 
about  th«  nee  of  v 

onceive  a  body  to  move  uni- 
•  tal  acc( 

tion,  we  resolve  in   tlie  <1 

ind  ohs,  •  the 

motion  are  affected  only  by  the  -V-components  of  the 
accel-  1    1'oth   tht-    motions   and 

ndent  of  each  ot 
Now.  tin-  two  r.uiipi.M.-Mts  of  the  motion  are  os-Theiden- 


fro  about  O.     To  the  excur-  iwo° 
sion  x  the  acceleration-component  </>(x/r)  or  (q>/r)x 
in  the  direction  O,  corresponds.     The  acceler 

rfore,  to  the  excursion.    And  acconl 
ingly  the  motion  is  ot  1  just  investigate 
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time  T  of  a  complete  to  and  fro  movement  is  also  the 
periodic  time  of  the  circular  motion.  With  respect  to 
the  latter,  however,  we  know  that  q>=  \r  7T2  /  'T2  ,  or, 
what  is  the  same,  that  T=  znVr/cp.  Now  cp/r  is 
the  acceleration  for  x  =  i,  the  acceleration  that  corre- 
sponds to  unit  of  excursion,  which  we  shall  briefly 
designate  by  /.  For  the  oscillatory  motion  we  may 
put,  therefore,  T=  Zrti/i/f.  For  a  single  movement 
to,  or  a  single  movement  fro,  —  the  common  method  of 
reckoning  the  time  of  oscillation,  —  we  get,  then,  T= 
xVi/f. 

TheappH-  n.  Now  this  result  is  directly  applicable  to  pen- 
dulum  vibrations  of  very  small  excursions,  where,  ne- 
glecting  the  curvature  of  the  path,  it  is  possible  to  ad- 


3ns'  here  to  the  conception  developed.  For  the  angle  of 
elongation  a  we  obtain  as  the  distance  of  the  pendulum 
bob  from  the  position  of  equilibrium,  la  ;  and  as  the 
corresponding  acceleration,  got;  whence 


. 

la        I  \  g 

This  formula  tells  us,  that  the  time  of  vibration  is 
directly  proportional  to  the  square  root  of  the  length 
of  the  pendulum,  and  inversely  proportional  to  the 
square  root  of  the  acceleration  of  gravity.  A  pendulum 
that  is  four  times  as  long  as  the  seconds  pendulum, 
therefore,  will  perform  its  oscillation  in  two  seconds. 
A  second^  pendulum  removed  a  distance  equal  to  the 
earth's  radius  from  the  surface  of  the  earth,  and  sub- 
jected therefore  to  the  acceleration  g/^,  will  likewise 
perform  its  oscillation  in  two  seconds. 

12.  The  dependence  of  the  time  of  oscillation  on 
the  length  of  the  pendulum  is  very  easily  verifiable  by 
experiment.  If  (Fig.  in)  the  pendulums  a,  b,  c, 
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which  to  maintain   the  plane  of  oscillation  invariable  Experimen- 
are  suspended  by  double  threads,  have  the  lengths  i,  dooofth* 

...  ...  .,     laws  of  the 

4,  9,  then  <7  will  execute   two  oscillations  to  one  oscil-  pendulum. 
lation  of  b,  and  three  to  one  of  r. 


in 

of  the  dependence  of  the  time  of 
ilation  on   the  a<  n  of  gravity  g  is  some- 

it  more  difficult  ;  since  the  latter  cannot  be  ; 
trarily  altered.     Hut  the  demonstration  can  be  effected 
!>y  allowing  one  con  only  of  g  to  act  on  the 

pendulum.      It  we  imagine  the  axis  of  oscillation  of 
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tion  of  the 

laws  of  the 

pendulum. 


Experimen- the  pendulum  A  A  fixed  in  the  vertically  placed  plane 
of  the  paper,  EE  will  be  the  intersection  of  the  plane 
/4L    £•  '       of  oscillation  with  the  plane  of  the  paper 
and  likewise  the   position   of   equilibrium 
of  the   pendulum.      The  axis  makes  with 
the  horizontal  plane,  and  the  plane  of  os- 
cillation makes  with  the  vertical  plane,  the 
angle  ft;  wherefore  the  acceleration  £\  cos  ft 
Fig.  112.       is  the  acceleration  which  acts  in  this  plane. 
If  the  pendulum  receive  in  the  plane  of  its  oscillation 
the  small  elongation  a,  the  corresponding  acceleration 


will  be 
T=  n 


Fig.  113. 

cos  ytf)  a  ;  whence  the  time  of  oscillation  is 
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We  see  from  this  result,  that  as  ft  is  increased  the 
acceleration  g  cos  ft  diminishes,  and  consequently  the 
time  of  oscillation  increases.  The  experiment  may  be 
easily  made  with  the  apparatus  represented  in  Fig.  1 13. 
The  frame  J?R  is  free  to  turn  about  a  hini:e  at  (':  it  can 
be  inclined  and  placed  on  its  side.  The  an^le  of  in- 
clination is  fixi-d  by  a  graduated  arc  (/  held  by  a  set- 
screw.  Every  increase  of  ft  increases  the  time  of  osc  il- 
lation. If  the  plane  of  oscillation  be  made  horizontal, 
in  which  position  A'  rests  on  the  foot  /•',  the  time  of 
oscillation  becomes  infinitely  great.  The  pendulum 
in  this  case  no  longer  returns  to  any  defir  lion 

but  describes  several  complete  revolutions  in  the  same 
direction  until  its  entire  velocity  has  been  destroyed 
by  friction. 

13.    If  the  movement  of  the  pendulum  do  not  take  The  conical 
place  in  a  plane,  but  be  performed  in  space,  the  thread  ** 
of  the  pendulum  will  d<  :  face 

of  a  cone.  The  motion  of  the  conical 
dulum  was  also  investigated  by  Huygens. 
hall  examine  a  simple  case  of  this 
motion.    We  imagine  (Fig.  114)  a  pen- 
dulum <>f  length/  rem< 
tical  by  the  an^lerr,  a  vd.x  ity  .-•  imparted 
to  the   bob  of  tl  right 

angles  t«  ie  of  elongation,  and  t  ilum  re- 

leas*  bob  of  the  pendulum  will  mo  hori- 

zontal circle  if  the  centrifugal  acc<  <p  developed 

exactly-  >n  of  gravity^;   that 

is,  it  :ltant  accelerate  '-ction  of 

the  pendulum  thread.      But  in  that  case  <p/g=  ta 
If  /  i  to  des<  rcvolu- 

perio<!  -^rn^/T^  or   7*  = 

i  n  \/r/(p.     Introducing,  now.  in  th.    pi. ice  of  r/<y;  the 
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value  /  sin  a/g  tan  a  =  I  cos  a/g,  we  get  for  the  periodic 
time  of  the  pendulum,  T=  2  TT  VI  cos  a/g.  For  the  ve- 
locity v  of  the  revolution  we  find  v  =  Vrcp,  and  since 
cp  =  £-tan  #  it  follows  that  v  =  V  gl  sin  a  tan  or.  For 
very  small  elongations  of  the  conical  pendulum  we  may 
put  T  =  2  7f  1/7/g,  which  coincides  with  the  regular 
formula  for  the  pendulum,  when  we  reflect  that  a  single 
revolution  of  the  conical  pendulum  corresponds  to  two 
vibrations  of  the  common  pendulum. 

The  deter-  14.  Huygens  was  the  first  to  undertake  the  exact 
the  accei-  determination  of  the  acceleration  of  gravity  g  by  means 
gravity  by  of  pendulum  observations.  From  the  formula  T= 


n  V  l/g  for  a  simple  pendulum  with  small  bob  we  ob- 
tain directly  g  =  n2  l/T2.  For  latitude  45°  we  obtain 
as  the  value  of  g,  in  metres  and  seconds,  9  .  806.  For 
provisional  mental  calculations  it  is  sufficient  to  re- 
member that  the  acceleration  of  gravity  amounts  in 
round  numbers  to  10  metres  a  second. 
A  remark  15.  Every  thinking  beginner  puts  to  himself  the 

on  the  form-  ...  ...  .,  .  .  •,,. 

uia  express-  question  how  it  is  that  the  duration  of  an  oscillation, 
w*  that  is  a  time,  can  be  found  by  dividing  a  number  that 
is  the  measure  of  a  length  by  a  number  that  is  the 
measure  of  an  acceleration  and  extracting  the  square 
root  of  the  quotient.  But  the  fact  is  here  to  be  borne  in 
mind  that  g  =  2  s/t2  ,  that  is  a  length  divided  by  the 
square  of  a  time.  In  reality  therefore  the  formula  we 
have  is  T=  n  |/(//2^)/2.  And  since  //2s  is  the  ratio 
of  two  lengths,  and  therefore  a  number,  what  we  have 
under  the  radical  sign  is  consequently  the  square  of  a 
time.  It  stands  to  reason  that  we  shall  find  T'in  sec- 
onds only  when,  in  determining  g,  we  also  take  the  sec- 
ond as  unit  of  time. 

In  the  formula  g=  n2  l/T2  we  see  directly  that  g  is 
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a  length  divided  by  the  square  of  a  time,  according  to 
the  nature  of  an  acceleration. 

16.  The  most  important  achievement  of  Huygens  Th«  prob- 

.  .  lem  of  the 

is  his  solution  of  the  problem  to  determine  the  centre  centre  of 

,  .,,  oscillation. 

of  oscillation.    So  long  as  we  have  to  deal  with  the 
namics  of  a  ti  I       <  ialilean  principles  amply 

suffice.    But  in  the  problem  just  mentioned  \ve  liav 
determine  the  motion  of  .w,-v/<//  bodies  that   mutually 
influence  each  oth   r.      This  cannot  be  done  without 
:ting  to  a  itfK'  princ:  -  ich  a  o:  ens 

<  >vered. 

\\  •    know  that  long  pendulums  perform  their  oscil-  statement 
lations  more  slowly  than  short  on<  t  us  imagine  a  ten. 

v  body,  free  to  rotate  about  a- 

. 

a  body  will  represent  a  comp 

le  of  a  pendulum  of 

kind  would,  if  it  alone  at 

same  distant 
riod  of  (  :i.     But  owing  to  the  con;  :T5. 

•  >dy  can 
a  single,  del.  turn.      I: 

<-veral  pi-nduliims  of  unequal  Icn. 

ones 
slou  >o  as  to  f 

! uluin,  it  is  to  be  presumed  that  the  longer  ones 
will  be  a  :es  retarded,  and  that 

..ition  will   result.       I 

mu  lulum,  inti •• 

in    length    b-  the  longest,   that 

ie  of  oscillation  as  the  corn  i  ><)ii  n<  1  pin 
•  lulum.      If  we  lay  off  the  length  of  t1  ilum  «.n 

•idulum.  we  sh;ii: 

>d  of  oscillation  in  its  co; 


f 
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with  the  other  points  as  it  would  have  if  detached  and 
left  to  itself.  This  point  is  the  centre  of  oscillation. 
MERSENNE  was  the  first  to  propound  the  problem  of 
determining  the  centre  of  oscillation.  The  solution  of 
DESCARTES,  who  attempted  it,  was,  however,  precipi- 
tate and  insufficient. 

Huygens-s  17.  Huygens  was  the  first  who  gave  a  general  solu- 
tion. Besides  Huygens  nearly  all  the  great  inquirers 
of  that  time  employed  themselves  on  the  problem,  and 
we  may  say  that  the  most  important  principles  of  mod- 
ern mechanics  were  developed  in  connection  with  it. 

The  new  idea  from  which  Huygens  set  out,  and 
which  is  more  important  by  far  than  the  whole  prob- 
lem, is  this.  In  whatsoever  manner  the  material  par- 
ticles of  a  pendulum  may  by  mutual  interaction  modify 
each  other's  motions,  in  every  case  the  velocities  ac- 
quired in  the  descent  of  the  pendulum  can  be  such  only 
that  by  virtue  of  them  the  centre  of  gravity  of  the  par- 
ticles, whether  still  in  connection  or  with  their  connec- 
tions dissolved,  is  able  to  rise  just  as  high  as  the  point 
The  new  from  which  it  fell.  Huygens  found  himself  compelled, 
wh?<£pHuy-  by  the  doubts  of  his  contemporaries  as  to  the  correct- 
ducedntr>~  ness  of  this  principle,  to  remark,  that  the  only  assump- 
tion implied  in  the  principle  is,  that  heavy  bodies  of 
themselves  do  not  move  upwards.  If  it  were  possible 
for  the  centre  of  gravity  of  a  connected  system  of  falling 
material  particles  to  rise  higher  after  the  dissolution 
of  its  connections  than  the  point  from  which  it  had 
fallen,  then  by  repeating  the  process  heavy  bodies 
could,  by  virtue  of  their  own  weights,  be  made  to  rise 
to  any  height  we  wished.  If  after  the  dissolution  of 
the  connections  the  centre  of  gravity  should  rise  to  a 
height  less  than  that  from  which  it  had  fallen,  we 
should  only  have  to  reverse  the  motion  to  produce  the 
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same  result.  What  Huygens  asserted,  therefore,  no 
one  had  ever  really  doubted  ;  on  the  contrary,  every 
one  had  instinctively  perceived  it.  Huygens.  iiowevt  T. 
gave  this  instinctive  perception  an  abstract,  conceptual 
form.  He  does  not  omit,  \\  .to  point  out,  on  the 

ground  of  th  ihe  fruitlessness  of  e  s  to 

establish  a  perpetual  motion.  The  principle  \\\<\  devel- 
oped will  be  recognised  as  a  generalisation  of  one  of  Ga- 
liUJs  idtas. 

18.   Let  us  now  see  what  the  principle  accomplishes 
in  the  determination  of  tin   centre  of  oscillation.      Let*pp'»ed. 
OA  (Fig.  1  16),  for  simplicity's  sake, 
be  a  linear  pendulum,  made  up  of  a 
large  number  of  mass< 
the  diagram  by  p  ree  at 

OA,  it  will  swinu  through  B\Q  OA', 

re  AB  =  BA'       It-    .  «  utre    of 

ty  A  will   ascend  just  as 
on  the  second  side  as  it  fell  on  t 

tins,  so  f.ir,  nothing  would  follow. 
also,  if 

Dividual  masses  from  their  con;  .  tin- 

masses  could.  !>-.  t  the  velocit:  --ssed  on 

r  connections,  only  at 

with  respect  to  centre  of  gravity.  If  we  arrest  the  free 
outv  ._j  masses  at  the  grea  they 

severally  attain,  pendulums  will  be  found 

A  the  line  OA',  the  longer  ones  will   i  ssed 

beyond  it,  but  tl  :  the  system  will 

be  found  on  OA'  in  its  former  position. 

Nov.  note   that   the  enforced  velocities  are 

proportional  t<»  tin   «!  lore, 

.  ne  being  given,  all  are  determined,  and   the  height  of 

:it   of   the  centre  of   gravity   given.      Conversely, 


But 
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therefore,  the  velocity  of  any  material  particle  also  is 
determined  by  the  known  height  of  the  centre  of  grav- 
ity. But  if  we  know  in  a  pendulum  the  velocity  cor- 
responding to  a  given  distance  of  descent,  we  know  its 
whole  motion. 
Thede-  iq.  Premising  these  remarks,  we  proceed  to  the 

tailed  reso-  ~          .  ° 

lution  of  the  problem  itself.  On  a  compound  linear  pendulum  (Fig. 
117)  we  cut  off,  measuring  from  the  axis,  the 
portion  =  i.  If  the  pendulum  move  from  its 
position  of  greatest  excursion  to  the  position 
of  equilibrium,  the  point  at  the  distance  —  i 
from  the  axis  will  fall  through  the  height  k. 
The  masses  m,  m',  m"  ...  at  the  distances 
r,  r',  r"  .  .  .  will  fall  in  this  case  the  dis- 
tances rk,  r' k,  r" k .  .  .,  and  the  distance  of 
the  descent  of  the  centre  of  gravity  will  be  : 

m rk  -f-  m'r'k  -f-  m"r"k  +  -.-  •          2mr 

m  -\-  m'  -f-  m"  -j-  .  .  .  .  2m 

Let  the  point  at  the  distance  i  from  the  axis  ac- 
quire, on  passing  through  the  position  of  equilibrium, 
the  velocity,  as  yet  unascertained,  v.  The  height  of 
its  ascent,  after  the  dissolution  of  its  connections,  will 
be  v2/2g.  The  corresponding  heights  of  ascent  of 
the  other  material  particles  will  then  be  (rv)2/2g, 
(r'  v}  2  /2  g,  (r"  v}  2  /2  g  .  .  .  .  The  height  of  ascent  of  the 
centre  of  gravity  of  the  liberated  masses  will  be 


m  -\-  m'  -j-  m"  -\-  .  .  .  2  g-  2  m 

By  Huygens's  fundamental  principle,  then, 


~= 
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From  this  a  relation  is  deducible  between  the  distance  of 
descent  k  and  the  velocity  ?-.  Since,  however,  all  pen- 
dulum motions  of  the  same  excursion  are  phoronomi- 
cally  similar,  the  motion  here  under  consideration  is, 
in  this  result,  completely  determined. 

To  find  the  length  of  the  simple  pendulum  that  has  The  lenRth 

of  the  sim- 

the  same  period  of  oscillation  as  the  compound   pen-  pie  is 

ronous 
dulum  Considered,  be  it  noted    that    tlu-  sanu-    relation  pendulum. 

must  obtain  between  the  distance  of  its  descent  and  its 
velocity,  as  in  the  case  of  its  unimpeded    fall.      It 
the  length  of  this  pendulum.  k\  is   the  distance  of  its 
descent,  ami  :•  \  its  velocit  fore 


Multiplying  equation  (a)  by  equation  (b)  we  obtain 

2mr* 
'"  2mr' 

ploying  t  of  phoronomic  similitude,  solution  of 

also  proceed  in  this  way.     From  (a)  we  get     !em?y  the 

ipleot 

x       , 

"     '        \  I 

nple  pendulum  of   length  i,  under  corresponding 
circumstances,  has  the  velocity 

: 

Call  me  of  oscillation  of  the  compound  pendu- 

lum 7',  that  of  the  simple  pendulum  of  length  i  /',  = 
T  I  i  ,.  we  obtain,  adhering  to  the  supposition  of 
equal  excursions, 

T        v. 

-=-=  -i;  wherefore 

r,      r 
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Huygens's          2o.   We  see  without   difficulty  in   the   Huyerenian 

principle 

identical     principle  the  recognition  of  work  as  the  condition  de- 

with  the 

principle  of  terminative  of  velocity,  or,  more  exactly,  the  condition 

•vis  viva.  .          . 

determinative  of  the  so-called  vis  viva.  By  the  vis 
viva  or  living  force  of  a  system  of  masses  m,  mt, 
m,,  .  .  .  .,  affected  with  the  velocities  v,  v,,  v,,  .  .  .  .,  we 
understand  the  sum  * 

my*       m,v2   ^m,,v,,2 

222 

The  fundamental  principle  of  Huygens  is  identical  with 
the  principle  of  vis  viva.  The  additions  of  later  in- 
quirers were  made  not  so  much  to  the  idea  as  to  the 
form  of  its  expression. 

If  we  picture  to  ourselves  generally  any  system  of 
weights/,  /,,/,,  .  .  .  .,  which  fall  connected  or  uncon- 
nected through  the  heights  h,h,,h,t.  .  .  .,  and  attain 
thereby  the  velocities  v,  v,,  v,,  .  .  .  .,  then,  by  the  Huy- 
genian  conception,  a  relation  of  equality  exists  between 
the  distance  of  descent  and  the  distance  of  ascent  of  the 
centre  of  gravity  of  the  system,  and,  consequently,  the 
equation  holds 

2         ,v'2  "2 


If  we  have  reached  the  concept  of 
Huygens  did  not  yet  possess  in  his  investigations,  we 
may  substitute  for  p/g  the  mass  m  and  thus  obtain  the 
form  ^£ph=  ^2mv2,  which  is  very  easily  generalised 
for  non-constant  forces. 

*  This  is  not  the  usual  definition  of  English  writers,  who  follow  the  older 
authorities  in  making  the  vis  viva  twice  this  quantity.—  Trans. 
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21.   With  the  aid  of  the   principle  of  living  forces  General 

...  method  of 

we  can  determine  the  duration  of  the  infinitely  small  determin- 
oscillations  of  any  pendulum  whatso-       / \  riodofpen- 

.       /  ^ ^       dulum  os- 

r.     We  let  fall  from  the  centre  of     (  \  ciiiations. 

ity  s  (Fig.  1 18)  a  perpendicular  on 
the  axis  ;  the  length  of  the  perpendic- 
ular is,  say,  a.  We  lay  off  on  this. 
measuring  from  the  axis,  the  length 
=  i.  Let  tin  distance  of  descent  of 
the  point  in  question  to  the  position  of  fig-  "8- 
equilibrium  be  k,  and  H  the  velocity  acquired.  Since 

work  done  in  the  d<  :   by  the 

motion  of  the  centre  of  ^  .-.«•  have 

work  done  in  descent  — 
nkgM       .,   ^ ////•». 

M  h«-re  \\e  call  the  total  mass  of  the  pendulum  and 
anti<  i  nference 

similar  t  ceding  case,  we  obtain  T= 

T  |       ^ 

\\  •     Bee   that  the  duration  of   infinitely  small  The  two 
oscillations  of  any  pendulum  fac-*ivef.« 

tors — by   •  ie  of   the   expression   2mr-,    \vl 

I uygens 

•  •mployed  without  an  >n.  an<l 

The  latter  expression,  which  we 
shall    br:- 

</  /'  of  the  weight  of  the  pendulum  int  :ance  of 

ty  from  the  axis.     If  :  o  values 

be  gi\<  n.  the  length  of  t  :>le  pendulum  of  tin 

same  period  of  oscillation  (the  isochronous  penduh 
nd  the  position  of  the  centre  of  oscillation  are  deter- 
mined. 


i8o 
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Huygens's          For  the  determination  of  the  lengths  of  the  pendu- 
methodsof  lums  referred  to,  Huygens,  in  the  lack  of  the  analytical 

solution. 

methods  later  discovered,  employed  a  very  ingenious 
geometrical  procedure,  which 
we  shall  illustrate  by  one  or 
two  examples.  Let  the  prob- 
lem be  to  determine  the  time 
of  oscillation  of  a  homogene- 
ous, material,  and  heavy  rec- 
tangle ABCD,  which  swings 
on  the  axis  AB  (Fig.  119). 
Dividing  the  rectangle  into 
minute  elements  of  area//, 
/,....  having  the  distances 


Fig.  119- 


r,  r,,  r,,  .  .  .  .  from  the  axis,  the  expression  for  the 
length  of  the  isochronous  simple  pendulum,  or  the  dis- 
tance of  the  centre  of  oscillation  from  the  axis,  is  given 
by  the  equation 


Let  us  erect  on  A  BCD  at  C  and  D  the  perpendiculars 
C£  =  DF=AC  =  BD  and  picture  to  ourselves  a 
homogeneous  wedge  ABCDEF.  Now  find  the  distance 
of  the  centre  of  gravity  of  this  wedge  from  the  plane 
through  AB  parallel  to  CDEF.  We  have  to  consider, 
in  so  doing,  the  tiny  columns  /r,  /  rr,furu  .  .  .  .  and 
their  distances  r,  rf,  rn  .  .  .  .  from  the  plane  referred 
to.  Thus  proceeding,  we  obtain  for  the  required  dis- 
tance of  the  centre  of  gravity  the  expression 
fr  .  r  +/  r,  .  r,  -f  /,  r,,.r,,  +  ---- 


that  is,  the  same  expression  as  before.     The  centre  of 
oscillation  of  the  rectangle  and  the  centre  of  gravity  of 
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xftx 


the  wedge  are  consequently  at  the  same  distance  from 
the  axis,  - 

Following  out  this   idea,  we  readily   perceive  the  Analogous 
correctness  of  the  following  assertions.     For  a  homo-  Sonso'f  the 

<  ous  rectangle  of  height  //  swinging  about  one*  of  methods^ 
its  sides,  the  distance  of  the  centre  of  gravity  from  the 
axis  is  //   j.  the  distance  of  the  >t  oscillation  \h. 

For  a  homogeneous  triangle  of  height  //,  tin  axis  of 
which   passes  through  tlu  parallel  to  the  b. 

of  the  centre  of  gravity  from  the  axis  is 
|^,  the  distance  of  the  centre  of  oscillation  J//.  Call- 
ing the  moments  of  inertia  of  the  rectangle  and  of  the 
triangle  Jt,  42,  and  their  res;  i/t,  J/a, 

we  L 


Consequently 


/.-J/, 


By  this  pretty  geometrical  conception  many  prob- 
-  can  be  solved  that  are  to-day  treated — more  con- 
veniently it  is  true-  by  routine  forms. 


I  JO. 

23.   We  shall  now  discuss  a  proposition  relati: 
moments  of  that  Huygens  made  use  of  in  a 

somewhat  d  :<>rm.     Let  O  (Fig.  121)  be   tin 

cent:  tvity  of    any  \^\\v\\   body.      Make  tin 
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The  reia-     origin  of  a  system  of  rectangular  coordinates,  and  sup- 

tion  of  mo- 

ments  of  in-  pose  the  moment  of  inertia  with  reference  to  the  Z-axis 

ferred  to     determined.     If  m  is  the  element  of  mass  and  r  its  dis- 

axes.  tance  from  the  Z-axis,  then  this  moment  of  inertia  is 

4  =  2mr2.     We  now  displace  the  axis  of  rotation 

parallel  to  itself  to  Or,  the  distance  a  in  the  J^-direction. 

The  distance   r  is  transformed,  by  this  displacement, 

into    the   new  distance  p,    and    the   new  moment  of 

inertia  is 

'©=  2mp*  =  2m  [O  -  a)2  H-72]  =  2m  (x*  +  y2)  - 
2a2mx  +  a22m,  or,  since  2  m  (x2  -\-y*  )  =  2mr2  -—A, 
calling  the  total  mass  M  =  2m,  and  remembering  the 
property  of  the  centre  of  gravity  2mx  =  0, 

9  =  4  +  a*M. 

From  the  moment  of  inertia  for  one  axis  through  the 
centre  of  gravity,  therefore,   that  for  any  other  axis 
parallel  to  the  first  is  easily  derivable. 
An  appii-  24.   An  additional  observation  presents  itself  here. 

cation  of 

thispropo-  The  distance  of  the  centre  of  oscillation  is  given  by 
the  equation  l=A-\-  a*M/aAft  where  A,  M,  and  a 
have  their  previous  significance.  The  quantities  A  and 
M  are  invariable  for  any  one  given  body.  So  long 
therefore  as  a  retains  the  same  value,  /  will  also  remain 
invariable.  For  ail  parallel  axes  situated  at  the  same 
distance  from  the  centre  of  gravity,  the  same  body  as 
pendulum  has  the  same  period  of  oscillation.  If  we 
put  A/M—  H,  then 


Now  since  /  denotes  the  distance  of  the  centre  of 
oscillation,  and  a  the  distance  of  the  centre  of  gravity 
from  the  axis,  therefore  the  centre  of  oscillation  is 
always  farther  away  from  the  axis  than  the  centre  of 
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gravity  by  the  distance  H/a.  Therefore  H/a  is  the  dis- 
tance of  the  centre  of  oscillation  from  the  centre  of 
gravity.  If  through  the  centre  of  oscillation  we  place 
a  second  axis  parallel  to  the  original  axis,  a  passes 
thereby  into  x/a,  and  we  obtain  the  new  pendulum 
length 

I'  =  *  +   *  =a+   *  =/. 
*  n     «/  a 

a 

The  time  of  oscillation  remains  the  same  therefore 
for  the  second  parallel  axis  through  the  centre  of  oscil- 
lation, and  consequently  the  same  also  for  every  ; 
allel  axis   that  is  at  the  same  distance   H/a  from  the 
centre  of  gravity  as  t:  re  of  oscillation. 

The  of  all   parallel  axes  corresponding  to 

the  same  period  of  oscillation  and  having  the  distances  a 
and  H/a  from  the  centre  of  gi  consequently  re- 

.  two  coaxial  cylinders.      Each  generating  Inn- 
is  interchangeable  as  axis  with  every  other  genera: 
'.ithout  affect  »d  of  oscillation. 

25.   To  obtain  a  clear  view  of  the  relations  sul 
ing  between  the  two  a  nders,  as  1  briefly67 

call  then.  th<   following  considerations. 

\Ve  put  J  -  d  then 

se«k   the  a  that  corresponds  to  a  given  /,  and 
therefore  to  a  given  time  of  oscillation,  we  obtain 

'  X 

Generally  therefore  to  one  value  of  /  there  correspond 

values  of  a.     Only  where  I         :     -£*  =  0,  th. 
in  cases  in  which  /.—  2*,  do  both  values   coincide  in 
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If  we  designate  the  two  values  of  a  that  correspond 
to  every  /,  by  a  and  ft,  then 

£2  _j_   at          £2 


1= 


3* 
—,  or 


-f 


-f   tf2)  = 


&2  =  a.  ft. 
The  deter-   If,  therefore,  in  any  pendulous  body  we  know  two  par- 

mination  of  .,.,,. 

the  preced-  allel  axes  that  have  the  same  time  of  oscillation  and 
by  a  geo-     different  distances  a  and  ft  from  the  centre  of  gravity, 

metrical 

method.  as  is  the  case  for  instance  where  we  are  able  to  give  the 
centre  of  oscillation  for  any  point  of  suspension,  we 
can  construct  k.  We  lay  off  (Fig.  122)  a  and  ft  con- 


secutively on  a  straight  line,  describe  a  semicircle  on 
a  -f-  ft  as  diameter,  and  erect  a  perpendicular  at  the 
point  of  junction  of  the  two  divisions  a  and  ft.  On  this 
perpendicular  the  semicircle  cuts  off  k.  If  on  the  other 
hand  we  know  /&,  then  for  every  value  of  a,  say  A,  a 
value  fj.  is  obtainable  that  will  give  the  same  period 
of  oscillation  as  A.  We  construct  (Fig.  123)  with  A 
and  k  as  sides  a  right  angle,  join  their  extremities  by  a 
straight  line  on  which  we  erect  at  the  extremity  of  k  a 
perpendicular  which  cuts  off  on  A  produced  the  por- 
tion JA. 

Now  let  us  imagine  any  body  whatsoever  (Fig.  124) 
with  the  centre  of  gravity  O.   We  place  it  in  the  plane 
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of  the  drawing,  and   make  it  swing  about  all  possible  An  illustra- 
tion of  this 
parallel  axes  at  right  angles  to  the  plane  of  the  paper,  idea. 

All  the  axes  that  pass  through  the  circle  a  are,  wo 
find,  with  respect  to  period  of  oscillation,  interchange- 
able with  each  other  and  also  with  those  that  pass 
through  the  circle  /1.  If  instead  of  a  we  take  a  smaller 
circle  A,  then  in  the  place  of  (i  we  shall  get  a  larger 


rircle  //.      Continuing  in   this  mar  <  les  ul- 

timately meet  in  one  with  tin-  radius*. 

26.  We  have  dv.  h  length  on  the  foregoing 

<>r  good  reasons.    In  •  ;>l.i<  «  .  they  have 

I  our  purpose  of  displaying  in  a  clear  light  : 

.its  of  the  investigations  of  Huygens.    For 
.!!   tl  virtually  contained,  though 

in  somewhat  form,  in  the  writings  of  H 
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or  is  at  least  so  approximately  presented  in  them  that 
it  can  be  supplied  without  the  slightest  difficulty.  Only 
a  very  small  portion  of  it  has  found  its  way  into  our 
modern  elementary  text-books.  One  of  the  proposi- 
tions that  has  thus  been  incorporated  in  our  elemen- 
tary treatises  is  that  referring  to  the  convertibility  of 
the  point  of  suspension  and  the  centre  of  oscillation. 
The  usual  presentation,  however,  is  not  exhaustive. 
Captain  KATER,  as  we  know,  employed  this  principle 
for  determining  the  exact  length  of  the  seconds  pen- 
dulum. 
Function  of  The  points  raised  in  the  preceding  paragraphs  have 

the  moment     ,  •       .'   >  i     •  1-1 

of  inertia,  also  rendered  us  the  service  ot  supplying  enlighten- 
ment as  to  the  nature  of  the  conception  "moment  of 
inertia."  This  notion  affords  us  no  insight,  in  point 
of  principle,  that  we  could  not  have  obtained  without 
it.  But  since  we  save  by  its  aid  the  individual  con- 
sideration of  the  particles  that  make  up  a  system,  or 
dispose  of  them  once  for  all,  we  arrive  by  a  shorter 
and  easier  way  at  our  goal.  This  idea,  therefore,  has 
a  high  import  in  the  economy  of  mechanics.  Poinsot, 
after  Euler  and  Segner  had  attempted  a  similar  object 
with  less  success,  further  developed  the  ideas  that  be- 
long to  this  subject,  and  by  his  ellipsoid  of  inertia  and 
central  ellipsoid  introduced  further  simplifications. 
The  lesser  27.  The  investigations  of  Huygens  concerning  the 
t?JnsStofa  geometrical  and  mechanical  properties  of  cycloids  are 
of  less  importance.  The  cycloidal  pendulum,  a  contriv- 
ance in  which  Huygens  realised,  not  an  approximate, 
but  an  exact  independence  of  the  time  and  amplitude 
of  oscillation,  has  been  dropt  from  the  practice  of  mod- 
ern horology  as  unnecessary.  We  shall  not,  therefore, 
enter  into  these  investigations  her.e,  however  much  of 
the  geometrically  beautiful  they  may  present. 
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Great  as  the  merits  of  Huygens  are  with  respect  to 
the  most  different  physical  theories,  the  art  of  horology,  achTeve-8 
practical  dioptrics,  and  mechanics  in  particular,  his 
chief  performance,  the  one  that  demanded  the  greatest 
intellectual  courage,  and  that  was  also  accompanied 
with  ins  his  enunciation  of  the 

principle  by  which  he  solved  the  problem  of  the  centre 
of  oscillation.      This  very  principle,  li  was  the 

only  one  he  enunciated  that  was  not  a  >iv 

ciated   by  his  contempor.  13   it  for  a  long 

•.tier.  We  hope  to  have  placed  this  prin- 
ciple here  in  its  right  lig!  :itical  with  the  prin- 
ciple of  i  (See  Ap  .  XIII  .  p.  530.) 


i.   The 


in 


ct  to  our  sub- 
ject  « 

mechanical    physics   l>\  <  overy  of   ///. 

mpltttdtk 

pie  has 
II  that  -i  accomp 

e,  formal,  and   matl 
;velop:  cs  on  tlie  basis  of  Newton's 

2.   Let  >  achieve- 

lent   in   the  domain  of  ///v •/,-».      Kepler  had  de<  o"ry. 

>m   :  10  Brahe  and  his  o\\ 

lie   plan< 

•  ,1 

itelli^ible.       Ti 

.   in 
one  :  which  tl.  i.ited. 


1 88  THE  SCIENCE  OF  MECHANICS. 

Kepler's  2)  The  radius  vector  joining  each  planet  with  the 

Jaws.  Their  .  . 

part  in  the  sun  describes  equal  areas  in  equal  times. 

3)  The  cubes  of  the  mean  distances  of  the  planets 
from  the  sun  are  proportional  to  the  squares  of 
their  times  of  revolution. 

He  who  clearly  understands  the  doctrine  of  Galileo 
and  Huygens,  must  see  that  a  curvilinear  motion  im- 
plies deflective  acceleration.  Hence,  to  explain  the  phe- 
nomena- of  planetary  motion,  an  acceleration  must  be 
supposed  constantly  directed  towards  the  concave  side 
of  the  planetary  orbits. 
Central  ac-  Now  Kepler's  second  law,  the  law  of  areas,  is  ex- 

celeration  .  ... 

explains      plained  at  once  by  the  assumption  ot  a  constant  plane- 
Kepler's  *. 
second  law.  tary  acceleration  towards  the  sun  ;  or  rather,  this  ac- 
celeration is  another  form  of  expression  for  the  same 
fact.    If  a  radius  vector  describes 
in  an  element  of  time  the   area 
ABS  (Fig.  125),  then  in  the  next 
equal  element  of  time,  assuming 
no    acceleration,   the    area   BCS 
will  be  described,  where  BC  = 
AB  and  lies  in  the  prolongation 
Fig-  "s-                of  AB.    But  if  the  central  accel- 
eration during  the  first  element   of  time  produces   a 
velocity  by  virtue  of  which  the  distance  BD  will  be 
traversed   in  the   same  interval,   the  next-succeeding 
area  swept  out  is  not  BCS,  but  BES,  where  CE  is  par- 
allel and  equal  to  BD.     But  it  is  evident  that  BES  = 
BCS  =  ABS.    Consequently,  the  law  of  the  areas  con- 
stitutes, in  another  aspect,  a  central  acceleration. 

Having  thus  ascertained  the  fact  of  a  central  accel- 
eration, the  third  law  leads  us  to  the  discovery  of  its 
character.  Since  the  planets  move  in  ellipses  slightly 
different  from  circles,  we  may  assume,  for  the  sake  of 


\ 
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simplicity,  that  their  orbits  actually  are  circles.    If  R ^,  The  formal 

A',.  R    are  the  radii  and    /'      /'., .    /'     the  respective  of  this  ac- 
celeration 
times  of  revolution  of  the  planets,  Kepler's  third  lawdeducibie 

from  Kep- 

may  be  written  as  follows  :  third 

law. 

A\*       R  »       R* 

y  -     =_^  =  _]L-  =  ..=  a  constant. 

But  we  know  that  the  expression  for  the  central  accel- 
eration of  motion  in  a  circle  is  <p=  4  .#  TT  3/ 7"-,   or 
4  T-  /\   (p.     Substituting  this  value  we  ^ 
!\\  -  •=.  (p2  R^  =  q>9  RI*  =  constant  ;  or 

<p  =  constant  /R*  ; 

that  is  to  say,  on  the  assumption  of  a  central  accelera- 
tion inversely  proportional  :  iie  distance, 
we  get,  from  the  known  laws  of  n-ntral  n 

•iiird  law 

Moreovt-r,  though   the  ily 

put  in  an  dc:  .  whrn   tlu:  idea  of  a  c  <ntt.il 

accfl*  onal  to  the  square  of  the 

:ice  has  I  »n  that  this 

acceleration   is  anotl  \  the  motion    in 

conic  sections,  of  which  the  planetary  motion  in  ellipses 
is  a  i  iir  of  n  ;cal 

anah 

3     But  in  addition  to  the  intfllfitnal  performance  The  quet- 
the  way  to  which  was  fui:  «-d  by  phytic.i  * 

^till   another   achieve- ihi««ccei- 

er«i 

men t  -on  remains  to  b«  i   in   no 

ct  should  l)e  tin-:-  -  nt 

of    tl  ':.      \\'.-  !.  no    h« 

that  th:  '    of    all. 

acceleration   that  conditions  the 
curvilinear  motic-  about   the  sun. 

satellites  about  the  plan 
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The  steps  Newton  perceived,  with  great  audacity  of  thought, 

kiaiiyied     and  first  in  the  instance  of   the  moon,  that   this  accel- 
the  idea  of  eration  differed  in  no  substantial  respect   from  the  ac- 

universal  ....  T  , 

gravitation,  celeration  of  gravity  so  familiar  to  us.  It  was  prob- 
ably the  principle  of  continuity,  which  accomplished 
so  much  in  Galileo's  case,  that  led  him  to  his  dis- 
covery. He  was  wont — and  this  habit  appears  to  be 
common  to  all  truly  great  investigators — to  adhere  as 
closely  as  possible,  even  in  cases  presenting  altered 
conditions,  to  a  conception  once  formed,  to  preserve 
the  same  uniformity  in  his  conceptions  that  nature 
teaches  us  to  see  in  her  processes.  That  which  is  a 
property  of  nature  at  any  one  time  and  in  any  one 
place,  constantly  and  everywhere  recurs,  though  it 
may  not  be  with  the  same  prominence.  If  the  attrac- 
tion of  gravity  is  observed  to  prevail,  not  only  on  the 
surface  of  the  earth,  but  also  on  high  mountains  and  in 
deep  mines,  the  physical  inquirer,  "accustomed  to  con- 
tinuity in  his  beliefs,  conceives  this  attraction  as  also 
operative  at  greater  heights  and  depths  than  those  ac- 
cessible to  us.  He  asks  himself,  Where  lies  the  limit 
of  this  action  of  terrestrial  gravity  ?  Should  its  action 
not  extend  to  the  moon  ?  With  this  question  the  great 
flight  of  fancy  was  taken,  of  which,  with  Newton's  in- 
tellectual genius,  the  great  scientific  achievement  was 
but  a  necessary  consequence.  (See  p.  531.) 

The  appii-         Newton  discovered  first  in  the  case  of  the  moon  that 

cation  ot 

this  idea  to  the  same  acceleration   that   controls  the  descent  of   a 

the  motion  ,  . 

of  the  moon,  stone  also  prevented  this  heavenly  body  from  moving 
away  in  a  rectilinear  path  from  the  earth,  and  that,  on 
the  other  hand,  its  tangential  velocity  prevented  it  from 
falling  towards  the  earth.  The  motion  of  the  moon 
thus  suddenly  appeared  to  him  in  an  entirely  new  light, 
but  withal  under  quite  familiar  points  of  view.  The 
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ne\v  conception  \vas  attractive  in  that  it  embraced  ob- 
jects that  previously  wei-  :note,  and  it  was  con- 
vincing in  that  it  involved  the  most  familiar  elements. 
This  explains  its  prompt  application  in  other  fields  and 
the  sweeping  character  of  its  results. 

Newton  not  only  solved  bv  his  new  conception  the  us  mm«r 

N.d  • 

thousand   years'  puzzle  of   the  planetarx  a,  butttatoall 

also   furnished    by  it    the   key  to   :  tnation   ot    .1 

number  of   other  important  phen.  In  the  K 

that  the  acceleration  due  to  I  .1  uia\n 

tends  to  the  moon  and  to  all  <  o  do 

accelerations  that  are  due  to  the  oti 
bodies,  to  which    we  must,  by  the    principle  of  contin- 
uity, as,  same  j>:  t»>  all  j 
of  space,  including  also  the  earth.   Bu 
not  peculiar  to  the  earth,  its  seat  is  not  exch  the 

•  earth.      K\-  >n  of  the  earth.  : 

ever  '  of  the  earth 

or  determines  an   acceleration  of,  t 
Thus  an  amplitude  and  freedom  of  pi 

lously  to 


A  long  Series  of    ,  >  The  »weep 

>heres  on  other  bodi«  n»re- 

within    t!  >  as  to  the  sK 


• 
I 


illy  concerning  its  flattening  by  i 
ng,  as  it 

•i  of    whu  li  with    the 
•  •n  guess- 

sses 
of  tern-stria!  v  the  moon.      (See  p.  533.) 

reaction  of  the  new  ideas  on  n  s  was 

red.    The  w  ving 

accelerations  which  by  the  new  view  the  same  body  be- 
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the  effect    came  affected  with  according  to  its  position  in  space, 

of  the  new 

ideas  on      suggested  at  once  the  idea  of  variable  weight,  yet  also 

mechanics.         .  .      . 

pointed  to  one  characteristic  property  01  bodies  which 
was  constant.  The  notions  of  mass  and  weight  were 
thus  first  clearly  distinguished.  The  recognised  vari- 
ability of  acceleration  led  Newton  to  determine  by  spe- 
cial experiments  the  fact  that  the  acceleration  of  gravity 
is  independent  of  the  chemical  constitution  of  bodies; 
whereby  new  positions  of  vantage  were  gained  for  the 
elucidation  of  the  relation  of  mass  and  weight,  as  will 
presently  be  shown  more  in  detail.  Finally,  the  uni- 
versal applicability  of  Galileo's  idea  of  force  was  more 
palpably  impressed  on  the  mind  by  Newton's  perform- 
ances than  it  ever  had  been  before.  People  could  no 
longer  believe  that  this  idea  was  alone  applicable  to  the 
phenomenon  of  falling  bodies  and  the  processes  most 
immediately  connected  therewith.  The  generalisation 
was  effected  as  of  itself,  and  without  attracting  partic- 
ular attention. 
Newton's  5.  Let  us  now  discuss,  more  in  detail,  the  achieve- 

achieve- 

ments  in      ments  of  Newton  as  they  bear   upon  the  principles  of 

the  domain  .  J  "  f 

of  mechan-  mechanics.  In  so  doing,  we  shall  first  devote  ourselves 
exclusively  to  Newton's  ideas,  seek  to  bring  them  for- 
cibly home  to  the  reader's  mind,  and  restrict  our  criti- 
cisms wholly  to  preparatory  remarks,  reserving  the 
criticism  of  details  for  a  subsequent  section.  On  pe- 
rusing Newton's  work  (Philosophies  Naturalis  Principia 
Mathematica.  London,  1687),  the  following  things 
strike  us  at  once  as  the  chief  advances  beyond  Galileo 
and  Huygens  : 

1)  The  generalisation  of  the  idea  of  force. 

2)  The  introduction  of  the  concept  of  mass. 

3)  The  distinct  and  general  formulation  of  the  prin- 
ciple of  the  parallelogram  of  forces. 
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4     The  statement  of  the  law  of  action  and  reaction. 
6.   With  respect  to  the  first   point   little   is  to   be  Hisamtude 
added  to  what  has  already  been  said.      Newton  con- to  the  idea 

of  force. 

es    all    circumstances   determinative    of    motion, 

whether  terrestrial  gravity  or  attractions  of  planet- 
the  action  of  numstances 

determinative  of  11«-  expressly  remarks 

on  this  point  that  by  :  -.faction  ami  the  like 

he  does  not  mean  to  put  for\\ 

ing  the  cause  or  character  of  the  mutual  action  refer: 
to,  but   simp:  ress  (as  modern   \\n: 

in  a  differential  fonm  what  is  otherwise  expres 
i  that  is.  in  an  integrated  form)  in  the  description  of  the 
motion.     Ne  reiterated  and  emphat  sta- 

tions that  he  is  not  concerned  with  hypotheses  as  to 
causes  of   phenomena,  but  has  simply  to  do  with  the 

-tigation 

—a  direc  tiun   of    t  ely 

d   in   h  n  fingo,"  "  I  do 

not  frame  h\ ;  ^  a  philus,  -pin T 

of  t!.'  i  rank.    I  li  to  astound  K«-gu- 

startle,  or  to  n  ftheong 

of  his  ideas:  his  aim  is  t.>  kn  '•/*.* 

•  This  is  conspicuously  shown  in  the  rules  that  Newton  formed  for  the 
conduct  of  natural  inquiry  (the  Rtfmt+  Pkihtcfk  .  • 

"  Rule  I.     No  more  causes  of  natural  things  are  to  be  admitted  than  - 
as  truly  eiist  and  are  sufficient  to  explain  the  phenomena  of  these  things. 

:le  II.  Therefore,  to  natural  effects  of  the  same  kind  we  must,  as  far 
as  possible,  assign  the  same  cause* ;  e.  g.,  to  respiration  in  man  and  animals  ; 
to  the  descent  of  stones  in  Europe  and  in  America  ;  to  the  light  of  our  kitchen 
fire  and  of  the  sun  ;  to  the  reflection  of  light  on  the  earth  and  on  the  planets. 

"Rule  III.    Those  qualities  of  bodies  that  can  be  t  aied  nor 

diminished,  and  which  are  found  to  belong  to  all  bodies  within  the  reach  of 
our  ex{  i :  e  to  be  regarded  as  the  universal  qualities  of  all  bodies. 

follows  the  enumeration  of  the  properties  of  bodies  which  has  be< 
cor  pur. it.-. 1  in  all  text-books.] 

••  If  it  universally  appear,  by  experiments  and  astronomical  observations, 
that  all  bod:  f  the  earth  are  heavy  with  respect  to  the  • 

and  this  in  proportion  to  the  quantity  of  matter  which  they  severally  con: 
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The  New- 
tonian con- 
cept of 
mass. 


7.  With  regard  to  the  concept  of  "  mass,"  it  is  to 
be  observed  that  the  formulation  of  Newton,  which  de- 
fines mass  to  be  the  quantity  of  matter  of  a  body  as 
measured  by  the  product  of  its  volume  and  density,  is 
unfortunate.  As  we  can  only  define  density  as  the  mass 
of  unit  of  volume,  the  circle  is  manifest.  Newton  felt 
distinctly  that  in  every  body  there  was  inherent  a  prop- 
erty whereby  the  amount  of  its  motion  was  determined 
and  perceived  that  this  must  be  different  from  weight. 
He  called  it,  as  we  still  do,  mass  ;  but  he  did  not  suc- 
ceed in  correctly  stating  this  perception.  We  shall  re- 
vert later  on  to  this  point,  and  shall  stop  here  only  to 
make  the  following  preliminary  remarks. 

The  expe-          8.   Numerous  experiences,  of  which  a  sufficient  num- 
which  point  ber  stood  at  Newton's  disposal,  point  clearly  to  the  ex- 

to  the  exist-  .  .      . 

enceofsuchistence  of  a  property  distinct  from  weight,  whereby  the 

quantity  of  motion  of  the 
body  to  which  it  belongs  is 
determined.  If  (Fig.  126) 
we  tie  a  fly-wheel  to  a  rope 
and  attempt  to  lift  it  by 
means  of  a  pulley,  we  feel 
the  weight  of  the  fly-wheel. 
If  the  wheel  be  placed 


a  physical 
property 


Q 


DD 

Fig.  126. 

on  a  perfectly  cylindrical  axle  and  well  balanced,  it 
will  no  longer  assume  by  virtue  of  its  weight  any  de- 
terminate position.  Nevertheless,  we  are  sensible  of 

that  the  moon  is  heavy  with  respect  to  the  earth  in  the  proportion  of  its  mass, 
and  our  seas  with  respect  to  the  moon ;  and  all  the  planets  with  respect  to  one 
another,  and  the  comets  also  with  respect  to  the  sun  ;  we  must,  in  conformity 
with  this  rule,  declare,  that  all  bodies  are  heavy  with  respect  to  one  another. 

"Rule  IV.  In  experimental  physics  propositions  collected  by  induction 
from  phenomena  are  to  be  regarded  either  as  accurately  true  or  very  nearly 
true,  notwithstanding  any  contrary  hypotheses,  till  other  phenomena  occur,  by 
which  they  are  made  more  accurate,  or  are  rendered  subject  to  exceptions. 

"This  rule  must  be  adhered  to,  that  the  results  of  induction  may  not  be 
annulled  by  hypotheses." 
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a  powerful  resistance  the  moment  we  endeavor  to  set  MUSS  dir- 

tinct  from 

heel  in  motion  or  attempt  to  stop  it  when  in  mo- weight, 
tion.    This  is  the  phenomenon  that  led  to  the  enuncia- 
tion of  a  distinct  property  of  matter  termed  inertia,  or 
e  "  of  inertia — a  step  which,  as  we  have  already 
,  and  shall  further  e  -  low  is  unnecessary. 

Two  equal  loads  simultaneously  raised,  offt  nee 

by  their  weight.    Tied  to  the  extremities  of  a  rurd  that 
passes  over  a  pulley,  tin  Distance  to   any  mo- 

tion, or  i  change  of  veloci  pulley. 

by  t!  n.     Alai.  lit  hung  as  a  pendulum 

on  a  very  long  sti  \\  angle  of  slight 

ion   from  the  line  of  equilibrium  with  very  litt 
ort.      ]  Component  that  forces  the  pemlu 

m   into   the  position  of  equilibrium,  ill 

notwithstanding  :ence  a  COn- 

stance  if  nipt  to  move  or 

• 

balloon,  •  <-•  no  longer  to  overcome  its 

•  nee  to  motion. 
.«•  fai  t  t!' 
ifferent  geographical   latitudes  and  ii. 

:ional  accelerations  and 
ill  clearly  recogn 

holh  ;  of 

force  communicates  to  the 
St-e  p.   536.) 

:i's  demonstration  that  the  M«M  meat 
of  a  body  ma  ind«  r  certain  con-  weight. 

p pose  a 

lyt  -.veight 

that  j  or  3  such 

<-s,  oronr  A  ill  pro- 

pressure  2,  3,  $>  or  |  times  as 
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The  prere-  great.      If  we  imagine  the  acceleration  of  descent  in- 
?beSmets°-f   creased,  diminished,  or  wholly  removed,  we  shall  ex- 
masslly  °f  pect  that  the  pressure  also  will  be  increased,  dimin- 
*ht>       ished,  or  wholly  removed.    We  thus  see,  that  the  pres- 
sure attributable  to  weight  increases,  decreases,  and 
vanishes  along  with  the  "quan- 
tity of  matter "   and  the  magni- 
I  tude  of   the  acceleration  of  de- 

scent.     In  the  simplest  manner 
imaginable  we  conceive  the  pres- 
sure/ as  quantitatively  representable  by  the  product  of 
the  quantity  of  matter  m  into  the  acceleration  of  descent 
*     g — by  /  =  mg.   Suppose  now  we  have  two  bodies  that 
exert  respectively  the  weight-pressures  /,  /',  to  which' 
we  ascribe  the  "  quantities  of  matter  "  m,  m',  and  which 
are  subjected  to  the  accelerations  of  descent  g,  g'\  then 
p  =  mg  and  p'  =  m  g'.    If,  now,  we  were  able  to  prove, 
that,  independently  of  the  material  (chemical)  compo- 
sition  of  bodies,  g=g'  at  every  same  point  on  the 
earth's  surface,  we  should  obtain  m/m'  =p/p';  that  is 
to  say,  on  the  same  spot  of  the  earth's  surface,  it  would 
be  possible  to  measure  mass  by  weight. 
Newton's  Now  Newton  established  this  fact,  that  g  is  inde- 

establish-  .  ..  *   il     j  •  i 

ment  of      pendent  ot    the  chemical  composition   ot   bodies,   by 

these  pre- 
requisites, experiments  with  pendulums  of  equal  lengths  but  dif- 
ferent material,  which  exhibited  equal  times  of  oscilla- 
tion. He  carefully  allowed,  in  these  experiments,  for 
the  disturbances  due  to  the  resistance  of  the  air ;  this 
last  factor  being  eliminated  by  constructing  from  differ- 
ent materials  spherical  pendulum-bobs  of  exactly  the 
same  size,  the  weights  of  which  were  equalised  by  ap- 
propriately hollowing  the  spheres.  Accordingly,  all 
bodies  maybe  regarded  as  affected  with  the  same  g,  and 
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their  quantity  of  matter  or  mass  can,  as  Newton  pointed 
out,  be  measured  by  their  weight. 

If  we  imagine  a  rigid   partition   placed  between  an  Supple- 
assemblage  of  bodies  and  a  magnet,  the  bodies,  if  the  considera- 
magnet  i  :  tul  enough,  or  at  least  the  majority 

of  the  bodies,  will  exert  a  pressure  on  the  partition. 
But  it  would  occur  to  no  one  to  employ  this  magnetic 
pressure,  in  the  manner  we  employed  due  to 

.Jit,  as  a  measure  of  mass.      The  Btrikingl}  it-- 
able inequality  of  the  accelerations  produced  in  the 
v  the  magnet  excludes  an  lea. 

reader   will  furthermore  that   this   whole 

inent  possesses  an  additional  dubious  feature,  in 
that  the  concept  of  mass  which  up  to  this  point  : 

but    not 
assumed  by  it. 

10.   To  Newton  we  owe  the  distim  t  formulation  of  Thedoc- 
the  principle  of  the  composition  ot  [f  a  bod)  rompoti- 

:nultaneously  acted  Ol  TO  forces  (Fig.  128),  forces, 

hich  one  would  produce  the 
•i   AB  ai  :     the 

>n  AC  in  the  same 

.  the  bo  two 

s  and  tl  isprodu< 

that 
val   of  time  to  AD.     This  conceptio 

es  the  es 
tial  point  in-,  none  of  the  I 


int< 


he  composition  of  forces. 

\\V  ;>ress   the   proposition   in    a  some\ 


•  Roberval*  (1668)  achievement*  with  respect  to  the  doctrine  of  the  com- 
position of  forces  are  alto  to  be  mentioned  here.  Varignon  and  Lami  have  al- 
ready been  referred  to.  (See  the  teit,  pafe  36.) 
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Discussion  different  manner,  and  thus  bring  it  nearer  its  modern 
trine  of  the  form.      The  accelerations  that  different  forces  impart 

composi-  .  ,  t 

tion  of  to  the  same  body  are  at  the  same  time  the  measure  of 
these  forces.  But  the  paths  described  in  equal  times 
are  proportional  to  the  accelerations.  Therefore  the 
latter  also  may  serve  as  the  measure  of  the  forces.  We 
may  say  accordingly  :  If  two  forces,  which  are  propor- 
tional to  the  lines  AB  and  AC,  act  on  a  body  A  in  the 
directions  AB  and  A  C,  a  motion  will  result  that  could 
also  be  produced  by  a  third  force  acting  alone  in  the 
direction  of  the  diagonal  of  the  parallelogram  con- 
structed on  AB  and  AC  and  proportional  to  that  di- 
agonal. The  latter  force,  therefore,  may  be  substituted 
for  the  other  two.  Thus,  if  cp  and  i/y  are  the  two  ac- 
celerations set  up  in  the  directions  AB  and  AC,  then 
for  any  definite  interval  of  time  /,  AB  =  q>t2/2,  AC  = 
^/2/2.  If,  now,  we  imagine  AD  produced  in  the  same 
interval  of  time  by  a  single  force  determining  the  accel- 
eration X)  we  get 

AD  =  j/2/2,  andA£  :AC:AD  =  cp  :  $  :  j. 
As  soon  as  we  have  perceived  the  fact  that  the  forces  are 
independent  of  each  other,  the  principle  of  the  paral- 
lelogram of  forces  is  easily  reached  from  Galileo's  no- 
tion of  force.  Without  the  assumption  of  this  inde- 
pendence any  effort  to  arrive  abstractly  and  philosoph- 
ically at  the  principle,  is  in  vain. 

The  law  of  IT.  Perhaps  the  most  important  achievement  of 
reaction.  Newton  with  respect  to  the  principles  is  the  distinct 
and  general  formulation  of  the  law  of  the  equality  of 
action  and  reaction,  of  pressure  and  counter-pressure. 
Questions  respecting  the  motions  of  bodies  that  exert 
a  reciprocal  influence  on  each  other,  cannot  be  solved 
by  Galileo's  principles  alone.  A  new  principle  is  ne- 
cessary that  will  define  this  mutual  action.  Such  a 
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principle  was  that  resorted  to  by  Huygens  in  his  inves- 
tigation of  the  centre  of  oscillation.  Such  a  principle 
also  is  Newton's  law  of  action  and  reaction. 

A  body  that  presses  or  pulls  another  body  is,  ac-  Newton's 
cording  to  Newton,  pressed  or  pulled  in  exactly  the  of  the  law 
same  degree  bv  that  other  body.  Pressure  and  counter-  and  icac 

tion. 

pressure,  force  and  counter-force,  are  always  equal  to 
each  other.     As   the  measure  of  force  is  defined   by 
ton  to  be  the  quantity  of  motion  or  momentum 
»  generated  in  a  unit  of  time,  it  conse- 
quently follows  that  bodies  that  act  on  each  otl 
municate  to  each  oth  ,ils  of  time  equal 

and  opposite  quantities  of  motion  ( momenta),  or  re- 
e  contrary  velocities  reciprocally  proportional  to 
their  masses. 

v,  although  Newton's  law.  in  the  form  her  rei«- 

,  ,. 

pressed,  appears  much  mon  v  of 

and  at  first  glance  more  admissible  than  that  of  Huv  ..•.  < 

fen 

gens,  it  will  be  found  that  it  by  no  means  co: 
una:  ce  or  fewer  instinctive  elements. 

Unquestiona  incitation  that  prompted 

the  enunciation  of  tli 

>w  that  we  do  no-  -nee  any 

>m  a  body  until  we  seek  to  set  it  in  mot 
.viftly  we  en»!  hurl  a 

fron  more  our  body  is  forced  back  by  it.     Pres- 

re  go  hand  in  hand.     The  as- 
•  •quality  of  pressure  and  counter-} 

sure  :  mediate  .'.  lus- 

tration, we  imagine  a  roj>  bod- 

1  or  com; 
tb< 

:i  the  doi 
stinctive  perceptions  that  involve  >res- 
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statical  ex-  sure  and  counter-pressure.    The  trivial  experience  that 

periences  .  .    ,  , , .  .... 

which  point  one  cannot  lift  one  s  self   by  pulling  on  one's  chair  is 

to  the  exist-      ,,...  T  i.     t«  •  1-11  •*  i 

ence  of  the  of  this  character.  In  a  scholium  in  which  he  cites  the 
physicists  Wren,  Huygens,  and  Wallis  as  his  prede- 
cessors in  the  employment  of  the  principle,  Newton 
puts  forward  similar  reflections.  He  imagines  the 
earth,  the  single  parts  of  which  gravitate  towards  one 
another,  divided  by  a  plane.  If  the  pressure  of  the 
one  portion  on  the  other  were  not  equal  to  the  counter- 
pressure,  the  earth  would  be  compelled  to  move  in  the 
direction  of  the  greater  pressure.  But  the  motion  of 
a  body  can,  so  far  as  our  experience  goes,  only  be  de- 
termined by  other  bodies  external  to  it.  Moreover, 
we  might  place  the  plane  of  division  referred  to  at  any 
point  we  chose,  and  the  direction  of  the  resulting  mo- 
tion, therefore,  could  not  be  exactly  determined. 

The  con-  i2.   The  indistinctness  of  the  concept  of  mass  takes 

ceptofmass 

in  its  con-    a  very  palpable  torm  when  we  attempt  to  employ  the 

nection  .       .     ,         ,     . 

with  this  principle  of  the  equality  of  action  and  reaction  dynam- 
ically. Pressure  and  counter-pressure  may  be  equal. 
But  whence  do  we  know  that  equal  pressures  generate 
velocities  in  the  inverse  ratio  of  the  masses  ?  Newton, 
indeed,  actually  felt  the  necessity  of  an  experimental 
corroboration  of  this  principle.  He  cites  in  a  scholium, 
in  support  of  his  proposition,  Wren's  experiments  on 
impact,  and  made  independent  experiments  himself. 
He  enclosed  in  one  sealed  vessel  a  magnet  and  in  an- 
other a  piece  of  iron,  placed  both  in  a  tub  of  water, 
and  left  them  to  their  mutual  action.  The  vessels  ap- 
proached each  other,  collided,  clung  together,  and  af- 
terwards remained  at  rest.  This  result  is  proof  of  the 
equality  of  pressure  and  counter-pressure  and  of  equal 
and  opposite  momenta  (as  we  shall  learn  later  on, 
when  we  come  to  discuss  the  laws  of  impact). 
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The  reader  has  already  felt  that  the  various  enunci-  The  merits 

-   ,  11-       a°d  defects 

ations  of  Newton  with  respect  to  mass  and   the   prm- of  Newton's 
ciple  of  reaction,  hang  consistently  together,  and  that 
they  support  one  another.    The  experiences  that  lie  at 
their  foundation  are  :   the  instinctive  perception  of  the 
connection  of  pressure  and  counter-pressure  ;   the  dis- 
cernment that  bodies  offer  resistance  to  change  of 
locity   it  :itly  of  their  weight,  but   proportion- 

ately thereto  :  and  the  observation  that  bodies  of  greater 

d  pressure  smaller  velocities. 

ton's  sense  of  :,//<//  fundamental  concepts  and  prin- 
ciple :ed  in  media:  .ulmirable.   The 

of  his  enunciations,  1  we  shall  later  in- 

dicate in  detail,  leaves  much  to  be  desired.  But  we  have 
no  right  to  underrate  on  this  account  the  magnitude  of 
his  achievements  ;  for  the  difficulties  he  had  to  conquer 

of  a  formidable  kind,  and  he  shunned  them  less 
than  any  other  i;  tor. 


"I     IIU     I'KIN.  1IM.E  OF 


moment  ex- The  nri 

f  rr 


i.   \Ve  shall  now  devote  ourselves  a 

to  the  Nev.  :d  seek  to  bt . 

principle  of  reaction  more  clearly  home  to  our   mind 


'*9  'JO. 

ani  <  t  on 

ich   other,  accor 

verscly  proportional  to  their  masses,  so  that 
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General  The  appearance  of  greater  evidence  may  be  im- 

ofut°heapdn- parted  to  this  principle  by  the  following  consideration. 
acdon°  * ''  We  imagine  first  (Fig.  130)  two  absolutely  equal  bodies 
a,  also  absolutely  alike  in  chemical  constitution.  We 
set  these  bodies  opposite  each  other  and  put  them  in 
mutual  action ;  then,  on  the  supposition  that  the  in- 
fluences of  any  third  body  and  of  the  spectator  are  ex- 
cluded, the  communication  of  equal  and  contrary  velo- 
cities in  the  direction  of  the  line  joining  the  bodies  is 
the  sole  uniquely  determined  interaction. 

Now  let  us  group  together  in  A  (Fig.  131)  m  such 
bodies  a,  and  put  at  B  over  against  them  m  such 
bodies  a.  We  have  then  before  us  bodies  whose  quan- 


Fig.  131.  Fig.  132. 

tities  of  matter  or  masses  bear  to  each  other  the  pro- 
portion m  :  m'.  The  distance  between  .the  groups  we 
assume  to  be  so  great  that  we  may  neglect  the  exten- 
sion of  the  bodies.  Let  us  regard  now  the  accelera- 
tions a,  that  every  two  bodies  a  impart  to  each  other, 
as  independent  of  each  other.  Every  part  of  A,  then, 
will  receive  in  consequence  of  the  action  of  B  the  ac- 
celeration ma,  and  every  part  of  B  in  consequence  of 
the  action  of  A  the  acceleration  m  a — accelerations 
which  will  therefore  be  inversely  proportional  to  the 
masses. 

2.  Let  us  picture  to  ourselves  now  a  mass  M  (Fig. 
132)  joined  by  some  elastic  connection  with  a  mass  m, 
both  masses  made  up  of  bodies  a  equal  in  all  respects. 
Let  the  mass  m  receive  from  some  external  source  an 
acceleration  q>.  At  once  a  distortion  of  the  connection 
is  produced,  by  which  on  the  one  hand  m  is  retarded 
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and  on  the  other  J/ accelerated.     When  both  masses  The  deduc 

.  -11  ,  •  11  tion  °'  tne 

have  begun  to  move  with  the  same  acceleration,  all  notion  of 

T  t  11  "moving 

further  distortion  of  the  connection  ceases.     If  we  call  fore. 
a  the  acceleration  of  ^f  and  ft  the  diminution  of  the 
acceleration  of  m,  then  a  =  tp  —  ft,  where  agreeably 
to  what  precedes  *r  J/=  rom  this  follows 

/•  M 

„  +  /*=«+       =v,ota=Jf^-. 

If  to  enter  more  exhau  le- 

tails  of  this  last  occurre:  houKl  discover  that 

the  two  masses,  in  addition  to  their  motion  of  progres- 
sion, also  generally  perform  with  respect  to  each  «  • 
motions  of  oscillation.    If  the  connection  on  s! 
ortion   develop  a  powerful  tension,  it  will    lu-   impos- 
;ible  for  any  great  amplitude  of  vibration  to  be  reached, 
ind  we  may  entirely  neglect  the  oscillat'  >ns, 

actually  have  done.  

If  the  ion  a  =  m  q>/Af  -f-  m,   which 

nines   the  acceleration   of  the  err  •  m,  be   ex- 

tmined,  it  will  be  seen   that  the  product  m  t/t  plays  a 

art  in  its  (]<  •  ion.      Newton   tl 

•rd  this  proclui  t  of  the  mass  into  the  acceleration 
rn parted   to   it,   with    the  name  of  ig  force." 

\f-\-  m,  on  the  other  hand,  r«  .ass 

'f  th  '.  n,  accordingly,  ti. 

ration  of  any  mass  m  on  which  the 
loving  force  /  acts,  from  the  expres- 
ion  /////'.  \M3\  \m,\  \n'i, 

3     To  reach   this   result,  it  is  no:  pjjj 

11   necessary  that   the   two  connected 
:  lasses  should    I  r  in  all  their 

\\V    !  (ve,  connected  to^- 
t  iree  masses  ///,.  .  where  //.•  .'posed  to  act 
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A  condition  only  on  7«0,  and  m0  only  on  m0.      Let  the  mass  m,  re- 

whichdoes         .  J       .        2  .    1 

not  affect     ccivc  from  some  external  source  the  acceleration  cp. 


In  the  distortion  that  follows,  the 

<sult. 

masses  m3         m2          m^ 

receive  the  accelerations     -f-  d      -\-  fi      -\-  g> 

-y       -a. 

Here  all  accelerations  to  the  right  are  reckoned  as 
positive,  those  to  the  left  as  negative,  and  it  is  obvious 
that  the  distortion  ceases  to  increase 

when  d  =  ft  —  y,  d  =  cp  —  a, 
where  8m^  =  ym2,  am^  =  /3m2. 
The  resolution  of  these  equations  yields  the  com- 
mon acceleration  that  all  the  masses  receive  ;  namely, 


—  a  result  of  exactly  the  same  form  as  before.  When 
therefore  a  magnet  acts  on  a  piece  of  iron  which  is 
joined  to  a  piece  of  wood,  we  need  not  trouble  our- 
selves about  ascertaining  what  particles  of  the  wood 
are  distorted  directly  or  indirectly  (through  other  par- 
ticles of  the  wood)  by  the  motion  of  the  piece  of  iron. 
The  considerations  advanced  will,  in  some  meas- 
ure, perhaps,  have  contributed  towards  clearly  impress- 
ing on  us  the  great  importance  fof  mechanics  of  the 
Newtonian  enunciations.  They  will  also  serve,  in  a 
I  subsequent  place,  to  ren- 

der more  readily  obvious 
the  defects  of  these  enun- 
—  H     ciations. 
—  5=7  -  4.    Let  us  now  turn  to 

Fig.  134.  a  few  illustrative  physical 

examples  of  the  principle  of  reaction.     We  consider, 
say,  a  load  L  on  a  table  T.     The  table  is  pressed  by 
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the  load/itf/  so  much,  and  so  much  only,  as  it  in  return  Some  phys- 
presses  the  load,  that  is  prevents  the  same  from  falling, 
If/  is  the  weiuht.  ///  the  mass,  and  ,c  the  acceleration 
of  gravity,  then  by  Newton's  conception  /  If 

the  table  be  let  fall  vertically  downwards  with  the  ac- 
celeration of  free  descent  t;r,  all  pressure,  on  it  ceases. 
\\V  discover  thus,  that  the  pressure  on  the  table  is  de- 
termined by  the  relative  acceleration  of  the  load  with 
respect  to  the  table.  If  the  table  fall  or  rise  with  the 
acceleration  y,  the  pressure  on  ///  (^  — 

1(1   m(g  ~\~  y)'      Be   it  noted  that  no 

change  of  the  relation  is  produced  : 

«  ent  or  descent.     The  relative  at  n  is  de- 

Galileo  knew  this  relation  of  things  v«  TheThepre*- 

. .  , .      '       ,  «ure  of  the 

loctnne  of  t  ins,   that  bodies  of  greaterpamoff.u 

han  bodies  of  less  weight,  he  not  <> 
edited  by  ex  ts,  but  cornered 

•>y  logical  ents.     ll-.i\\  bodiei  tall  fastei  t; 

ight  bod 

tfl  and  aci 
(>alileo,  a  small 
to  a  larL 

Her 
ialil  because* 

I  I  I  falling 

.ould  at 

ration    r,    tin    time  of  os-  T=  n\> '  l[g~- 

\  \  if  let  fall  ould  acquire  an  in&n  of 

would  cease  to  oscil! 
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The  sensa- 
tion of  fall 
ing. 


Pogeen- 
dorff's  ap- 
paratus. 


We  ourselves,  when  we  jump  or  fall  from  an  eleva- 
tion, experience  a  peculiar  sensation,  which  must  be 
due  to  the  discontinuance  of  the  gravitational  pressure 
of  the  parts  of  our  body  on  one  another — the  blood,  and 
so  forth.  A  similar  sensation,  as  if  the  ground  were 
sinking  beneath  us,  we  should  have  on  a  smaller  planet, 
to  which  we  were  suddenly  transported.  The  sensation 
of  constant  ascent,  like  that  felt  in  an  earthquake, 
would  be  produced  on  a  larger  planet. 

5.  The  conditions  referred  to  are  very  beautifully 
illustrated  by  an  apparatus  (Fig.  i35<0  constructed 
by  Poggendorff.  A  string  loaded  at  both  extremities 


Fig.  1353.  Fig.  i35b. 

by  a  weight  P  (Fig.  1350)  is  passed  over  a  pulley  <r, 
attached  to  the  end  of  a  scale-beam.  A  weight  /  is 
laid  on  one  of  the  weights  first  mentioned  and  tied  by 
a  fine  thread  to  the  axis  of  the  pulley.  The  pulley 
now  supports  the  weight  2  P  -j-  /.  Burning  away  the 
thread  that  holds  the  over-weight,  a  uniformly  accel- 
erated motion  begins  with  the  acceleration  y,  with 
which  P  -j-  p  descends  and  Arises.  The  load  on  the 
pulley  is  thus  lessened,  as  the  turning  of  the  scales  in- 
dicates. The  descending  weight  P  is  counterbalanced 
by  the  rising  weight  P,  while  the  added  over-weight, 
instead  of  weighing/,  now  weighs  (p/g}(g —  y).  And 
since  y  =  (//2  P  -f  p)  g,  we  have  now  to  regard  the 
load  on  the  pulley,  not  as/,  but  as/(2 PliP+p).  The 
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descending  weight,  only  partially  impeded  in  its  motion 
of  descent,  exerts  only  a  partial  pressure  on  the  pulley. 

We  mav  varv  the  experiment.     We  pass  a  thread  A  variation 

.     .  of  the  last 

loaded  at  one  extremity  with   the  weight  P  over   the  experiment 
pulleys  i/,  b,  d,  of  the  apparatus  as  indicated   in   Fig. 


Flf.  I35C. 

5^.,  tie  the  unloaded  t  at  m,  and  equilibrate 

t  ie  balance.      If  wt-  pull  on  thr  Bt  ///,  this   can- 

ot  d  :ection  of  tlu 

kg  passes  exactly  tlimuu;h  its  axis.      But  the  side  a 
i mediately  faK  :ig  of  the  string  causes 

to  rise.     An  unacct  .otion  of  the  weights  would 
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The  suspen- 
sion of  mi- 
nute bodies 
in  liquids  of 
different 
specific 
gravity. 


Fig.  136. 


Do  such 
suspended 
particles  af- 
fect the 
specific 
gravities  of 
the  support- 
ing liquids? 


not  disturb  the  equilibrium.     But  we  cannot  pass  from 
rest  to  motion  without  acceleration. 

6.  A  phenomenon  that  strikes  us  at  first  glance  is, 
that  minute  bodies  of  greater  or  less  specific  gravity 
than  the  liquid  in  which  they  are  immersed,  if  suffi- 
ciently small,  remain  suspended  a  very  long  time  in  the 
liquid.  We  perceive  at  once  that 
particles  of  this  kind  have  to  over- 
come the  friction  of  the  liquid.  If  the 
cube  of  Fig.  136  be  divided  into  8 
parts  by  the  3  sections  indicated, 
and  the  parts  be  placed  in  a  row, 
their  mass  and  over-weight  will  re- 
main the  same,  but  their  cross-sec- 
tion and  superficial  area,  with  which  the  friction  goes 
hand  in  hand,  will  be  doubled. 

Now,  the  opinion  has  at  times  been  advanced  with 
respect  to  this  phenomenon  that  suspended  particles 
of  the  kind  described  have  no  influence  on  the  specific 
gravity  indicated  by  an  areometer  immersed  in  the 
liquid,  because  these  particles  are  themselves  areo- 
meters. But  it  will  readily  be  seen  that  if  the  sus- 
pended particles  rise  or  fall  with  constant  velocity,  as 
in  the  case  of  very  small  particles  immediately  occurs, 
the  effect  on  the  balance  and  the  areometer  must  be 
the  same.  If  we  imagine  the  areometer  to  oscillate 
about  its  position  of  equilibrium,  it  will  be  evident 
that  the  liquid  with  all  its  contents  will  be  moved  with 
it.  Applying  the  principle  of  virtual  displacements, 
therefore,  we  can  be  no  longer  in  doubt  that  the  areo- 
meter must  indicate  the  mean  specific  gravity.  We 
may  convince  ourselves  of  the  untenability  of  the  rule 
by  which  the  areometer  is  supposed  to  indicate  only 
the  specific  gravity  of  the  liquid  and  not  that  of  the  sus- 


THE  PR:  209 

pcnded  particles,  by  the  following  consideration.  In  a 
liquid  ./  a  smaller  quantity  of  a  heavier  liquid  B  is  in- 
troduced and  distributed  in  fine  drops.  The  areometer, 
lt-t  us  assume,  indicates  only  the  specific  gravity  of 
./.  '  Ice  more  and  more  of  the  liquid  B,  finally 

just  as  much  of  it  as  we  have  of  A:   we  can.  then,  no 
longer  say  which  liquid  is  suspended  in  the  other,  and 
h  specific  gravity,  therefore,  the  areometer  must 
indicate. 

7.   A  phenomenon  of   an    imposing   kind,  in   which  The  phe- 

,      ,  ,     .     noim-non  of 

acceleration  of  the  bodies  concerned   is  the  tide*, 
seen  to  be  determinative  of  their  mutual   pre- 
that  of  the  tides.     We  will  enter  into  this  subject  here 
only  in  so  far  as  it  ma  rate  the  point 

connection  of  the  }>  non 

of  the  tides  with  the  motion  of  the  moon  asserts  itself 
in  the  coincidence  of  the  tidal  and  lunar  periods,  in 
the  augmentation  of  the  tides  at  the  full  and  new 
moons,  in  tin;  daily  retardation  of  the  tides  (by  about 
50  minut  responding  to  the  retardation  of  the 

culmination  of  the  moon,  and  so  forth.     As  a   ma- 
of  fact,  the  connectio;  t  wo  occurrences  u 

of.      In  NY 

•  •mselves  a  kind  of  wave' of  at 
by   means   of   wh  'noon    in    its  motion  was 

il  wave. 

nomenon  of  •  on  every  one  iu  impo*- 

tha'  :-»r  the  first  time  in  its  full   propor 

ion.     \V 

.  that  it  BCt  that  has  actively  engaged 

of  all   times.      The  warriors  of   Alex 

r  Mediterranean  hon. 

arc  :iomenon  of   the 

fore,  not  a  little  taken  aback 
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by  the  sight  of  the  powerful  ebb  and  flow  at  the  mouth 
of  the  Indus ;  as  we  learn  from  the  account  of  Curtius 
Rufus    (De   Rebus    Gestis   Alexandri    Magni},    whose 
words  we  here  literally  quote  : 
Extract  "  34«    Proceeding,  now,  somewhat   more  slowly  in 

from  Cur-  . 

tius  Rufus.  "  their  course,  owing  to  the  current  of  the  river  being 
"  slackened  by  its  meeting  the  waters  of  the  sea,  they 
"  at  last  reached  a  second  island  in  the  middle  of  the 
"river.  Here  they  brought  the  vessels  to  the  shore, 
"and,  landing,  dispersed  to  seek  provisions,  wholly 
"unconscious  of  the  great  misfortune  that  awaited 
"them. 

Describing         "  35.   It  was  about  the  third  hour,  when  the  ocean, 

the  effect  .        .  •  ,    ,     /, 

on  the  army  "  m  its  constant  tidal  flux  and  reflux,  began  to  turn 

of  Alexan- 
der the        "and  press  back  upon  the  river.      The  latter,  at  first 

tides  at  the  *<  merely  checked,  but  then  more  vehemently  repelled, 

mouth  of  .  .... 

the  Indus.  «  at  last  set  back  in  the  opposite  direction  with  a  force 
"greater  than  that  of  a  rushing  mountain  torrent. 
"  The  nature  of  the  ocean  was  unknown  to  the  multi- 
tude, and  grave  portents  and  evidences  of  the  wrath 
"of  the  Gods  were  seen  in  what  happened.  With 
"ever-increasing  vehemence  the  sea  poured  in,  com- 
"pletely  covering  the  fields  which  shortly  before  were 
"  dry.  The  vessels  were  lifted  and  the  entire  fleet  dis- 
"  persed  before  those  who  had  been  set  on  shore,  ter- 
"rified  and  dismayed  at  this  unexpected  calamity, 
"could  return.  But  the  more  haste,  in  times  of  great 
"disturbance,  the  less  speed.  Some  pushed  the  ships 
"  to  the  shore  with  poles  ;  others,  not  waiting  to  adjust 
"their  oars,  ran  aground.  Many,  in  their  great  haste 
"to  get  away,  had  not  waited  for  their  companions, 
"and  were  barely  able  to  set  in  motion  the  huge,  un- 
"  manageable  barks;  while  some  of  the  ships  were  too 
"crowded  to  receive  the  multitudes  that  struggled  to 
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"  get  aboard.   The  unequal  division  impeded  all.   TheThedisas- 
-•cries  of  some  clamoring  to  be  taken  aboard,  of  others adder's e 

mg  to  put  off,  and  the  conflicting  commands  of 
•  •  men,  all  desirous  of  different  ends,  deprived  every  one 
••of  the  possibility  of  seeing  or  hearing.  Even  the 
••steersmen  were  powerless;  for  neither  could  their 
••cries  be  heard  by  the  struggling  masses  nor  were  their 

:ers  noticed  by  the  te: 

"  The  vessels  collided,  they  broke  off  each  other's  oars, 
"  they  plunged  against  one  another.  One  would  think 
••  it  was  not  the  fleet  of  one  and  the  same  army  that 
motion,  but  two  hostile  fleets  in  combat. 
"  Prow  strut  those  that  had  thrown  t 

''most  in  confusion  v.  hrown  into  i 

ose  that  followed  ;  and  the  desperation 
Ogling   mass   sometimes   culminated   in 
.<l-to  hand  t  • 

\ireadythe  tide  had  <  D  the  fields  sin 

'rounding  the  banks  of  tin-  i 
•jutted    forth    from    above    the    water.    1 

ven 
•up  hope  <»f  l.cing  taken  on  the  .'.am.       1 

irt  in  deep  water,  where 
in   the  land,  and   in  j- 

'aground  in  sha  waves  ) 

'cov  r  face  of  the  country.     Then, 

took  possession 

ea  began  to  retreat,  and  its  waters 
'flowed  back   in  >ng  swells,  leaving  tin-  land 

had  be<  ised  by  t 

'waves,  uncovered   and    clear.      The  ships,  tlms  for- 
'saken  by  tl  fell,  some  on  th-  I,  some 

;i  \vith  luggage, 
'arn  planks  and  oars.      I 


" 
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The  dismay  "  soldiers  dared  neither  to  venture  on  the  land  nor  to 

of  the  army. 

"remain  in  the  ships,  for  every  moment  they  expected 
"something  new  and  worse  than  had  yet  befallen 
"them.  They  could  scarcely  believe  that  that  which 
"they  saw  had  really  happened  —  a  shipwreck  on  dry 
"land,  an  ocean  in  a  river.  And  of  their  misfortune 
"there  seemed  no  end.  For  wholly  ignorant  that  the 
"tide  would  shortly  bring  back  the  sea  and  again  set 
"their  vessels  afloat,  they  prophesied  hunger  and  dir- 
est  distress.  On  the  fields  horrible  animals  crept 
about,  which  the  subsiding  floods  had  left  behind. 

"37.   The  night  fell,  and  even  the  king  was  sore 
and  the  re-   "distressed  at  the  slight  hope  of  rescue.      But  his  so- 

turn  of  the 

tide.  "  licitude  could  not  move  his  unconquerable  spirit.    He 

"remained  during  the  whole  night  on  the  watch,  and 
"despatched  horsemen  to  the  mouth  of  the  river,  that, 
"  as  soon  as  they  saw  the  sea  turn  and  flow  back,  they 
"might  return  and  announce  its  coming.  He  also 
"commanded  that  the  damaged  vessels  should  be  re- 
"  paired  and  that  those  that  had  been  overturned  by 
"the  tide  should  be  set  upright,  and  ordered  all  to  be 
"near  at  hand  when  the  sea  should  again  inundate  the 
"land.  After  he  had  thus  passed  the  entire  night  in 
"watching  and  in  exhortation,  the  horsemen  came 
"back  at  full  speed  and  the  tide  as  quickly  followed. 
"At  first,  the  approaching  waters,  creeping  in  light 
"swells  beneath  the  ships,  gently  raised  them,  and, 
"inundating  the  fields,  soon  set  the  entire  fleet  in  mo- 
"tion.  The  shores  resounded  with  the  cheers  and 
"  clappings  of  the  soldiers  and  sailors,  who  celebrated 
"  with  immoderate  joy  their  unexpected  rescue.  <But 
"whence/  they  asked,  in  wonderment,  'had  the  sea 
"so  suddenly  given  back  these  great  masses  of  water? 
"Whither  had  they,  on  the  day  previous,  retreated? 
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1  what  was  the  nature  of  this  element,  which  now 

posed  and  now  obeyed  the  dominion  of  the  hours?  ' 

the  king  concluded  from  what  had  happened  that 

fixed  time  for  the   return  of  the  tide  was  after 

-•sunrise,  he  set  out,  in  order  to  anticipate  it,  at  mid- 

"  night,   and  proceeding  down  the  river  with   a   t 

••>hips  he  passed   the   mouth  and,  finding  himself  at 

••last   at   the  goal  of  1  1   out  400  stadia 

"into  the  ocean.      He  then  offered  a  sacrifice  to  the 

••divinities  of  the  sea,  and  returned  to  his  : 

8.   The  essential  point  to  be  noted  in  tin  The  expia- 

tion of  the  :  I  the  earth  as  i..1- 

nomena  of 

receive  hut  cne  determinate  acceleration  de». 

moon,  while  the  mobile  particles  of  water  on  the  sides 
nearest  to  and   remotest  from   the   moon  can  acqi 
various  accelerations. 


Let  us  consider  (  Fig.  1 37)  on  the 
win.  >n  .!/,  tl.:  .ts  A,  By  ' 

accelerations  of  t  rction  of  tin- 

moon,  if  we   re^, 

The  earth  as  a  whole, 

acc<  of  the  earth  we  will 

call  to   tin 

.in.l  all  to  the  right  as  po 
following  table  : 
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ABC 

—  (tp+4<p),       —  cp,        -(cp  —  Acp) 

+  g  -  g- 

—  cp,  —  cp,         -  g) 


g—Acp,  0,        —  (g 

where  the  symbols  of  the  first  and  second  lines  repre- 
sent the  accelerations  which  the  free  points  that  head 
the  columns  receive,  those  of  the  third  line  the  accel- 
eration of  corresponding  rigid  points  of  the  earth,  and 
those  of  the  fourth  line,  the  difference,  or  the  resultant 
accelerations  of  the  free  points  towards  the  earth.  It 
will  be  seen  from  this  result  that  the  weight  of  the  water 
at  A  and  C  is  diminished  by  exactly  the  same  amount. 
The  water  will  rise  at  A  and  C  (Fig.  137).  A  tidal 
wave  will  be  produced  at  these  points  twice  every 
day. 

A  variation  It  is  a  fact  not  always  sufficiently  emphasised,  that 
nomenon.  the  phenomenon  would  be  an  essentially  different  one 
if  the  moon  and  the  earth  were  not  affected  with  ac- 
celerated motion  towards  each  other  but  were  relatively 
fixed  and  at  rest.  If  we  modify  the  considerations 
presented  to  comprehend  this  case,  we  must  put  for  the 
rigid  earth  in  the  foregoing  computation,  cp  =  0  simply. 
We  then  obtain  for 

the  free  points ....  A  C 

the  accelerations . .  —  (cp  -j-  dcp'},  —  (cp 


or  .............  ..(g—Acp]  —  cp,     —(g—Acp}  —  cp 


or  ...............  g'  —  cp,  —(g'+<P), 

where  g'  =  g  —  A  cp.  In  such  case,  therefore,  the 
weight  of  the  water  at  A  would  be  diminished,  and  the 
weight  at  C  increased  ;  the  height  of  the  water  at  A 
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would  be  increased,  and  the  height  at  C  diminished. 
The  water  would  be  elevated  only  on  the  side  facing 
the  moon.  (Fig.  138.) 


9.    It   would   hardly 


Fig.  138- 

rortb 


while     tO     illustrate  An  illustra- 


, 

propositions  best  reached  deductively,  by  expenm« 
that  can  only  be  performed  with  difficulty.      But   Mich 
riments  are  not  beyond   the  limits  of  possibility. 
If  we  imagine  a  small  iron  sph<  :ig  as  a 

conical   pendulum  about  the   pole  of  a 
magnet    .V     Fi-.    139),    and    cover    the 
:h  a  solution  of  magnetic  sul- 
the  fluid  drop  should,  if 
the  m,  tly  IK>\\' 

nomenon  of  t  But 

•  be  fixed  and 

:h  respect   to  the  pole  of   the 
thfl  fluid  drop  wii 

be  found  ;    to    a    point  both   on 

facing   and   the  side  opposite  to 

«>leof  the  magnet,  but  will  re:  ;>ended  only 

he  side  of  the   sphere  towards  the   pole  of  the 

10.  We  must    not,    of  course,    imagine,    that   t  he  some  fur- 
entn  luced  at  once  by  the  action  lideraTons. 

c  moon.     We  have  rather  to  conceive  tin    • 
s  an  oscillatory  movement  /«•//>//<;///<•</  by  the  moon. 
If,  for  example,  we  should   sweep  a  fan  imii<>rmlv  and 
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continuously  along  over  the  surface  of  the  water  of  a 
circular  canal,  a  wave  of  considerable  magnitude  fol- 
lowing in  the  wake  of  the  fan  would  by  this  gentle  and 
constantly  continued  impulsion  soon  be  produced.  In 
like  manner  the  tide  is  produced.  But  in  the  latter 
case  the  occurrence  is  greatly  complicated  by  the  irreg- 
ular formation  of  the  continents,  by  the  periodical 
variation  of  the  disturbance,  and  so  forth.  (See  Ap- 
pendix, XVII.,  p.  537.) 


CRITICISM    OF  THE    PRINCIPLE    OF    REACTION    AND    OF    THE 
CONCEPT    OF    MASS. 

The  con-  i.    Now  that  the  preceding  discussions  have  made 

miss?  us  familiar  with  Newton's  ideas,  we  are  sufficiently 
prepared  to  enter  on  a  critical  examination  of  them. 
We  shall  restrict  ourselves  primarily  in  this,  to  the 
consideration  of  the  concept  of  mass  and  the  principle 
of  reaction.  The  two  cannot,  in  such  an  examination, 
be  separated  ;  in  them  is  contained  the  gist  of  New- 
ton's achievement. 
Theexpres-  2.  In  the  first  place  we  do  not  find  the  expression 

sion "  quan-  ...  , 

tityofmat-  "quantity  oi  matter  adapted  to  explain  and  elucidate 
the  concept  of  mass,  since  that  expression  itself  is  not 
possessed  of  the  requisite  clearness.  And  this  is  so, 
though  we  go  back,  as  many  authors  have  done,  to  an 
enumeration  of  the  hypothetical  atoms.  We  only  com- 
plicate, in  so  doing,  indefensible  conceptions.  If  we 
place  together  a  number  of  equal,  chemically  homo- 
geneous bodies,  we  can,  it  may  be  granted,  connect 
some  clear  idea  with  "quantity  of  matter,"  and  we  per- 
ceive, also,  that  the  resistance  the  bodies  offer  to  mo- 
tion increases  with  this  quantity.  But  the  moment  we 
suppose  chemical  heterogeneity,  the  assumption  that 
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there  is  still  something  that  is  measurable  by  the  same  Newton's 

,  .    ,  ,  .  formulation 

standard,  which  something  we  call  quantity  of  matter,  of  the  con- 
be  suggested  by  mechanical  experiences,  but  is  an 
assumption    nevertheless   that    needs   to   be   justified. 
When  therefore,  with  Newton,  we  make  the  assump- 
tions, respecting  pressure  due  to  weight,  that  /  = 
/'  =m'g,  and  put  in  conformity  with  such  assumptions 
we  have  made  actual  use  in  the  operation 
thus  performed  of  the  supposition,  yet  to  be  justified, 
that  different  bodies  are  measurable  by  the  same  stand- 

We  might,  indeed,  arbit>  m'  =p  / 

that  is,  might  define  the  ratio  of  mass  to  be  the  ratio 
of  pressure  due  to  weight  wh«  same.      1 

iiould  then  have  to  substantiate  the  use  that  i>  made 
of  this  notion  of  mass  in  the  principle  of  reaction 
in  ot: 

K,_Q Q_>          <-A  B_. 

(/)  '      (I) 

40«.  !|0b. 

ulaiion  of 
placed  opposite  each  other,  we  < 

thai  they 

will  produce 

! 

r  know 

or  sameness  of  c!  onstitut 

else  ;  question   may  be.  is  not  determina- 

§    If,  however,  media:.  M-riences  clearly  and 

lint  toll:-  lies  of  a  special 

ive  of   </ 
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nothing   stands  in  the  way  of  our  arbitrarily  establish- 
ing the  following  definition  : 

Definition          All  those  bodies  are  bodies  of  equal  mass,  which,  mu- 
masses.       tually  acting  on  each  other,  produce  in  each  other  equal 
and  opposite  accelerations. 

We  have,  in  this,  simply  designated,  or  named,  an 
actual  relation  of  things.  In  the  general  case  we  pro- 
ceed similarly.  The  bodies  A  and  B  receive  respec- 
tively as  the  result  of  their  mutual  action  (Fig.  140  <£) 
the  accelerations  —  cp  and  -}-  qj ' ,  where  the  senses  of 
the  accelerations  are  indicated  by  the  signs.  We  say 
then,  B  has  cp/qS  times  the  mass  of  A.  If  we  take  A 
as  our  unit,  we  assign  to  that  body  the  mass  m  which  im- 
parts to  A  m  times  the  acceleration  that  A  in  the  reaction 
imparts  to  it.  The  ratio  of  the  masses  is  the  negative 
inverse  ratio  of  the  counter-accelerations.  That  these 
accelerations  always  have  opposite  signs,  that  there 
are  therefore,  by  our  definition,  only  positive  masses, 
is  a  point  that  experience  teaches,  and  experience  alone 
character  can  teach.  In  our  concept  of  mass  no  theory  is  in- 

of  the  defi-          ,         ,  .  r  ,.   .          ,      n 

nition.  volved  ;  "  quantity  of  matter  is  wholly  unnecessary  in 
it ;  all  it  contains  is  the  exact  establishment,  designa- 
tion, and  denomination  of  a  fact.  (Compare  Appendix, 
XVIIL,  p.  539.) 

4.  One  difficulty  should  not  remain  unmentioned  in 
this  connection,  inasmuch  as  its  removal  is  absolutely 
necessary  to  the  formation  of  a  perfectly  clear  concept 
of  mass.  We  consider  a  set  of  bodies,  A,  B,  C,  D .  .  ., 
and  compare  them  all  with  A  as  unit. 

A,       B,        C,       D,       E,       F. 

1,         m,       m' ,      m",      m'",     m"" 

We  find   thus   the   respective   mass- values,  1,    m,   m! , 
m".  .  .  .,  and  so  forth.     The  question  now  arises,  If  we 
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select  B  as  our  standard  of  comparison  (as  our  unit\  Discussion 
shall  we  obtain  for  C  the  mass- value  ///////,  and   for  /?cuityin- 
thc  value  ///"////,  or  will  perhaps  wholly  different  values  the"; 

,    _     _  _  ,          .  .  ing  torniu- 

ult?    More  simply,  the  question   maybe  put  thus : 
Will  two  bodies />,  C,  which  in   mutual  action  with  ./ 
have  acted  as  equal  masses,  also  act   as  equal   in a 
in  mutual  action  with  each  other?  No  /<>v/V<//  necc 

ts  whatsoever,  that  two  masses  that  are  equal  to  a 
third   mass  should  also  be  equal  to  e;u  li  other.      For 
ire  concerned  here,  not  with   a   mathematical,  but 
with  a  physical  question.     This  will  be  render- 
:  by  recourse  to  an  analogous  relation.     \\ 

of  each  other  the   bodies  ,4,  B,  C  in  the 
ortions  of  weight  </,  /-,  <   in  which   th«  into 

the  chemical  combinations  AB  and  . -I 
D5W,  no  at   all    for   a 

<•  ime  ]>roportions  of  •  will 

a  so  :cal  com! 

r  en<  do.     If  we  place 

1  v  t  <  h  other  j>ro- 

]  Drtions  of  weight    in    which    they    combine   with    the 
1  xl;.  :i  also  unite   with   each   other  in 

5  ime  proportior.  it  no  one  can  know 

t  iis  \ 
^  ith  tl)' 

I 


If  v  that  the  order  of  combination  The  order 

ies  are  deter- iutio?  not 
cnce  on  the  mass-val 


c  >ns  1,  we  should 

f  id,  lead  to  conflict  w  ose, 

1    r  that    we    h 

I:  idies,  A,  B,  C,  movable  on  an  absolutely  sm< 

We  presuppose   that   ./    and    />'  in    t 
r  utual  r  \es  like  equal  masses 


220  THE  SCIENCE  OF  MECHANICS. 

and  that  B  and  C  do  the  same.     We   are  then  also 
obliged  to  assume,  if  we  wish  to  avoid  conflicts  with 
experience,  that  C  and  A  in  their  mutual  relations  act 
like  equal  masses.      If  we  impart  to  A   a  velocity,  A 
will  transmit  this  velocity  by  impact  to  B,  and  B  to  C. 
But  if  C  were  to  act  towards  A,  say,  as  a  greater  mass, 
A  on  impact  would  acquire  a  greater 
velocity  than  it  originally  had  while 
C  would  still  retain  a    residue    of 
what  it  had.   With  every  revolution 
in  the  direction  of  the   hands  of   a 
watch   the   vis   viva   of   the   system 
would  be  increased.     If  C  were  the 
smaller  mass  as  compared  with  A, 
reversing  the  motion  would  produce  the  same  result. 
But  a  constant  increase  of  vis  viva  of  this  kind  is  at 
decided  variance  with  our  experience. 

The  new  5.   The  concept  of  mass  when  reached  in  the  man- 

manssem-°f  ner  just  developed  renders  unnecessary  the  special 
J?fcitlythe  enunciation  of  the  principle  of  reaction.  In  the  con- 
cept  of  mass  and  the  principle  of  reaction,  as  we  have 
stated  in  a  preceding  page,  the  same  fact  is  twice  form- 
ulated; which  is  redundant.  If  two  masses  i  and  2 
act  on  each  other,  our  very  definition  of  mass  asserts 
that  they  impart  to  each  other  contrary  accelerations 
which  are  to  each  other  respectively  as  2:1. 

6.  The  fact  that  mass  can  be  measured  by  weight, 
where  the  acceleration  of  gravity  is  invariable,  can  also 
be  deduced  from  our  definition  of  mass.  We  are 
sensible  at  once  of  any  increase  or  diminution  of  a  pres- 
sure, but  this  feeling  affords  us  only  a  very  inexact  and 
indefinite  measure  of  magnitudes  of  pressure.  An 
exact,  serviceable  measure  of  pressure  springs  from 
the  observation  that  every  pressure  is  replaceable  by 
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the  pressure  of  a  number  of  like  and  commensurable  it  also  in- 

volves  the 

weights.      Every  pressure  can  be  counterbalanced  by  fact  that 

mass  can  be 

the  pressure  of  weights  of  this  kind.      Let  two  bodies  measured 

///  and  ///'  be  respectively  affected  in  opposite  directions 

with  the  accelerations  q>  and  <p',  determined  1 

nal  circumstances.      And  let  the  bodies  be  joined  by  a 

string.      If  equilibrium  prevails,  the  acceleration  q>  in 

///   and  the  acceleration  <//  in  ///'  are   exactly  balanced 

'•.teraction.    For  this  case,  ac- 
cordingly,  m  (p  -  |^wj 

therefore,  <p=  </A  as  is  the  case     lf> 

:\  the  bodies  are  abandoned 

to  the  acceleration  (  ive,  in   the  case 

of   equilibrium,    also  m  —  ///'.      It   is  (  imma- 

terial wh  make  the  bodies  act  on  each  other 

tly  by  means  of  a  string,  or  by  means  of 
massed  over  a  pulley,  or  by  placing  them  on  tin    two 
:>ans  of  a  balance.     The  fact  that  mass  ran  be  meas- 
\seighti  :   from  our  definition  without 

eco  to  "quantity  of  mat: 

7.    As    SOOn  Our    at:  ^  The eeneral 

Irawn  to  the  fact  by  experience,  \\  /in  bod- 

es tl  -ice  of  a  special  property  drU-rminative  of 

iccelerations.  -h  .cgard  to 

ecognition  and  unequivocal  designation  of  this  / 
Beyond  the  recognition   of  this  fact  we  shall  not  get, 
nd  every  venture  beyond  it  will  only  l>.-  j>n><lu<  live  of 
•bscurity.     All   uncas.  :i  vanish   when  once  we 

lave  made  clear  to  ourselv*  i  the  concept  of 

nass  no  theory  of  any  kind  whatever  is  contained,  but 
imply  a  fact  of  experience.    The  concept  has  hitli. 

.ible.  but  not  imp 
it  will  b«  in  the  fti! 
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tion  of  a  constant  quantity  of  heat,  which  also  rested 
on  experience,  was  modified  by  new  experiences. 

VI. 

NEWTON'S  VIEWS  OF  TIME,  SPACE,  AND  MOTION. 

i.  In  a  scholium  which  he  appends  immediately  to 
his  definitions,  Newton  presents  his  views  regarding 
time  and  space — views  which  we  shall  now  proceed  to 
examine  more  in  detail.  We  shall  literally  cite,  to  this 
end,  only  the  passages  that  are  absolutely  necessary 
to  the  characterisation  of  Newton's  views. 
Newton's  "  So  far,  my  object  has  been  to  explain  the  senses 

views  of  .  .  11-11 

time,  space,  "  m  which  certain  words  little  known  are  to  be  used  in 

and  motion. 

"the  sequel.  Time,  space,  place,  and  motion,  being 
"words  well  known  to  everybody,  I  do  not  define.  Yet 
"it  is  to  be  remarked,  that  the  vulgar  conceive  these 
"quantities  only  in  their  relation  to  sensible  objects. 
"And  hence  certain  prejudices  with  respect  to  them 
"have  arisen,  to  remove  which  it  will  be  convenient  to 
"distinguish  them  into  absolute  and  relative,  true  and 
"apparent,  mathematical  and  common,  respectively. 
Absolute  "I.  Absolute,  true,  and  mathematical  time,  of  it- 

and  relative 

time.  "self,  and  by  its  own  nature,  flows  uniformly  on,  with- 
"  out  regard  to  anything  external.  It  is  also  called 
' '  duration. 

"Relative,  apparent,  and  common  time,  is  some 
"sensible  and  external  measure  of  absolute  time  (dura- 
tion), estimated  by  the  motions  of  bodies,  whether 
"accurate  or  inequable,  and  is  commonly  employed 
"  in  place  of  true  time  ;  as  an  hour,  a  day,  a  month, 
"  a  year.  .  . 

"The  natural  days,  which,  commonly,  for  the  pur- 
"  pose  of  the  measurement  of  time,  are  held  as  equal, 
"are  in  reality  unequal.  Astronomers  correct  this  in- 
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"equality,  in  order  that  they  may  measure  by  a  truer 
"time  the  celestial  motions.  It  may  be  that  there  is 
"no  equable  motion,  by  which  time  can  accurately  be 
••measured.  All  motions  can  be  accelerated  and  re- 
"  tarded.  But  the  flow  of  absolute  time  cannot  be 
"changed.  Duration,  or  the  persistent  existence  of 
"  things,  is  always  the  same,  whether  motions  be  swift 
"  or  slow  or  null." 

2.    It  would  appear   as  though  Newton  in  the  re- Dis 
marks  here  cited  still  stood  u:  influence  of  the  view  of 

mediaeval  philosophy,  as  though  he  had  grown  unfaith- 
ful  to  his  resolve  to  investigate  only  actual  facts.  When 
tya  thing/*  changes  with  the  time,  we  uu  an  sim- 
ply that  the  condition-  I  thing  A  depend 
on  the  conditions  that  determine  a: 

aions  of  a  pendulum   take  place  in  /. 
excursion  depends  on  the  position  of  the  earth.     Since, 
however,  in  the  observation  of  the  pendulum,  we  are 
not  under  the  necessity  of  taking  into  account  its  de- 
pendence on  the  position  of  .  l>ut  may  com- 
pare  it  with   any  other  thing  (the  conditions  < 
of  course  also  depend  on  the  position  of  the  earth),  tin- 
things  with 
' 
in  at:               to  the  motion  of  a  pendulum,  neglect 

:ial  things,  and  find  that  for  every  po- 
:t  our   thoughts   and 

,  accordingly,  appears  to  be  some  pa:  and 

thing,  on  the  progress  of  which  the  posi- 
tion  of  the  pendulu:  tin-  things  t 
we  resort  to  for  comparison  and  choose  at  random 

to  play  a  wholly  collateral   part.      But    we   must 
•  t  forget   that  all  things  in  the  world  are  co: 
with  one  another  and  depend  on  one  a 


224  THE  SCIENCE  OF  MECHANICS. 

General      we  ourselves  and  all  our  thoughts  are  also  a  part  of 

discussion  T  .      ,  n 

of  the  con-  nature.  It  is  utterly  beyond  our  power  to  measure  the 
time.0  changes  of  things  by  time.  Quite  the  contrary,  time 
is  an  abstraction,  at  which  we  arrive  by  means  of  the 
changes  of  things  ;  made  because  we  are  not  restricted 
to  any  one  definite  measure,  all  being  interconnected. 
A  motion  is  termed  uniform  in  which  equal  increments 
of  space  described  correspond  to  equal  increments  of 
space  described  by  some  motion  with  which  we  form  a 
comparison,  as  the  rotation  of  the  earth.  A  motion 
may,  with  respect  to  another  motion,  be  uniform.  But 
the  question  whether  a  motion  is  in  itself  uniform,  is 
senseless.  With  just  as  little  justice,  also,  may  we 
speak  of  an  "absolute  time  " — of  a  time  independent  of 
change.  This  absolute  time  can  be  measured  by  com- 
parison with  no  motion  ;  it  has  therefore  neither  a 
practical  nor  a  scientific  value ;  and  no  one  is  justified 
in  saying  that  he  knows  aught  about  it.  It  is  an  idle 
metaphysical  conception. 
Furthereiu-  It  would  not  be  difficult  to  show  from  the  points  of 

delation  of 

the  idea,     view  ot  psychology,  history,  and  the   science   of  lan- 
guage (by  the  names  of  the  chronological  divisions), 
that  we  reach  our  ideas  of  time  in  and  through  the  in- 
terdependence of  things  on  one  another.    In  these  ideas 
the  profoundest  and  most  universal  connection  of  things 
is  expressed.      When  a  motion   takes  place  in  time,  it 
depends  on  the  motion  of  the  earth.   This  is  not  refuted 
by  the  fact  that  mechanical  motions  can  be  reversed. 
A  number  of  variable  quantities  may  be  so  related  that 
one  set  can   suffer  a  change  without  the  others  being 
/  affected  by  it.     Nature  behaves  like  a  machine.      The 
/  individual  parts  reciprocally  determine  one  another. 
/    But  while  in  a  machine  the  position  of  one  part  de- 
termines the  position  of  all  the  other  parts,  in   nature 
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more  complicated  relations  obtain.    These  relations  are 
:  represented  under  the  conception  of  a  number, 
»,  of  quantities  that  satisfy  a  lesser  number,  //,  of  equa- 
tions   Were  *       «*,  nature  would  be  invariable.  Were 
//  —  1.  then  with   one  quantity  all  the  rest  would 
ontrolled.     If  this  latter  relation  obtained  in  na- 
ture, time  could  be  reversed  the  moment  this  had  been 
accomplished  with   any  one  single  motion.      15ut   the 

state  of  things  is  represented  b\ 

tion  between  //  and  /  stion  are 

partially  determined   by  one  another;  but  they  n 
a  greater   indetenninateness,  or  freedom,  than    in   tin- 
case  last  cited.     We  ourselves  feel  that  we  are  such  a 
partially  determined,  partially  undetermined  element 
of  nature.      In  so  far  as  a  portion  only  of  the  changes 
of  nature  depends  on  us  and  can  be  reversed  by 
d«  es  time  appear  to  us  irreversible,  and  the  time  that    | 
is  past  a  y  gone. 

We  arrive  at  the  idea  of  time, — to  express  it  briefly  So.. 

,        .       .     chological 

a  d  popularly,-  by  the  connection  of   that   \\i. 
c  ntained   in  the  province  of  th   that 

v  lich  is  contained  in  the  province  of  our  sense 
ti  >n.   When  tlows  on  in  a  deii 

r  ction  or  s«  its  gene- 

r  lly  (and  therefore  also   physiological    e  ake 

T  ace  only  in  a  ;ices  of  tem- 

I  -rat  of  level  gen- 

e  ally,    if  left   to  all  grow  less  and 

g  eater.      If   we  contemplate  two  bodies  of  d;ti.  n  nt 
t»  mp  .  put   in  contact  wholly  to  them- 

s  Ive  greater 

aiory  to 

*  Investigation*  concerning  the  physiological  nature  of  the  Mutations  of 
ti  le  and  space  are  here  excluded  from  consideration. 
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exist  with  lesser  ones  in  the  field  of  sense-perception, 
and  not  the  reverse.  In  all  this  there  is  simply  ex- 
pressed a  peculiar  and  profound  connection  of  things. 
To  demand  at  the  present  time  a  full  elucidation  of  this 
matter,  is  to  anticipate,  in  the  manner  of  speculative 
philosophy,  the  results  of  all  future  special  investiga- 
tion, that  is  a  perfect  physical  science.  (Compare  Ap- 
pendix, XIX.,  p.  541.) 

3.  Views  similar  to  those  concerning  time,  are  de- 
veloped by  Newton  with  respect  to  space  and  motion. 
We  extract  here  a  few  passages  which  characterise  his 
position. 

"II.  Absolute  space,  in  its  own  nature  and  with- 
"  out  regard  to  anything  external,  always  remains  sim- 
ilar and  immovable. 

"Relative  space  is  some  movable  dimension  or 
"measure  of  absolute  space,  which  our  senses  deter- 
"  mine  by  its  position  with  respect  to  other  bodies, 
"and  which  is  commonly  taken  for  immovable  [abso- 
lute] space. . .  . 

"  IV.  Absolute  motion  is  the  translation  of  a  body 
"from  one  absolute  place*  to  another  absolute  place  ; 
"  and  relative  motion,  the  translation  from  one  relative 
"  place  to  another  relative  place.  .  .  . 

" .  .  .  .  And  thus  we  use,  in  common  affairs,  instead 
"of  absolute  places  and  motions,  relative  ones;  and 
"that  without  any  inconvenience.  But  in  physical 
"disquisitions,  we  should  abstract  from  the  senses. 
"  For  it  may  be  that  there  is  no  body  really  at  rest,  to 
"which  the  places  and  motions  of  others  can  be  re- 
ferred. .  .  . 

"  The  effects  by  which  absolute  and  relative  motions 


*  The  place,  or  locus  of  a  body,  according  to  Newton,  is  not  its  position, 
but  ihe  part  of  space  which  it  occupies.  It  is  either  absolute  or  relative. —  Trans. 
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"  are  distinguished  from  one  another,  are  centrifugal 
"forces,  or  those  forces  in  circular  motion  which  pro- 
"  duce  a  tendency  of  recession  from  the  axis.  For  in 
"a  circular  motion  which  is  purely  i<  :io  such 

•'forces  exist;  but  in  a  true  and  absolute  circular  mo- 
"tion  tlit  -re  greater  or  less  accord 

••  to  the  quantity  of  the  [absolute]  motion. 

For  instance.      If  a  bucket,  suspended  by  a  longrherota- 
'•cord,  is  so  often  tin  :t  that  finally  the  cor.: 

•ugly  twisted,  then    is   filled  with  water,  and  1  .< 
rest  together  with  the  water ;   and  afterwards   by 
•  the  action  of  a  second  force,  it  is  suddenly  set  whirl- 
about the  contrary  \.  continues,  while  the 
"cord   is  untwisting  itself,  for  some   time  in  this  ino- 
•'  tion  ;    the  surface  of   the  water  will  at  first    be   It 

t  as  it  was  before  sel  began  to  move;  but, 

••  subsequently,  t  1,  by  gradually  communicat- 

motion  to  the  water,  will  m.ike  it  be^in  sens- 

/  to  rotate,  and  t!  will  recede  little  by  little 

iddle  an-:  of  the  ves- 

::t  I  have  in., 

ie  Wa-  Relative 
,  and  real 

•t  motion  produced 
tendenc\  n  from  the  a\ 

made  no  endeavor  to  move  towards  the  cir- 

nferenc*  .  .^    at  the  sides  of  the  vessel,  but 

<  ircular 

had  not  yet   begun.     But  a;  hen 

1  decreased,  the 
"rising  of  the  water  at  the 

•'an  endeavor  to  recede  from  the  axis;  and  this  en- 
deavor revealed  the  real  circular  motion  of  the  water, 
"continually  increasing,  till  it  had  reached  its  greatest 
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''point,  when  relatively  the  water  was  at  rest  in  the 
"  vessel .... 

"  It  is  indeed  a  matter  of  great  difficulty  to  discover 
"and  effectually  to  distinguish  the  true  from  the  ap- 
"  parent  motions  of  particular  bodies  ;  for  the  parts  of 
"  that  immovable  space  in  which  bodies  actually  move, 
"  do  not  come  under  the  observation  of  our  senses. 
Newton's  "  Yet  the  case  is  not  altogether  desperate  ;  for  there 

criteria  for 

distinguish- «  exist  to  guide  us  certain  marks,    abstracted  partly 

ing  absolute  ' 

fromreia-    "  irom  the  apparent  motions,  which  are  the  differences 

tive  motion.  . 

"of  the  true  motions,  and  partly  from  the  forces  that 
"are  the  causes  and  effects  of  the  true  motions.  If, 
"for  instance,  two  globes,  kept  at  a  fixed  distance 
"from  one  another  by  means  of  a  cord  that  connects 
"them,  be  revolved  about  their  common  centre  of 
"gravity,  one  might,  from  the  simple  tension  of  the 
"cord,  discover  the  tendency  of  the  globes  to  recede 
"from  the  axis  of  their  motion,  and  on  this  basis  the 
"  quantity  of  their  circular  motion  might  be  computed. 
"And  if  any  equal  forces  should  be  simultaneously 
"impressed  on  alternate  faces  of  the  globes  to  augment 
"or  diminish  their  circular  motion,  we  might,  from 
"the  increase  or  decrease  of  the  tension  of  the  cord, 
"deduce  the  increment  or  decrement  of  their  motion; 
"and  it  might  also  be  found  thence  on  what  faces 
"forces  would  have  to  be  impressed,  in  order  that  the 
"motion  of  the  globes  should  be  most  augmented; 
"that  is,  their  rear  faces,  or  those  which,  in  the  cir- 
cular motion,  follow.  But  as  soon  as  we  knew  which 
"faces  followed,  and  consequently  which  preceded,  we 
"should  likewise  know  the  direction  of  the  motion. 
"  In  this  way  we  might  find  both  the  quantity  and  the 
"direction  of  the  circular  motion,  considered  even  in 
"an  immense  vacuum,  where  there  was  nothing  ex- 
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••urnal  or  sensible  with  which  the  globes   could  be 
••  compared 

4.    It  is  scarcely  necessary  to  remark  that  in  the  re-  T 
rlections  here  presented  Newton  has  again  acted  cu 
trary  to  his  expressed  intention  only  to  investigate  or/tto/expni 

-  XT  .  . .  of  actual 

No  one  is  competent  to  predicate  tilings  about  t 
absolute  space  and   absolute  motion  ;    they  are   pure 
^s  of  thought,  pure  mental  constructs,  that  cannot 
reduced  in  experience.     All  our  principles  of  me- 
chanics are,  as  we  have  shown  in  detail,  experimental 
knowledge  concerning  the  relative  positions  and   mo 
of  bodies.     Even  in  the  pro\  which  they 

an-  now  recognised  as  valid,  they  could  not,  ami  v. 
net,  admitted  without  previously  being  subjected  to 
experimental  tests.     No  one  is  warranted  in  extending 
th>se  pr:  '-yond  the  boundaries  of  experien 

Ii  fact,  such  an  <  ^less,  as  no  one 

p<  ssesses  the  requisite  knowledge  to  make  use  * 

us  look  at  the  matter  in  detail.    When  we  say  that  Detailed 
a  Kxly  A  ction  and  velociu  t  hrough  maue°r. 

tl  5  influence  of  another  bod. 

a  :onception  that   it  is  impossible  to  come  at  unless 
o;  ier  bodi'-s    /,  />'.   C  t  with   reference 

t(  which  the  motion  of  the  botl  been  estimated. 

Ii  reality,  therefore,  we  are  simply  cognisant  of  a  re- 
in ion  of  the  body  A'  to  A',  B,  If  now  we  sud- 
d  nly  neglect  A,  Bt  <  pt  to  speak  of 
tl  5  deportment  of  the  body  K  in  absolute  space,  we 
ii  plicate  om  r,  In  the  : 
p'  ice,  we  cannot  know  how  A'  would  act  in  the  ab- 
s<  ace  of  ./.  /  1  in  tin  place,  every 
mg  of  forming  a  judgment  of  the 
b<  .aviour  of  A'  and  of  putting  to  the  test  what 
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predicated, — which  latter  therefore  would  be  bereft  of 

all  scientific  significance. 

The  part  Two  bodies  K  and  X',  which  gravitate  toward  each 

bodies  of6    other,  impart  to  each  other   in   the  direction  of  their 

space  play  .  .  , 

inthede-    line  of  junction  accelerations  inversely  proportional  to 


termination 
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of  motion,  their  masses  ;;/,  m.  In  this  proposition  is  contained, 
not  only  a  relation  of  the  bodies  K  and  K'  to  one  an- 
other, but  also  a  relation  of  them  to  other  bodies.  For 
the  proposition  asserts,  not  only  that  K  and  K'  suffer 
with  respect  to  one  another  the  acceleration  designated 
by  K  (m  -j-  m'/r2),  but  also  that  .AT  experiences  the  ac- 
celeration —  Km' /r2  and  K'  the  acceleration  -\-'  nm/r2 
in  the  direction  of  the  line  of  junction  ;  facts  which  can 
be  ascertained  only  by  the  presence  of  other  bodies. 

The  motion  of  a  body  K  can  only  be  estimated  by 
reference  to  other  bodies  A,  B,  C .  .  .  .  But  since  we 
always  have  at  our  disposal  a  sufficient  number  of 
bodies,  that  are  as  respects  each  other  relatively  fixed, 
or  only  slowly  change  their  positions,  we  are,  in  such 
reference,  restricted  to  no  one  definite  body  and  can 
alternately  leave  out  of  account  now  this  one  and  now 
that  one.  In  this  way  the  conviction  arose  that  these 
bodies  are  indifferent  generally. 

Thehy-  It  might  be,  indeed,  that  the  isolated  bodies  A,  B, 

pothesis  of  ' 

a  medium    C .  .  .  .  play  merely  a  collateral  role  in  the  determina- 

in  space  de-    .   -  '. 

terminative  tion  of  the  motion  of  the  body  K,  and  that  this  motion 

of  motion.     .  _  J        [ 

is  determined  by  a  medium  in  which  K  exists.  In  such 
a  case  we  should  have  to  substitute  this  medium  for 
Newton's  absolute  space.  Newton  certainly  did  not 
entertain  this  idea.  Moreover,  it  is  easily  demonstrable 
that  the  atmosphere  is  not  this  motion-determinative 
medium.  We  should,  therefore,  have  to  picture  to 
ourselves  some  other  medium,  filling,  say,  all  space, 
with  respect  to  the  constitution  of  which  and  its  kinetic 
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relations  to  the  bodies  placed  in  it  we  have  at  present 
no  adequate  knowledge.  In  itself  such  a  state  of  things 
would  not  belong  to  the  impossibilities.  It  is  known, 
from  recent  hydrodynamical  investigations,  that  a  rigid 
body  experiences  resistance  in  a  frictionless  fluid  only 
when  its  velocity  changes.  True,  this  result  is  derived 
theoretically  from  the  notion  of  inertia  ;  but  it  might, 
conversely,  also  be  regarded  as  the  primitive  fact  from 
which  we  have  to  start.  Although,  practically,  and  at 
present,  nothing  is  to  be  accomplished  with  this  con- 
ception, we  might  still  hope  to  learn  more  in  the  future 
concerning  this  h\  ;  =1  medium;  and  from  the 
point  oi  -  ncc  it  would  be  in  every  respect 
a  more  valuable  acquisition  than  the  forlorn  idea  of 
«-  bsolute  space.  ve  reflect  that  we  cannot  abol- 
the  isolated  bodies  A,  B,  C that  is,  cannot 

letermim-  1  :uent  whether  the  part  they  p 

undamental  or  collateral,  that  hitherto  tl 

he  sole  and  only  comp<  ns  <>f  the  or 

•f  motions  ami  <»f  the  <1< 

t  will  l>e  f<>  -  u.ird    all 

notions  as  determined  by  tl 


us  now  examine   the  point  < 

. 
• 


ion  of  absolute  and  relative  motion. 

iffected  with   a:  ;i    about    its  axi    . 

• 
nfiiL  ip  in  the   earth  :    it   assumes  an 


>l>late   form,  the  acceleration  of  KI 

t  the  equator,  the  plane  of  Foucault's  pendulum  ro- 

ates,  and  so  on.     All  these  phenomena  disappear  if 

he  earth  is  at  rest  and  the  other  heavenly  bodies  are 

ffected  with  absolute  motion   round    it,  surh  t 

;  irte  rotation  is  produced.    Tli 

,ase,  if  we  start  al>  imtio  from  the  idea  of  absolute  space. 
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But  if  we  take  our  stand  on  the  basis  of  facts,  we  shall 
find  we  have  knowledge  only  of  relative  spaces  and  mo- 
tions. Relatively,  not  considering  the  unknown  and 
neglected  medium  of  space,  the  motions  of  the  uni- 
verse are  the  same  whether  we  adopt  the  Ptolemaic  or 
the  Copernican  mode  of  view.  Both  views  are,  indeed, 
equally  correct ;  only  the  latter  is  more  simple  and  more 
practical.  The  universe  is  not  twice  given,  with  an 
earth  at  rest  and  an  earth  in  motion ;  but  only  once, 
with  its  relative  motions,  alone  determinable.  It  is, 
accordingly,  not  permitted  us  to  say  how  things  would 
be  if  the  earth  did  not  rotate.  We  may  interpret  the 
one  case  that  is  given  us,  in  different  ways.  If,  how- 
ever, we  so  interpret  it  that  we  come  into  conflict  with 
experience,  our  interpretation  is  simply  wrong.  The 
principles  of  mechanics  can,  indeed,  be  so  conceived, 
that  even  for  relative  rotations  centrifugal  forces  arise, 
interpreta-  Newton's  experiment  with  the  rotating  vessel  of 

tion  of  the  ....  ,       .  . 

experiment  water  simply  miorms  us,  that  the  relative  rotation  of 

with  the  .  i  •  i  r      i 

rotating  the  water  with  respect  to  the  sides  ot  the  vessel  pro- 
water!  °  duces  no  noticeable  centrifugal  forces,  but  that  such 
forces  are  produced  by  its  relative  rotation  with  respect 
to  the  mass  of  the  earth  and  the  other  celestial  bodies. 
No  one  is  competent  to  say  how  the  experiment  would 
turn  out  if  the  sides  of  the  vessel  increased  in  thickness 
and  mass  till  they  were  ultimately  several  leagues  thick. 
The  one  experiment  only  lies  before  us,  and  our  busi- 
ness is,  to  bring  it  into  accord  with  the  other  facts 
known  to  us,  and  not  with  the  arbitrary  fictions  of  our 
imagination. 

6.  We  can  have  no  doubts  concerning  the  signifi- 
cance of  the  law  of  inertia  if  we  bear  in  mind  the  man- 
ner in  which  it  was  reached.  To  begin  with,  Galileo 
discovered  the  constancy  of  the  velocity  and  direction 
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of  a  bodv  referred  to  terrestrial  objects.      Most  terres-  The  law  of 

.  .  inertia  in 

trial  motions  are  of  such  brief  duration  and  extent,  that  the  ii«»u  of 

thi> 

it  is  wholly  unnecessary  to  take  into  account  the  earth's 
rotation  and  the  changes  of  its  progressive  velocity  with 
respect  to  the  celestial  bodies.     This  consideration  is 
found  necessary  only  in  the  case  of  projectiles  cast 
great  distances,  in   the  case  of  the  vibrations  of  Fou- 
cault's  pendulum,  and  in  similar  instances.    When  now 
ton  sought  to  apply  the  mechanical  principles 
red  since  Galilee  to  the  planet 

he  found   that,  so  far  as  >ible  to  f  es- 

timate at  all  thereof,  the  planets,  irrespective 
namic  et:  their  direction   . 

ity  with  respect  to  bodies  of  the  universe  that  are 

>te  and  as  regards  each  other  appai 
the  same  as  bodies  mo\  he  earth  do  with  re- 

:  objects  of  the  earth.      The  c oinj 

ment  of  t  1  bodies  with  respect  to  t  i  is 

to  the  comportment  of  the  earth  with  respect 

ere  f 
that  \  \-  more  <>•  .ij  objects  than  t: 

tioned,    •  :iy-  given    comportm- 

with  to  the  i<  ;der 

ourselves  culpable  of  a  fa/si :fy.   When,  accordingly, 

irection  and 

veloi  ing  more  or  less 

an  abbreviated  «•  to  thf  rntirt-  // 

e.ssion  is  per: 

.or  of   the   principle,  because- 
•hat  as  things  are  no  difficulties  stand  in 

implied  directions.      But  no 

':es  of  the  kind  n 

'ione  it   them  if,   for  exam;  re- 

quisite, relati  1  bodies  are  wanting. 
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The  reia-  7.    Instead,  now.  of  referring  a  moving  body  K  to 

tion  of  the  .  . 

bodies  of  space,  that  is  to  say  to  a  system  of  coordinates,  let  us 
verse  to  view  directly  its  relation  to  the  bodies  of  the  universe, 
by  which  alone  such  a  system  of  coordinates  can  be 
determined.  Bodies  very  remote  from  each  other,  mov- 
ing with  constant  direction  and  velocity  with  respect 
to  other  distant  fixed  bodies,  change  their  mutual  dis- 
tances proportionately  to  the  time.  We  may  also  say, 
All  very  remote  bodies — all  mutual  or  other  forces  ne- 
glected— alter  their  mutual  distances  proportionately 
to  those  distances.  Two  bodies,  which,  situated  at  a 
short  distance  from  one  another,  move  with  constant 
direction  and  velocity  with  respect  to  other  fixed  bod- 
ies, exhibit  more  complicated  relations.  If  we  should 
regard  the  two  bodies  as  dependent  on  one  another, 
and  call  r  the  distance,  /  the  time,  and  a  a  constant 
dependent  on  the  directions  and  velocities,  the  formula 
would  be  obtained:  d^rjdt^  =  (1/r)  [a2  —  (dr/df)*]. 
It  is  manifestly  much  simpler  and  clearer  to  regard  the 
two  bodies  as  independent  of  each  other  and  to  con- 
sider the  constancy  of  their  direction  and  velocity  with 
respect  to  other  bodies. 

Instead  of  saying,  the  direction  and  velocity  of  a 
mass  jJi  in  space  remain  constant,  we  may  also  employ 
the  expression,  the  mean  acceleration  of  the  mass  jj. 
with  respect  to  the  masses  m,  m',  m" .  ...  at  the  dis- 
tances r,  /,  r" is  =  0,  or  d*(2mr/2m)/d.t*  =  0. 

The  latter  expression  is  equivalent  to  the  former,  as 
soon  as  we  take  into  consideration  a  sufficient  number 
of  sufficiently  distant  and  sufficiently  large  masses. 
The  mutual  influence  of  more  proximate  small  masses, 
which  are  apparently  not  concerned  about  each  other, 
is  eliminated  of  itself.  That  the  constancy  of  direction 
and  velocity  is  given  by  the  condition  adduced,  will  be 
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seen  at  once  if  we  construct  through  /*  as  vertex  cones  The  expres- 

.  sion  of  the 

that  cut  out  different  portions  of  space,  and  set  up  the  i .m-  of  incr- 
condition  with  respect  to  the  masses  of  these  separate  of  this  re- 

...  •      i         i      r  i  •  lation. 

{portions.      We   may  put,  indeed,  for  the  t-nti> 
encompassing    //,  -   >irf2m)/dt*  =  0.      But    the 

equation  in  this  case  asserts  nothing  with  respect  to  tin- 
motion  of  //,  since  it  holds  good  for  all  species  of  n 
tion   where  ;/  is  uniformly  surrounded   by  an   infr 
number  of  masses.    If  two  masses  .  ich 

other  a  force  which   is  dependent  on  their  distance  r, 
then  </V/<//2  =  (/it  -f  Aijl/X/*).   Bllt»  at  tnc  sai 
the  acceleration  of  the  centre  of  gravity  of  the   t 
masses  or  the  mean  acceleration  of .  the  mass 
\sith:  to  the  masse^  theprin- 

c  pie  of  reaction)  remains  =  »  ;  that  is  to  say, 

d*\        Zi  ^    /rj 

,//•-•!"'     ^         rP*    2m   J  = 

When  we  reflect  that   the  time-factor  that  enters  The 
i   to  the  acceleration  is  nothing  more  than  a  quant  in 
t  iat  easure  of  the  distances  (or  angles  of  rota 

t  on)  of  the  bodies  of  the  uim  see  that  even  in 

implest   rase,  in   which  app;i  ,vith 

utual  artiun  of  only  ••  neglect 

<     the  rest  of  tin  '.mpossiblf.      Nature  does  not 

I  ;gin  with  el-  d  to  begin  with 

t  em.      It   LI  .  ertainly  fortunate  for  u  an, 

f  om  time  to  time,  turn  aside  our  eyes  from  the  o\ 
I   >werintf   unity  of  the  AI!.  low  them  to  rest  on 

i:  dividual  details.    HIT  dil  not  omit,  ultimately 

t    complete  and  correct  our  views  by  a  thorough  con- 
s  leratio;  vhich  for  the  time   !>• 

1<    .  out  of  account. 

8.  The  considerations  just  presented  show,  that  it 
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The  law  of 
inertia  does 
not  involve 
absolute 
space. 


Natural 
processes 
consist  in 
the  equali- 
sation of 
the  differ- 
ences of 
quantities. 


is  not  necessary  to  refer  the  law  of  inertia  to  a  special 
absolute  space.  On  the  contrary,  it  is  perceived  that 
the  masses  that  in  the  common  phraseology  exert  forces 
on  each  other  as  well  as  those  that  exert  none,  stand 
with  respect  to  acceleration  in  quite  similar  relations. 
We  may,  indeed,  regard  all  masses  as  related  to  each 
other.  That  accelerations  play  a  prominent  part  in  the 
relations  of  the  masses,  must  be  accepted  as  a  fact  of 
experience  ;  which  does  not,  however,  exclude  attempts 
to  elucidate  this  fact  by  a  comparison  of  it  with  other 
facts,  involving  the  discovery  of  new  points  of  view. 
In  all  the  processes  of  nature  the  differences  of  certain 

I  quantities  u  play  a  de- 
terminative role.  Differ- 
ences of  temperature,  of 
potential  function,  and  so 
forth,  induce  the  natural 

—  -—  p — *  p          processes,    which    consist 

Fie-  J43-  in     the     equalisation     of 

these  differences.  The  familiar  expressions  d2u/dx2, 
d2u/dy2,  d2u/dz2,  which  are  determinative  of  the 
character  of  the  equalisation,  may  be  regarded  as  the 
measure  of  the  departure  of  the  condition  of  any  point 
from  the  mea^-of  the  conditions  of  its  environment — 
to  which  mean  the  point  tends.  The  accelerations  of 
masses  may  be  analogously  conceived.  The  great  dis- 
tances between  masses  that  stand  in  no  especial  force- 
relation  to  one  another,  change  proportionately  to  each 
other.  If  we  lay  off,  therefore,  a  certain  distance  p  as 
abscissa,  and  another  r  as  ordinate,  we  obtain  a  straight 
line.  (Fig.  143.)  Every  r-ordinate  corresponding  to 
a  definite  p-value  represents,  accordingly,  the  mean  of 
the  adjacent  ordinates.  If  a  force-relation  exists  be- 
tween the  bodies,  some  value  d2r/dt2  is  determined 
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by  it  which  conformably  to  the  remarks  above  we  may 
replace  by  an  expression  of  the  form  d-r/d p-.  By  the 
force-relation,  therefore,  a  departure  of  the  r-ordinate 
from  the  mean  of  the  adjacent  ordinatcs  is  produced, 
which  would  not  exist  if  the  supposed  force-relation 
did  not  obtain.  This  intimation  will  suffice  here. 

9.   We  !  :npU'd  in  the  foregoi;  <    thecharacter 

law  of  inertia  a  different  expression  from  that  in  ordi-  npm 

T.I  •  •  .,,  ,  ff.    for  the  law 

nary  use.     This  expression  will,   so  long  as  a  suffi 
number  of  bodies  are  appan  1  in  space, 

accomplish  the  same  as  the  ordinary  one.  It  is  as 
easily  applied,  and  it  encounters  the  same  difficulties. 
In  the  one  ca  able  to  come  at  an  absol 

space,  in  the  other  a  limited  number  of  masses  onh 
within  the  reach  of  our  knowledge,  and  tin- 
indicated  can  consequent!  It 

1  lie  new  expression  would 
still  represent  the  true  condition  of  things  if  the  stars 

to  perform  rapid  in<  among  <> 

The  general  «•  e  cannot  be  cons:  romthfl 

;ular  case  given  us.      \\  on  the  contrary, 

until  sin  f.    Perhaps 

i  our  physico-astrononm.il   knmvledu 

.   it  will   be  offered   som-  ti.il 

space,  w!  ;d  comi^  motions 

place  than  in  our  eir  most  impor  TI.»- 

t  of  our  reflexio  .|>*e«Pofn 

•fst  mechanical  print  if 

,   .     ,  mdare 

bf  fully  t  i  ncc.xp< 

*f if ntly  <•  .  -''ility  of 

'  nvir 

,  hut  tha!  <  *  bf  re- 
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garded  as  mathematically  established  truths  but  only  as 
principles  that  not  only  admit  of  constant  control  by  expe- 
rience but  actually  require  it.  This  perception  is  valu- 
able in  that  it  is  propitious  to  the  advancement  of 
science.  (Compare  Appendix,  XX.,  p.  542.) 


SYNOPTICAL  CRITIQUE  OF  THE  NEWTONIAN  ENUNCIATIONS. 

Newt9n's  i.    Now  that   we   have   discussed   the  details  with 

Definitions. 

sufficient  particularity,  we  may  pass  again  under  re- 
view the  form  and  the  disposition  of  the  Newtonian 
enunciations.  Newton  premises  to  his  work  several 
definitions,  following  which  he  gives  the  laws  of  mo- 
tion. We  shall  take  up  the  former  first. 

Mass.  "Definition  I.  The  quantity  of  any  matter  is  the 

"measure  of  it  by  its  density  and  volume  conjointly. 
"  .  .  .  This  quantity  is  what  I  shall  understand  by  the 
"  term  mass  or  body  in  the  discussions  to  follow.  It  is 
"  ascertainable  from  the  weight  of  the  body  in  ques- 
tion. For  I  have  found,  by  pendulum-experiments 
"of  high  precision,  that  the  mass  of  a  body  is  propor- 
"  tional  to  its  weight ;  as  will  hereafter  be  shown. 

Quantity  of         "Definition  II.   Quantity  of  motion  is  the  measure 

motion,  .  .  . 

inertia,        "  ot   it   by  the  velocity  and  quantity  of  matter  con- 
force,  and        .    . 

accelera-        "jointly. 

"  Definition  III.  The  resident  force  \vis  insita,  i.  e. 
"the  inertia]  of  matter  is  a  power  of  resisting,  by 
"which  every  body,  so  far  as  in  it  lies,  perseveres  in 
"its  state  of  rest  or  of  uniform  motion  in  a  straight 
"line. 

"Definition  IV.  An  impressed  force  is  any  action 
"upon  a  body  which  changes,  or  tends  to  change,  its 
"state  of  rest,  or  of  uniform  motion  in  a  straight  line. 
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'•  Definition  V.  A  centripetal  force  is  any  force  by 
'•  which  bodies  are  drawn  or  impelled  towards,  or  tend 
••  in  any  way  to  reach,  some  point  as  centre. 

"Definition  VI.    The  absolute  quantity  of  a  centri- Forces cias- 

f  .    . 
"petal  force  is  a  measure  of  it  increasing  and  diniin-  solute,  ac- 

--  f  .  celt-t 

••  isbing  with  the  efficacy  of  the  cause  that  propagates  and  mov- 
"  it  from  the  centre  through  the  space  round  about. 
"Definition  VII.     The  accelerative   quantity  of  a 
itripetal  force  is  t  proportional  to 

•  the  velocity  which  it  generates  in  a  given  tin 

-•Definition  I'll  I.      The  moving  quantity  of  a  cen- 

•  tripetal  force  is  the  measure  of  it  proportional  to  the 
'•motion  [See  Def.  n.]  which  it  generates  in  a  given 
••  lime. 

The  three  quantities  or  measures  of  force  thus  dis-  The  reia- 
••  tinguished,  may,  for  bi  >ake,  be  called  abso-  force- 

''lute,  ace  ,  and  moving  forces,  being,  for  dis-*i 

11  tinction's  sake,  :  to  the  centre  of 

ce,  to  the  places  of  the  bodies,  and  to  the  bod 
••  that  tend  t.  My,   I  : 

•'  force  to  the  body,  as  being  an  endeavor  of  the  whole 

ing  from  the  collective  en 

vors  of  the  several  parts  ;  acct  .ro-t«>thr 

place  of  the  body,  as  being  a  sort  of  efficacy  original 
ing  in  tl  and  diffused  throughout  all  the  sev- 

round  about,  in  moving  the  bodies  that 
are  at  these  plac«  force  to  the  outre, 

as  i;  with  some  c.-.  :iout  which  muvi: 

1  forces  would  not  be  propagated  through  the  space 

.  iiether  tliis  latter  cause  be  son 

tr.il  body,  (such  as  i^  in  a  centre  of  mag- 

c  earth  in  the  centre  of   the  force  of 
•y,)  or  anything  else  not  v  it  least, 

;athematical  conception  of  forces;  for  their 
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"physical  causes  and  seats  I  do  not  in  this  place  con- 
sider. 
Thedis-.  "Accelerating  force,  therefore,  is  to  moving  force, 

tinction  .  ... 

mathemat-   "  as  velocity  is  to  quantity  oi  motion,      ror  quantity 

icalandnot  .  .  ,  . 

physical.  '  <  of  motion  arises  from  the  velocity  and  the  quantity 
"of  matter;  and  moving  force  arises  from  the  accel- 
"  erating  force  and  the  same  quantity  of  matter ;  the 
"  sum  of  the  effects  of  the  accelerative  force  on  the  sev- 
"  eral  particles  of  the  body  being  the  motive  force  of 
"the  whole.  Hence,  near  the  surface  of  the  earth, 
"where  the  accelerative  gravity  or  gravitating  force  is 
"in  all  bodies  the  same,  the  motive  force  of  gravity  or 
"  the  weight  is  as  the  body  [mass].  But  if  we  ascend 
"to  higher  regions,  where  the  accelerative  force  of 
"  gravity  is  less,  the  weight  will  be  equally  diminished, 
"  always  remaining  proportional  conjointly  to  the  mass 
"and  the  accelerative  force  of  gravity.  Thus,  in  those 
"  regions  where  the  accelerative  force  of  gravity  is  half 
"  as  great,  the  weight  of  a  body  will  be  diminished  by 
"  one- half.  Further,  I  apply  the  terms  accelerative  and 
"motive  in  one  and  the  same  sense  to  attractions  and 
"to  impulses.  I  employ  the  expressions  attraction,  im- 
"  pulse,  or  propensity  of  any  kind  towards  a  centre, 
"promiscuously  and  indifferently,  the  one  for  the  other; 
"considering  those  forces  not  in  a  physical  sense,  but 
"mathematically.  The  reader,  therefore,  must  not 
"infer  from  any  expressions  of  this  kind  that  I  may 
"use,  that  I  take  upon  me  to  explain  the  kind  or  the 
"mode  of  an  action,  or  the  causes  or  the  physical  rea- 
"  son  thereof,  or  that  I  attribute  forces  in  a  true  or 
"physical  sense,  to  centres  (which  are  only  mathemat- 
"  ical  points),  when  at  any  time  I  happen  to  say  that 
"centres  attract  or  that  central  forces  are  in  action." 
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2.    Definition  i  is,  as  has  already  been  set  forth,  a  Criticism  of 
pseudo-definition.     The  concept  of  mass  is  not  made  Definitions. 
clearer  by  describing  mass  as  the  product  of  the  volume 
into  the  density,  as  density  itself  denotes  simply  the 
mass  of  unit  of  volume.     The  true  definition  of  mass 
can  be  deduced  only  from  the  dynamical  relations  of 
bodies. 

To  Definition  n,  which  simply  enunciates  a  mode 
of  computation,  no  objection  is  to  be  made.  Defini- 
tion in  (inertia),  however,  is  rendered  superfluous  by 
Definitions  IV-MII  of  force,  inertia  being  included  and 
given  in  the  fact  that  forces  are  accelerate 

Definition  iv  defines  force  as  the  cause  of  the  accel- 
eration, or  tendency  to  acceleration,  of  a  body.     The 
latter  part  of  this  is  justified  by  the  fact  that  in  the 
cases  also  in  which  accelerations  cannot   take  place, 
other  attractions  that  answer  thereto,  as  the  compres- 
and  distension  etc.   of  bodies  occur.     The  cause 
of  an  acceleration  towards  a  definite  centre  is  defined 
in  Definition  v  as  centripetal  force,  and  is  distinguished 
,  MI,  and   viii  as  absolute,  accelerative,  and  mo- 
ve may  say,  a  matter  of  taste  and  of  foim 
u  hether  we  shall  embody  the  explication  of  the  idea 
of  force  in  one  or  in  several  definitions.      In  poini 
principle  the  Newtonian  definitions  are  open  to  no  ob- 
jections. 

V    The  Axioms  or  Laws  of  Motion  then  follow,  of  Newton't 

Law*  of 

h  Newton  enunciates  three  :  Motion. 

/.    Every  body  persevere  tate  of  rest 

;:n  motion  in  a  straight  line,  except  in  so 
as  it   is  coi  to  change  that  state  by 

i  forces." 

Lew  II.  Change  of  motion  [i.  e.  of  momentum]  is 
"  proportional  to  the  moving  force  impressed,  and  takes 
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"place  in  the  direction  of  the  straight  line  in  which 
"such  force  is  impressed. " 

"  Law  III.  Reaction  is  always  equal  and  opposite 
"to  action;  that  is  to  say,  the  actions  of  two  bodies 
"upon  each  other  are  always  equal  and  directly  op- 
"  posite. " 

Newton  appends  to  these  three  laws  a  number  of 
Corollaries.  The  first  and  second  relate  to  the  prin- 
ciple of  the  parallelogram  of  forces  ;  the  third  to  the 
quantity  of  motion  generated  in  the  mutual  action  of 
bodies  ;  the  fourth  to  the  fact  that  the  motion  of  the 
centre  of  gravity  is  not  changed  by  the  mutual  action 
of  bodies  ;  the  fifth  and  sixth  to  relative  motion. 
Criticism  of  4.  We  readily  perceive  that  Laws  i  and  n  are  con- 

laws  of       tained  in  the  definitions  of  force  that  precede.      Ac- 
motion.  , .  n      ,  .  ,          . 

cording  to  the  latter,  without  force  there  is  no  accel- 
eration, consequently  only  rest  or  uniform  motion  in  a 
straight  line.  Furthermore,  it  is  wholly  unnecessary 
tautology,  after  having  established  acceleration  as  the 
measure  of  force,  to  say  again  that  change  of  motion  is 
proportional  to  the  force.  It  would  have  been  enough 
to  say  that  the  definitions  premised  were  not  arbitrary 
mathematical  ones,  but  correspond  to  properties  of 
bodies  experimentally  given.  The  third  law  apparently 
contains  something  new.  But  we  have  seen  that  it  is 
unintelligible  without  the  correct  idea  of  mass,  which 
idea,  being  itself  obtained  only  from  dynamical  expe- 
rience, renders  the  law  unnecessary. 
The  coroi-  The  first  corollary  really  does  contain  something 

laries  to 

these  laws.  new.  But  it  regards  the  accelerations  determined  in 
a  body  K  by  different  bodies  My  JV,  P  as  self -evidently 
independent  of  each  other,  whereas  this  is  precisely 
what  should  have  been  explicitly  recognised  as  a  fact 
of  experience.  Corollary  Second  is  a  simple  applica- 
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tion  of  the  law  enunciated  in  corollary  First.  The  re- 
maining corollaries,  likewise,  are  simple  deductions, 
that  is,  mathematical  consequences,  from  the  concep- 
tions and  laws  that  precede. 

5.  Even  if  we  adhere  absolutely  to  the  Newtonian 
points  of  view,  and  disregard  the  complications  and  in- 
definite features  mentioned,  which  are  not  removal 
but  merely  concealed  by  the  abbreviated  designations 

and  "Spac<  possible  to  replace  N 

ton's  enunciations  by  much  more  simple,  nu-thodically 
better  ai:  and  more  satisfactory  propositions. 

Such,  in  our  estimation,  would  be  the  following  : 

a.   J  Bodies  set  opposite  Proposed 

.  tubsmu 

<;ach  other  induce  in  each  other,  under  certain  circum-  u,  MS  for 

•f      i    i  11  the  N 

<tances  to  be  specified  by  experimental  i  \\  laws 

and 

in  the  direction  of  u 

ion.     (The  principle  of  in-  included  in  ti 

/'.  ss-ratio  of  any  two  bodies 

1  ac- 
:elerations  of  those  bodies. 

'/.     The  ma^  of 

-icter  of  tl 
states  (of  the  bo<  t  condit  utual  accel- 

trical,  inagn- 
moreover,  the  sa: 
!y  or  im: 

d.  n.      The    accelerate ' 

induce  in  a 

vnt  of  each  other.    (The  p: 
)fth  logram  <  :  iom 

e.  product  of  the 
i  \SS-value  o:                                                 lion   induced   in 
hat 
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Extent  and         Then  the  remaining  arbitrary  definitions  of  the  al- 

character 

of  the  pro-  gebraical  expressions  "momentum,  "vis  viva,"  and 
stitutions.  the  like,  might  follow.  But  these  are  by  no  means  in- 
dispensable. The  propositions  above  set  forth  satisfy 
the  requirements  of  simplicity  and  parsimony  which, 
on  economico-scientific  grounds,  must  be  exacted  of 
them.  They  are,  moreover,  obvious  and  clear  ;  for  no 
doubt  can  exist  with  respect  to  any  one  of  them  either 
concerning  its  meaning  or  its  source  ;  and  we  always 
know  whether  it  asserts  an  experience  or  an  arbitrary 
convention. 
The  6.  Upon  the  whole,  we  may  say,  that  Newton  dis- 

achieve-  . 

ments  of  cerned  in  an  admirable  manner  the  concepts  and  pnnci- 
from  the  pies  that  were  sufficiently  assured  to  allow  of  being  fur- 
view  of  his  ther  built  upon.  It  is  possible  that  to  some  extent  he 
was  forced  by  the  difficulty  and  novelty  of  his  subject, 
in  the  minds  of  the  contemporary  world,  to  great  am- 
plitude, and,  therefore,  to  a  certain  disconnectedness 
of  presentation,  in  consequence  of  which  one  and  the 
same  property  of  mechanical  processes  appears  several 
times  formulated.  To  some  extent,  however,  he  was, 
as  it  is  possible  to  prove,  not  perfectly  clear  himself 
concerning  the  import  and  especially  concerning  the 
source  of  his  principles.  This  cannot,  however,  ob- 
scure in  the  slightest  his  intellectual  greatness.  He 
that  has  to  acquire  a  new  point  of  view  naturally  can- 
not possess  it  so  securely  from  the  beginning  as  they 
that  receive  it  unlaboriously  from  him.  He  has  done 
enough  if  he  has  discovered  truths  on  which  future 
generations  can  further  build.  For  every  new  infer- 
ence therefrom  affords  at  once  a  new  insight,  a  new 
control,  an  extension  of  our  prospect,  and  a  clarifica- 
tion of  our  field  of  view.  Like  the  commander  of  an 
army,  a  great  discoverer  cannot  stop  to  institute  petty 
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inquiries  regarding  the  right  by  which  he  holds  eachTi.c 

achieve- 
pOSt  of   vantage  he  has  won.      The  magnitude  of   thememsof 

problem  to  be  solved  leaves  no  time  for  this.      But  at  the  light  of 

subsequent 

a  later  period,  the  case  is  different.      Newton  might  research, 
well  have  expected  of  the  two  centuries  to  follow  that 
should  further  examine  and  confirm   the   founda- 
of  his  work,  and  that,  when  times  of  greater  scien- 
tific tranquillity  should  come,  the  principles  of  the  sub 
might  acquire  u  higher  philosophical   in- 

terest than  all  that  is  deducible  from  them.   Then  prob- 
ose  just  treated  of,  to  the  solution  of 
which,  perhaps,   a  small  contribution  has  here  been 
made.    \\  <     "in  with  the  eminent  ,  liomson 

a  ul  Tait,  in  our  reverence  an  ition  of  Newton. 

Put  we  can  only  comprehend  with  difficulty  their  opin- 
ion that  the  Newtonian  doctrines  still  remain  the  t 
a  id  most  philosophical  foundation  of  the  sciei 
<   in  be   K: 

VIM 

KLOPMENT  Ol  >  S. 

I.    If  we  pass  in  review  t:  :  in  which  the  de 

i<  -'ilt.  the 

elopment  t>:  11, — a  JM                                1  by 

(  alileo,  nd  brought  to  a  close  f»«. 

i  y  Newton, — its   :  will  be   t 

I  ere-                 M.it  bodies  mutually  determine   u 

»  ther  -lent  on  definite 

i  taterial  circu  <-s.  The 

rason  the  percejf  in 

s  is  wholly  an  historical 

nf  great  fact  was  es- 
ed.     Different  pairs  of  bodies  detennii 
1  endently  of  each  other,  and  mutually,  in  themselves, 
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pairs  of  accelerations,  whose  terms  exhibit  a  constant 
ratio,  the  criterion  and  characteristic  of  each  pair. 
This  fact  Not  even  men  of  the  calibre  of  Galileo,  Huygens, 

even  the  . 

greatest  in-  and  Newton  were  able  to  perceive  this  tact  at  once, 
could  per-  Even  they  could  only  discover  it  piece  by  piece,  as  it 

ceive  only     .  .-,..,,..,  ., 

in  frag-  is  expressed  in  the  law  of  falling  bodies,  in  the  special 
law  of  inertia,  in  the  principle  of  the  parallelogram  of 
forces,  in  the  concept  of  mass,  and  so  forth.  To-day, 
no  difficulty  any  longer  exists  in  apprehending  the  unity 
of  the  whole  fact.  The  practical  demands  of  communi- 
cation alone  can  justify  its  piecemeal  presentation  in 
several  distinct  principles,  the  number  of  which  is  really 
only  determined  by  scientific  taste.  What  is  more,  a 
reference  to  the  reflections  above  set  forth  respecting 
the  ideas  of  time,  inertia,  and  the  like,  will  surely  con- 
vince us  that,  accurately  viewed,  the  entire  fact  has, 
in  all  its  aspects,  not  yet  been  perfectly  apprehended. 

The  results        The  point  of  view  reached  has,  as  Newton  expressly 

reached  . 

havenoth-  states,  nothing  to  do  with  the  "  unknown  causes  of 
with  the  so- natural  phenomena.  That  which  in  the  mechanics  of 
"causes"  the  present  day  is  called  force  is  not  a  something  that 

of  phenom-  , . 

ena.  lies  latent  m  the  natural  processes,  but  a  measurable, 

actual  circumstance  of  motion,  the  product  of  the  mass 
into  the  acceleration.  Also  when  we  speak  of  the  at- 
tractions or  repulsions  of  bodies,  it  is  not  necessary  to 
think  of  any  hidden  causes  of  the  motions  produced. 
We  signalise  by  the  term  attraction  merely  an  actually 
existing  resemblance  between  events  determined  by  con- 
ditions of  motion  and  the  results  of  our  volitional  im- 
pulses. In  both  cases  either  actual  motion  occurs  or, 
when  the  motion  is  counteracted  by  some  other  circum- 
stance of  motion,  distortion,  compression  of  bodies, 
and  so  forth,  are  produced. 

2.    The  work  which  devolved  on  genius  here,  was 
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the-   noting  of  the  connection  of  certain  determinative  The  form  of 
elements  of  the  mechanical  processes.   The  precise  es-  chanicai 
tablishment  of  the  form  of  this  connection  was  rather  a  m  the  main 
task  for  plodding  research,  which  created  the  different  kai  origin. 
concepts  and  principles  of  mechanics.     We  can  de- 
termine the  true  value  and  significance  of  these  prin- 
s  and  concepts  only  by  the  investigation  of  their 
historical  origin.      In   this  it  appears  unmistakable  at 
.  that  accidental  circumstances  h  t<>  tin- 

course  of  their  development  a  peculiar  direction,  which 
under  other  conditions  mi«;lit  have  been  very  differ< 
Of  this  an  example  shall  I  - 

Before  Galileo  assumed  the  :  ut  of  the  de-  Forewm- 

pt  ndence  of  the  final  velocity  on  t:  and  put  it  toleo:»iaws 

of  falling 

th2  test  c  ;ient,  he  essayed,  as  we  have  already  bodies 

se  ;n,  a  different  L  .  and  made  the  final  velocity  t.v 

p'  oportional  to  the  space  described.    1 1  •  >y  a 

c<  urse  of  fallacious  reasoning.  '.  rred 

t<    tl  assumption  involved  a  self-contradiction. 

:  easonim  any  given  distance  of  de- 

s<  ?nt  must,  by  virtue  of  the  double  final  velocity  ac- 
q   ire  •  rsed  in  :  time  a 

s  nple  distance  of  descent.      But  since  the  first 
n  cessarily  t:  If  will  have 

t(     b«  itaneou 

o    time  not  measurable.     \\  lily  foil- 

tl  at  the  descent  of  bodies  generally  is  instantaneous. 

easoning  are  manifest.  Galileo's 

G  ilileo  was,  of  course,  not  versed  in  mental  integra-  and  it* 
ti  >ns,  and  having  at  his  command  no  adequate  methods 
HC  r  the  solution  of  probl<  •  -«  facts  \\.  r«    in  any 

^pee  complicated^  he  could  not  but  fall  into  n 
;<:h  cases  were  pr<- 

stance  and  /  tl.  ialilean  assumption  reads 
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in  the  language  of  to-day  ds/dt  =  as,  from  which  fol- 
lows s  =  A  £ae,  where  a  is  a  constant  of  experience  and 
A  a  constant  of  integration.  This  is  an  entirely  different 
conclusion  from  that  drawn  by  Galileo.  It  does  not 
conform,  it  is  true,  to  experience,  and  Galileo  would 
probably  have  taken  exception  to  a  result  that,  as  a 
condition  of  motion  generally,  made  s  different  from  0 
when  t  equalled  0.  But  in  itself  the  assumption  is  by 
no  means  ^^-contradictory. 
Thesuppo-  Let  us  suppose  that  Kepler  had  put  to  himself  the 

sition  that  „     ... 

Kepler  had  same  question.      Whereas  Galileo  always  sought  after 

made  Gali-     ,  ,  .       .  .      ,   . 

leo'sre-  the  very  simplest  solutions  of  things,  and  at  once  re- 
jected hypotheses  that  did  not  fit,  Kepler's  mode  of  pro- 
cedure was  entirely  different.  He  did  not  quail  before 
the  most  complicated  assumptions,  but  worked  his  way, 
by  the  constant  gradual  modification  of  his  original 
hypothesis,  successfully  to  his  goal,  as  the  history  of 
his  discovery  of  the  laws  of  planetary  motion  fully 
shows.  Most  likely,  Kepler,  on  finding  the  assumption 
ds/dt  =  as  would  not  work,  would  have  tried  a  num- 
ber of  others,  and  among  them  probably  the  correct  one 
dsjdt  =  a  l/s.  But  from  this  would  have  resulted  an 
essentially  different  course  of  development  for  the  sci- 
ence of  dynamics. 

in  such  a  It  was  only  gradually  and  with  great  difficulty  that 

concept       the  concept  of  "work"  attained  its  present  position 
might  have  of  importance  ;  and  in  our  judgment  it  is  to  the  above- 
original       mentioned  trifling  historical  circumstance  that  the  diffi- 
mechanics.  culties  and  obstacles  it  had  to  encounter  are  to  be  as- 
cribed.  As  the  interdependence  of  the  velocity  and  the 
time  was,  as  it  chanced,  first  ascertained,  it  could  not 
be  otherwise  than  that  the  relation  v  =  gt  should  appear 
as  the  original  one,  the  equation  s  =  gt2 /2  as  the  next 
immediate,  and  gs  =  v  2/2  as  a  remoter  inference.    In- 
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troducing  the  concepts  mass  (m)  and  force  (/),  where 

=rr  mg,  we  obtain,  by  multiplying  the  three  equations 

i,    the   expressions  mv  —ft,    wj=//2/2,   />s  = 

2  —  the  fundamental  equations  of  mechanics.     Of 

necessity,  therefore,  the  concepts  force  and  momentum 

appear  more  primitive  than  the  concepts  work  (/>s) 

and  .    It  is  not  to  be  wondered  at,  acconl 

ingly,  that,  wherever  the  idea  of  work  made  its  appear- 

ance, it  was  always  sought  to  replace  it  by  the  histor- 

ically older  concepts.     The  entire  dispute  of  the  Leib- 

nitzians  and  Cartesians,  which  was  first  composed  in 

a  manner  by  D'Alembert,  finds  its  complete  explana- 

tion in  this  fact. 

From  an   unbiassed  point  of  view.  \\«  tifio- 

J  tipn  of  this 

th    same  right  to  inquire  after  the  interdependence  of 

th  j  final  velocity  and  the  time  as  after  rde- 

p<  ndence  of  the  final  velocity  and  mce,  and  to 

ai  aw-  icstion  by  experiment. 

le  ds  us  to  the  experiential  truth,  that  given  bodit 

C(  atraposition  impart  to  each  other  in  given  timts  d 

n    e  increments  of  velocity.      The  second 

tl  it  ^  'lies  in  contraposition  impart  to  each  ot 

fc     given   mutual  mfnts  definite   increments  of 

v<  ocities.   Both  proposit;  qually  justified,  and 

b<  th  may  be  regarded  as  equally  original. 

The  correctness  of  this  view  has  been  substantiated  Eiempiifi- 
in  on:  "'  J    K    M.i\  i  i.      M  •    Ion 

a   nodern  mind  of  the  Galilr  >,  a  mind  wholly 

fr  e  from  the  influences  of  the  schools,  of  in 

<  pendent    accord   actually   pursued    the    last-named 
:thod,  and  produced  by  it  an  extension  of  science 
'ch  the  schools  did  not  accomplish  until   later  in  a 
Oi  less  complete  and  less  simple  form.    For  Ma 
r/-  .   concept.       That  u,hi«h    IS   called 


< 
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work  in  the  mechanics  of  the  schools,  he  calls  force. 
Mayer's  error  was,  that  he  regarded  his  method  as  the 
only  correct  one. 

The  results  3.  We  may,  therefore,  as  it  suits  us,  regard  the  time 
from  it.  of  descent  or  the  distance  of  descent  as  the  factor  de- 
terminative of  velocity.  If  we  fix  our  attention  on 
the  first  circumstance,  the  concept  of  force  appears  as 
the  original  notion,  the  concept  of  work  as  the  derived 
one.  If  we  investigate  the  influence  of  the  second  fact 
first,  the  concept  of  work  is  the  original  notion.  In 
the  transference  of  the  ideas  reached  in  the  observation 
of  the  motion  of  descent  to  more  complicated  relations, 
force  is  recognised  as  dependent  on  the  distance  be- 
tween the  bodies — that  is,  as  a  function  of  the  distance, 
f  (r).  The  work  done  through  the  element  of  distance  dr 
is  then/(r)  dr.  By  the  second  method  of  investiga- 
tion work  is  also  obtained  as  a  function  of  the  distance, 
F  (f}  ;  but  in  this  case  we  know  force  only  in  the  form 
d.  F  (f}jdr — that  is  to  say,  as  the  limiting  value  of  the 
ratio  :  (increment  of  work)/(increment  of  distance.) 
The  prefer-  Galileo  cultivated  by  preference  the  first  of  these 
different  in- two  methods.  Newton  likewise  preferred  it.  Huygens 
pursued  the  second  method,  without  at  all  restricting 
himself  to  it.  Descartes  elaborated  Galileo's  ideas  after 
a  fashion  of  his  own.  But  his  performances  are  in- 
significant compared  with  those  of  Newton  and  Huy- 
gens, and  their  influence  was  soon  totally  effaced.  After 
Huygens  and  Newton,  the  mingling  of  the  two  spheres 
of  thought,  the  independence  and  equivalence  of  which 
are  not  always  noticed,  led  to  various  blunders  and 
confusions,  especially  in  the  dispute  between  the  Car- 
tesians and  Leibnitzians,  already  referred  to,  concern- 
ing the  measure  of  force.  In  recent  times,  however,  in- 
quirers turn  by  preference  now  to  the  one  and  now  to 
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the  other.   Thus  the  Galileo- Newtonian  ideas  are  culti- 
:   with  preference   by  the  school   of   Poinsot,  the 
Galileo- Huygenian  by  the  school  of  Poncelet. 

4.    Newton  operates  almost  exclusively  with  tin-  no-Theimpor- 
tions  of  force,  mass,  and  momentum.    His  sense  of  tin- 
value  of  the  concept  of  mass  places  him  ab<  > 
cessorsand  contemporaries.    It  did  not  occur  to  Galileo 
that  mass  an> :  it  things.    ll;i\m-ns, 

in  all  his  considerations,  puts  weights  for  masses; 
as   for  example  in  hi  ons  concerning 

:e  of  oscillation. 

1  i  Impact),  Huygens  always  says  "corpus  ma 
and  "corpus  minus,"  the  smaller 
ie  means  the  larger  or  the  smaller  mass. 
to  form  the  concept  mass  till 

hey  made  the  discovery  that  the  v  can  by 

ction  of  accelerations.     '1 

irst  occasion  of  t:  s  the  pendulum-ob- 

ervations  of  —from   \ 

at   once  drew   ti  tin- 

id  was  the  extension  of  t!  nical  laws  to  the 

»ly  bodies.  The  importance  of  the  tir^t  point  may 
1  from  the  fact  tl  ro- 

tionality  of  mass  and  weight  on  the  same  spot  of  the 
personally  1   accurate  observations  on 

endulums  01  i  I, 

KYI,  Dt  Motu  ft  Rfsi 
).     In  the  case  of  John  Bernoulli,  also,  the  first 
ction   between  n 

Oscillationis.  Opera  Omniii,  Laus.i 
jne  II.  p.  1 68)  was  made  ground 

fact  that  the  same  body  can  r« 
-itational  accelerations.    Newton,  accoi 
of  all  d\  »ns 
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\ 

of  several  bodies  to  each  other,  by  the  help  of  the  ideas 
of  force,  mass,  and  momentum. 
Themeth-          5.    Huygens  pursued  a  different  method  for  the  so- 

odsofHuy-.       ,..;-i  ^     IM         1 

gens.  lution  of  these  problems.  Galileo  had  previously  dis- 
covered that  a  body  rises  by  virtue  of  the  velocity  ac- 
quired in  its  descent  to  exactly  the  same  height  as  that 
from  which  it  fell.  Huygens,  generalising  the  principle 
(in  his  Horologium  Os  dilator  iuni)  to  the  effect  that  the 
centre  of  gravity  of  any  system  of  bodies  will  rise  by 
virtue  of  the  velocities  acquired  in  its  descent  to  ex- 
actly the  same  height  as  that  from  which  it  fell,  reached 
the  principle  of  the  equivalence  of  work  and  vis  viva. 
The  names  of  the  formulae  which  he  obtained,  were, 
of  course,  not  supplied  until  long  afterwards. 

The  Huygenian  principle  of  work  was  received  by 
the  contemporary  world  with  almost  universal  distrust. 
People  contented  themselves  with  making  use  of  its 
brilliant  consequences.  It  was  always  their  endeavor 
to  replace  its  deductions  by  others.  Even  after  John 
and  Daniel  Bernoulli  had  extended  the  principle,  it 
was  its  fruitfulness  rather  than  its  evidency  that  was 
valued. 

Themeth-         We  observe,  that  the  Galileo-Newtonian  principles 

ods  of  New-  ...  .... 

ton  and       were,  on  account  of  their  greater  simplicity  and  ap- 

Huygens  .  ,  .  .    ,  r 

compared,  parently  greater  evidency,  invariably  preferred  to  the 
Galileo-Huygenian.  The  employment  of  the  latter  is 
exacted  only  by  necessity  in  cases  in  which  the  em- 
ployment of  the  former,  owing  to  the  laborious  atten- 
tion to  details  demanded,  is  impossible  ;  as  in  the  case 
•  of  John  and  Daniel  Bernoulli's  investigations  of  the 
motion  of  fluids. 

If  we  look  at  the  matter  closely,  however,  the  same 
simplicity  and  evidency  will  be  found  to  belong  to  the 
Huygenian  principles  as  to  the  Newtonian  proposi- 
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tions.  That  the  velocity  of  a  body  is  determined  by 
the  time  of  descent  or  determined  by  the  distance  of 
descent,  are  assumptions  equally  natural  and  equally 
simple.  The  form  of  the  law  must  in  both  cases  be 
supplied  by  experience.  As  a  starting-point,  therefore, 
pt  =  ///  <-•  and  /.»•  =  ///  ,--  2  are  equally  well  fitted. 

6.   When  we  pass  to  the  investigation  of  the  motion  Thenece* 
of  several  be  are  again  compelled,  in  both  c  anai- 

t  tln- 
tO  take  a  second  step  of  an  equal  degree  of  certainty,  two  tm-th- 

Newtonian  idea  of  mass  is  justified  by  the  fact, 
that,  if  relinquished,  all  rules  of  action  for  events  would 
have  an  end  ;  that  we  should  forthwitl 
contradictions  of  our  commonest  and   crudest  exj 

;  and  that  the  ph\  of  'our  mechanical 

environment  would  become  unintelligible.  The  same 
th  ng  must  be  said  of  the  HuyRt-nian  principle  of  work. 
If  w- 

b<  dies  will,  by  v  able  to 

as  ^end  higher  ;  all  known  rules  of  mechanical  oc 
re  ces  will  }}•.-. 

cr  ered  alike  into  the  discovery  of  the  one 
th  :  other  have  been  already  discus 

The  two  spheres  of  ideas  could,   of  con  .c  The  points 

gr  >wn  up  much  more  independent 
in  view  of  tli-  <>  were  constantly  in  « 

no  wonder  that   they  have  becor  ally 

ni  r^-  genian  appears 

th     less  con  ill-sufficient  with 

f<      i  :id    momenta.       I  :  would    1 

•  c  with  worl  Hut  s: 

time  co- 
in; ss,  that  idea    h  lu- 
be    »wed  from  the  other  sphere.      Yet   this  also  could 
ha  e  been  avoided.      If  with  N               lie  mass-ratio  of 
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two  bodies  can  be  defined  as  the  inverse  ratio  of  the 
velocities  generated  by  the  same  force,  with  Huygens 
it  would  be  logically  and  consistently  definable  as  the 
inverse  ratio  of  the  squares  of  the  velocities  generated 
by  the  same  work. 

The  respec-  The  two  spheres  of  ideas  consider  the  mutual  de- 
ofeach.  pendence  on  each  other  of  entirely  different  factors  of 
the  same  phenomenon.  The  Newtonian  view  is  in  so 
far  more  complete  as  it  gives  us  information  regarding 
the  motion  of  each  mass.  But  to  do  this  it  is  obliged 
to  descend  greatly  into  details.  The  Huygenian  view 
furnishes  a  rule  for  the  whole  system.  It  is  only  a  con- 
venience, but  it  is  then  a  mighty  convenience,  when 
the  relative  velocities  of  the  masses  are  previously  and 
independently  known. 
The  gen-  7.  Thus  we  are  led  to  see,  that  in  the  develop- 

eraldevel-  .  ' 

opment  of   ment  ot  dynamics,  just  as  in  the  development  ot  statics, 

dynamics  .  f       .,,.., 

in  the  light  the  connection  of  widely  different  features  of  mechanical 

of  the  pre- 

ceding  re-  phenomena  engrossed  at  different  times  the  attention 
of  inquirers.  We  may  regard  the  momentum  of  a  sys- 
tem as  determined  by  the  forces  \  or,  on  the  other 
hand,  we  may  regard  its  vis  viva  as  determined  by  the 
work.  In  the  selection  of  the  criteria  in  question  the 
individuality  of  the  inquirers  has  great  scope.  It  will 
be  conceived  possible,  from  the  arguments  above  pre- 
sented, that  our  system  of  mechanical  ideas  might, 
perhaps,  have  been  different,  had  Kepler  instituted 
the  first  investigations  concerning  the  motions  of  fall- 
ing bodies,  or  had  Galileo  not  committed  an  error  in 
his  first  speculations.  We  shall  recognise  also  that  not 
only  a  knowledge  of  the  ideas  that  have  been  accepted 
and  cultivated  by  subsequent  teachers  is  necessary  for 
the  historical  understanding  of  a  science,  but  also  that 
the  rejected  and  transient  thoughts  of  the  inquirers. 
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nay  even  apparently  erroneous  notions,  may  be  very 
important  and  very  instructive.  The  historical  investi- 
gation of  the  development  of  a  science  is  most  needful, 
lest  the  principles  treasured  up  in  it  become  a  system 
of  half-understood  prescripts,  or  worse,  ;  i  of 

prejudices.  Historical  investigation  not  only  promotes 
the  understanding  of  that  which  now  is,  but  also  brings 
new  possibilities  before  us,  by  showing  that  which 

•  In-  in  «jreat  '.,>//<//  and  accidental. 

From  the  higher  point  of  view  at  which  different  paths 
of  thought  converge  we  may  look  about  us  with  freer 

ion  and  discover  routes  before  unkno\ 
In  all  the  dynamical  propositions  that  we  have  dis- 
cuss-  //»    plays  a  prominent  rule.      Tin-  reason 

(A  this,    in   our    \  that,  accurately  considered,  ential- 

every  single  body  of  the  universe  stands  in  some  defi-tome^Iy 

make  the 

nite  relation   with  every  other  body  in   the  universe ;  oca* 

that  any  one  bod  <  >nsequently  also  any  several fluou»*u* 

annot  be  regarded  as  wholly  isolated.     Our 
iity  t<>  take  in  all  tilings  at  a  glance  alone  compels 
us  to  consider  a  few  bodies  and   t  :ne  being  to 

neglect  in  certain  aspects  the  others  ;  a  step  accom- 
plished by  the  introduction  of  velocity,  and  therefore 
>f  time.  We  cannot  regard  it  as  impossible  that 

s,  to  use  an  ion  of  C.  Neumann,  will 

some  day  tak«   the  place  of  the  laws  of  mathematical 

rential  laws,  that  now  make  up 

science  <  mics,  anil  that  we  shall  have  direct 

cnowledge  of  the  dcj  e  on  one  another  of  tin 

*>osit;  an  event,  the  concej> 

rorce  will  have  b  (See  Appendix, 

'XI.,    p.  548,   on   //  also  Appendix 

CXII.,  p.  555,  in  answer  to  criticisms  of  t:  ex- 

pressed by  the  author  in  Chapters  I.  and  II.) 


CHAPTER  III. 

THE   EXTENDED  APPLICATION   OF  THE  PRINCIPLES 
OF  MECHANICS  AND  THE  DEDUCTIVE  DE- 
VELOPMENT OF  THE   SCIENCE. 

i. 
SCOPE    OF    THE    NEWTONIAN    PRINCIPLES. 

Newton's  i.   The  principles  of  Newton  suffice  by  themselves, 

are  um-      without  the  introduction  of  any  new  laws,  to  explore 
scope  and    thoroughly  every  mechanical  phenomenon  practically 

power.  ,        i          •     i      1  •  •     " 

occurring,  whether  it  belongs  to  statics  or  to  dynamics. 
If  difficulties  arise  in  any  such  consideration,  they  are 
invariably  of  a  mathematical,  or 
formal,  character,  and  in  no  re- 
spect concerned  with  questions 
of  principle.  We  have  given, 
let  us  suppose,  a  number  of  mas- 
ses m^,  m2,  m3.  ...  in  space,  with 
definite  initial  velocities  vif  v2, 
va.  .  .  .  We  imagine,  further,  lines 
of  junction  drawn  between  every 
two  masses.  In  the  directions  of 

these  lines  of  junction  are  set  up  the  accelerations  and 
counter-accelerations,  the  dependence  of  which  on  the 
distance  it  is  the  business  of  physics  to  determine.  In 
a  small  element  of  time  r  the  mass  m5,  for  example, 
will  traverse  in  the  direction  of  its  initial  velocity  the 
distance  vbr,  and  in  the  directions  of  the  lines  joining 
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it  with  the  masses  ///  ,   ///.,,    ///  .  .  .  .,  being  affected  in  Schematic 

-11  •  illustration 

such  directions  with  the  accelerations  ...  of  thepre- 

the  distances   O{/2  ...      I! «tatennt 

nagine  all  these  motions  to  be  performed  indepen- 
dently of  each  other,  we  shall  obtain  the  new  position 
of  the  mass  ///.  after  lapse  of  time  r.  The  composition 
of  the  velocities  r.  and  it>  r .  .  .  .  gives  the 

new  initial  velocity  at  the  end  of  time  T.  \Ye  then 
allow  a  second  small  interval  of  time  r  to  elapse,  and, 
making  allowance  for  the  new  spatial  relations  of  tin- 
masses,  continue  in  the  same  way  the  investigation  of 
the  motion.  In  like  manner  we  may  proceed  with 

:ass.      It  \vill   be   seen,  therefore,   that. 
point  of  principle,  no  embarrassment  can   arise  ,   the 
difficulties  which  occur  are  solely  of  a  mathematical 
character,  where  an  exact  solution  in  concise-  sy inl- 
and not  a  clear  insight   into  the  : 

•  •  phenomen(  If  the  .1 

e  mass  m^,  or  of  masses,  colle 

tralise  each  other,    t!  <>r  the  otlu-i 

itione<l  ;ily 

with   their   i:  locities.  Idition, 

initi.  ",  both  r -,///////'- 

Nor,  where  a   number  of  tlie  masses  w.,  /».,  same 

idea  ap- 

to  ag- 

Speak  of  a  Single  bite  ]Oimn§  aerial 

ficult  ;.le,  any  greater.     We  divide P> 

the  mas ...  mill  for  our  \ 

\  more,  take  into 
Mint    the   reciprocal    i 
large  mass  ;   wl.  ion,  in  the  case  « 

for   ;  the    parts    resisting 
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every  alteration  of  their  distances  from  one  another. 
On  the  alteration  of  the  distance  between  any  two  parts 
of  such  a  mass  an  acceleration  is  observed  proportional 
to  that  alteration.  Increased  distances  diminish,  and 
diminished  distances  increase  in  consequence  of  fhis 
acceleration.  By  the  displacement  of  the  parts  with 
respect  to  one  another,  the  familiar  forces  of  elasticity 
are  aroused.  When  masses  meet  in  impact,  their 
forces  of  elasticity  do  not  come  into  play  until  contact 
and  an  incipient  alteration  of  form  take  place. 
A  practical  2.  If  we  imagine  a  heavy  perpendicular  column 

illustration  .  •,  ••  ....... 

of  the  scope  resting  on  the  earth,  any  particle  ;;/  in  the  interior  ot 
principles.8  the  column  which  we  may  choose  to  isolate  in  thought, 
is  in  equilibrium  and  at  rest.  A  vertical  downward  ac- 
celeration g  is  produced  by  the  earth  in  the  particle, 
which  acceleration  the  particle  obeys.  But  in  so  doing 
it  approaches  nearer  to  the  particles  lying  beneath  it, 
and  the  elastic  forces  thus  awakened  generate  in  ;//  a 
vertical  acceleration  upwards,  which  ultimately,  when 
the  particle  has  approached  near  enough,  becomes 
equal  to  g.  The  particles  lying  above  m  likewise 
approach  m  with  the  acceleration  g.  Here,  again, 
acceleration  and  counter-acceleration  are  produced, 
whereby  the  particles  situated  above  are  brought  to 
rest,  but  whereby  m  continues  to  be  forced  nearer  and 
nearer  to  the  particles  beneath  it  until  the  acceleration 
downwards,  which  it  receives  from  the  particles  above 
it,  increased  by  g,  is  equal  to  the  acceleration  it  re- 
ceives in  the  upward  direction  from  the  particles  be- 
neath it.  We  may  apply  the  same  reasoning  to  every 
portion  of  the  column  and  the  earth  beneath  it,  readily 
perceiving  that  the  lower  portions  lie  nearer  each  other 
and  are  more  violently  pressed  together  than  the  parts 
above.  Every  portion  lies  between  a  less  closely  pressed 
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upper  portion  and  a  more  closely  pressed  lower  por-  Rest  in  the 

.         .  .  ..  linhtof 

tion  ;  its  downward  acceleration  g  is  neutralised   by  a  th<-«-prin- 


surplus  of  acceleration  upwards,  which  it  experiences   Mr 
from  the  parts  beneath.      We  comprehend  the  equilih- 
rium  and  rest  of  the  parts  of  the  column  by  imagining 
all  the  accelerated  motions  which  the  reciproi 
tion  of  the  earth  and  the  parts  of  the  column  detenu: 

.   fact  simultaneously  per:  The  apparent 

:;lity  of  this  conception  vanishes,  and 

nnes  at  once  an  animate  form,  when  we  ret; 

that  in  reality  no  body  is  con  est,  but  that 

in  all.  slight  tremors  and  disturbances  are  constantly 

;g  place  which  now  give  to  the  accelerations  of  de- 
ccelerations  of  elasti  i^ht 

prep<  e.     Rest,  therefore,  is  a  case  of  motion, 

V2ryinfr<  id.  indeed,  never  complet- 

1  he  tremors  mentioned  are  by  no  means  an  unfamiliar 
1  hen*  When,  however,  we  occupy  OK 

\  ith  cases  of  equilibrium,  we  are  concerned  .-.  ith 

;  sch  -light  of  the  mechanical 

f  cts.     \\  neglect  the^  Dances, 

<   splacements,   bcndings,  and  tr<  :  they 

1  ive  : 

1  ive  ictical  import  1  within  the 

j   ov  he  so-called  /  he  whole  The.. 

c  itco:  that  we  ever 

i 
ad!  <>ur  U«M.  •    and  the  same  idea,  and  principle* 

HI  r  •  )uce 

1  *me  are  able  to  reproduce  and  c<  to  the 

f«  rehand   all   cases   of  equilibrium    and   motion.      All 
p  enomena  of  a  mechanical  kind  now  appear  to 
a     uniform  throughout  and  as  made  up  of  the  sa 
e  -me 

I.'t    ;     consider  another  example.     Two  mas- 
tuated    at    a   distance   a    from  each 
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A  general  other.  (Fig.  145.)  When  displaced  with  respect  to 
cation  of  each  other,  elastic  forces  proportional  to  the  change 
oftheprin-  *2  of  distance  are  supposed  to  be 

ciples.  /-  -  ^  -  N  ,         T 

0  -  B  -  B  -      awakened.      Let  the   masses  be 

"~*^  movable  in  the  Jf-direction  par- 

Fig-  X45-  allel  to  a,  and  their  coordinates 

be  xlt  x2.      If  a  force  /is  applied  at  the  point  x2,  the 

following  equations  obtain  : 


-*t>  -«]:*•/  .....  (2) 

where  /  stands  for  the  force  that  one  mass  exerts  on 
the  other  when  their  mutual  distance  is  altered  by  the 
value  i.  All  the  quantitative  properties  of  the  me- 
chanical process  are  determined  by  these  equations. 
But  we  obtain  these  properties  in  a  more  comprehensi- 
ble form  by  the  integration  of  the  equations.  The  ordi- 
nary procedure  is,  to  find  by  the  repeated  differentia- 
tion of  the  equations  before  us  new  equations  in  suffi- 
cient number  to  obtain  by  elimination  equations  in  x{ 
alone  or  x2  alone,  which  are  afterwards  integrated.  We 
shall  here  pursue  a  different  method.  By  subtracting 
the  first  equation  from  the  second,  we  get 


the  equa- 

Snldin 
this  exam- 

=_2/[«-«]+/    ..........   (3) 


and  by  the  addition  of  the  first  and  the  second  equa- 
tions 

</2Oo    +   #-) 

m  --  -—  ~  =f>  or>  Pitting  x2  +  x:  =  v, 
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I 


The  integrals  of  (3)  an<!  respectively 

f 

it  =  A  sin  Y/       .  /  -f-  /?  COSY/ 
^  ///  \ 


The  integ- 
ralsct 
develop- 
ments. 


T  = 


hence 


/ 

\          r 


\ 


To  take  a  particular  cas«  :  assunu-  that 

.     lar  case  of 

tion  ot  the  force/begins  at/=0,  and   thai  .it  this  the  oxam- 

ple. 

i  me 


' 


lat  is,  the  initial  positions  are  given  and  the  in 
elocities  are  =  0.     The  constan  /)  being 

«  iiini:     '  get 

\ 

+  -  +  if  -»' 
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Theinform- We  see  from  (<\  and  (6^  that  the  two  masses,  in  addi- 

ation  which    .  ...... 

the  result-   tion  to  a  uniformly  accelerated  motion  with  half  the 
tions  give    acceleration  that  the  force  f  would  impart  to  one  of 

concerning 

this  exam-  these  masses  alone,  execute  an  oscillatory  motion  sym- 
metrical with  respect  to  their  centre  of  gravity.  The 
duration  of  this  oscillatory  motion,  T=2  TT!/ 'm/zp,  is 
smaller  in  proportion  as  the  force  that  is  awakened  in 
the  same  mass-displacement  is  greater  (if  our  attention 
is  directed  to  two  particles  of  the  same  body,  in  pro- 
portion as  the  body  is  harder).  The  amplitude  of  os- 
cillation of  the  oscillatory  motion  f/ip  likewise  de- 
creases with  the  magnitude/  of  the  force  of  displace- 
ment generated.  Equation  (7)  exhibits  the  periodic 
change  of  distance  of  the  two  masses  during  their  pro- 
gressive motion.  The  motion  of  an  elastic  body  might 
in  such  case  be  characterised  as  vermicular.  With  hard 
bodies,  however,  the  number  of  the  oscillations  is  so 
great  and  their  excursions  so  small  that  they  remain 
unnoticed,  and  may  be  left  out  of  account.  The  oscil- 
latory motion,  furthermore,  vanishes,  either  gradually 
through  the  effect  of  some  resistance,  or  when  the  two 
masses,  at  the  moment  the  force /begins  to  act,  are  a 
distance  a  -\-fjip  apart  and  have  equal  initial  veloci- 
ties. The  distance  a  -\-  f/^p  that  the  masses  are  apart 
after  the  vanishing  of  their  vibratory  motion,  is//2/ 
greater  than  the  distance  of  equilibrium  a.  A  tension 
yt  namely,  is  set  up  by  the  action  of/,  by  which  the 
acceleration  of  the  foremost  mass  is  reduced  to  one- 
half  whilst  that  of  the  mass  following  is  increased  by 
the  same  amount.  In  this,  then,  agreeably  to  our  as- 
This  in-  sumption,  py/m  =//2  m  or  y  =//2/.  As  we  see,  it  is 
isexhaus-  in  our  power  to  determine  the  minutest  details  of  a 
phenomenon  of  this  character  by  the  Newtonian  prin- 
ciples. The  investigation  becomes  (mathematically, 
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yet  not  in  point  of  principle)  more  complicated  when 
onceive  a  body  divided  up  into  a  great  number  of 
small  parts  that  cohere  by  elasticity.  Here  also  in  the 
case  of  sufficient  hardness  the  vibrations  may  be  neg- 
lected. Bodies  in  which  we  purposely  regard  the  mu- 
tual displacement  of  the  parts  as  evanescent,  are  called 

bodies. 
4.   \Ve  will  now  consider  a  case  that  exhibits   th< 

__.       .  .  .  ,,  turn  of  the 

schema  i>f  a  fever.     We  imagine  the  masses  J/,  ///  ,  /;/„  laws 

•  • 

arranged   in   a  triangle  and  joined  by  elastic  connec-  Newton's 

tions.     Every  alteration  of  the  sides,  and  consequently  pr 

ry  alteration  of  the  angles  10  accel- 

erations, as  the  result  of  which  the  triangle  endeavors  to 

•rm  anil  size.      Hy  the  aid  of 

Newtonian  principles  we  can  deduce  from  such  a 
s«  hema  the  laws  of  the  lever,  and  at  the  same  time  feel 
tl  at  m  of  the  deduction,  although  it  may  be 

n  ore    complicated,   still 
r  mains  adnn  hen 

v     pass  from  nsfliffn-: 
1<  ver  composed  of  three 

r  asses  to  the  case  of  a     9mf~  ~™ 

r  al  lever.    The  mass    M 

\  5  assume  either  to  be  in  itself  very  large  or  conceive 
r  joined  by  powerful  :  >rces  to  other  very  large 

n  asses  (the  earth  for  instance).     Af  then  re} 
in. 

he  action  of  some  ex-n>. 

t<  mal  force  an  acceleration /perpendicular  to  the  linefedwte. 
o    junction  Afm^  =  c  -\-  d.      Immediately  a  stretching 
o   the  lir  =  ^  a°d  f»lJ/'=a  is  produced,  .1 

ii  tli  >ns  in  question  there  are  respectively 

u      he  accelerations,  as  yet  undetermi;  r,  of 

^  lich  the  components  s(e/l>)  and  ff(f/a)  are  dire( 
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oppositely  to  the  acceleration  f.  Here  e  is  the  altitude 
of  the  triangle  m^m2M.  The  mass  m2  receives  the 
acceleration  s',  which  resolves  itself  into  the  two  com- 
ponents s'(d/fr)  in  the  direction  of  J/and  s'(e/l>)  par- 
allel to  /.  The  former  of  these  determines  a  slight  ap- 
proach of  m2  to  M.  The  accelerations  produced  in  M 
by  the  reactions  of  m{  and  m2,  owing  to  its  great  mass, 
are  imperceptible.  We  purposely  neglect,  therefore, 
the  motion  of  M. 

The  deduc-  The  mass  OTI,  accordingly,  receives  the  accelera- 
tained  by  tion  f — •*"(*/£)  —  &(?/&)>  whilst  the  mass  m2  suffers 
eratSnof  ~  the  parallel  acceleration  s'(e/fy.  Between  s  and  a  a 

accelera-          .  ,  ,  T .     .  .    . 

tions.  simple  relation  obtains.  If,  by  supposition,  we  have  a 
very  rigid  connection,  the  triangle  is  only  impercept- 
ibly distorted.  The  components  of  s  and  6 perpendicular 
to  f  destroy  each  other.  For  if  this  were  at  any  one 
moment  not  the  case,  the  greater  component  would 
produce  a  further  distortion,  which  would  immediately 
counteract  its  excess.  The  resultant  of  s  and  0  is 
therefore  directly  contrary  to/,  and  consequently,  as  is 
readily  obvious,  6  (c/a)  =  s  (d/b}.  Between  s  and  s', 
further,  subsists  the  familiar  relation  mis  =  m2sf  or 
s  =  s'(m2/m^).  Altogether  m2  and  m^  receive  re- 
spectively the  accelerations  s'(e/b)  and  f — s\e/b) 
(^2/mi)  (f  H~  ^A)>  or>  introducing  in  the  place  of  the 
variable  value  s'(e/l>)  the  designation  cp,  the  accelera- 
tions cp  and/ —  cp(m2/ml)  (c  -\-  d/c). 

on  the  pre-        At  the  commencement  of  the  distortion,  the  accel- 

ceding  sup-  .  f  .  -  r  ..... 

positions     eration  ol  m.,  owing  to  the  increase  of  q>,  diminishes, 

the  laws  for      •  •••         i  r  •  TT  t 

the  rotation  whilst  that  ot  m2  increases.     It  we  make  the  altitude  e 

of  the  lever      .     ,  .  ,  .... 

are  easily  of  the  triangle  very  small,  our  reasoning  still  remains 
applicable.  In  this  case,  however,  a  becomes  —  c  =  rlt 
and  a  -\-  b  =  c  -f-  d '  =  r2.  We  see,  moreover,  that  the 
distortion  must  continue,  cp  increase,  and  the  accelera- 
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tion  of  Wj  diminish  until  the  stage  is  reached  at  which 
thr  accelerations  of  ml  and  ///2  bear  to  each  other  the 
ortion  of  rt  to  r0.  This  is  equivalent  to  a  rotation 
of  the  whole  triangle  (without  further  distortion)  about 
JA  which  mass  by  reason  of  the  vanishing  accelera- 
tions is  at  rest.  As  soon  as  rotation  sets  in,  the  rea- 
son for  further  alterations  of  (p  ceases.  In  such  a  case, 
consequently, 

r,  f   .  m~  r,1  /•    ///,  / 

9  —    -\  /—  -  \  or  9  =  r*  ~- 

-"'.' 

For  the  angular  acceleration  ^  of  t:  \ve  get 

** 


Nothing  prevents  us  from  entering  still  more  intoDi*cu*tion 
th  .-  details  of  this  case  and  determining  the  distortions  «ct«r  of  the 
a  r  1  vibrations  of 

V  ith  sufficiently  ri^id  cor.  iiese  de- 

ta  Is  maybe  neglected.      It  will  l><-  prrc«-ivi-d  that  we 
h.  v^e  arrived,  by  the  employment  ol  tonianprin- 

ci  >les,  at  the  same  result  to  which  :  ^enian  view 

al  o  would  have  led  u^  «-to 

UJ  if  we  bear  in  mind  that  tin-  two  views  an 
S]  Jet  y  start  from  •  aspects 

ol   tli-  icd   the 

H  lygenian    method,    we   should   have   arrived   more 
s\  jedily  at  our  goal  but  with  less  insight  into  the  de- 
fta  Is  of  the  phenomenon.     We  should  have  employed 
tl.  -work  done  in  some  displacement  of  ///,  to  deter 
m  ac  •  siiould 

h«'  /e  assunu-d    that    thr    \cl<».  question  #,. 

ni  in:  -ri/ra-      The    examj>l«- 

h(  •    •  i   to   illustrate  what 

su  ,h  an  equation  of  condition  means.     The  equation 
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A  simple 
case  of  the 
same  exam- 
ple. 


The  equi- 
librium of 
the  lever 
deduced 
from  the 
same  con- 
siderations. 


simply  asserts,  that  on  the  slightest  deviations  of  v^/v2 
from  r^/r2  powerful  forces  are  set  in  action  which  in 
point  of  fact  prevent  all  further  deviation.  The  bodies 
obey  of  course,  not  the  equations,  but  \h&  forces. 

5.  We  obtain  a  very  obvious  case  if  we  put  in  the 
example  just  treated  m^=m2=m  and  a  =  b  (Fig. 
147).  The  dynamical  state  of  the  system  ceases  to 
change  when  cp  =  2  (J —  2  cp]y  that  is,  when  the  accel- 
erations of  the  masses 
at  the  base  and  the  ver- 
tex are  given  by  2//5 
and  //5.  At  the  com- 
mencement of  the  dis- 
tortion cp  increases,  and  simultaneously  the  accelera- 
tion of  the  mass  at  the  vertex  is  decreased  by  double 
that  amount,  until  the  proportion  subsists  between  the 
two  of  2  :  i. 

We  have  yet  to  consider  the  case  of  equilibrium  of 
a  schematic  lever,  consisting  (Fig.  148)  of  three  masses 
mlt  m2,  and  M,  of  which  the  last  is  again  supposed 


Fig.  148. 

to  be  very  large  or  to  be  elastically  connected  with 
very  large  masses.  We  imagine  two  equal  and  oppo- 
site forces  s,  —  s  applied  to  m:  and  m2  in  the  direction 
m^m2,  or,  what  is  the  same  thing,  accelerations  im- 
pressed inversely  proportional  to  the  masses  mlf  m2. 


The  stretching  of  the  connection 


also  generates 
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accelerations  inversely  proportional  to  the  masses  m  ^ 
///.,.  which  neutralise  the  first  ones  and  produce  equi- 
librium. Similarly,  along  ///t  J/ imagine  the  equal  and 
contrary  forces  /,  —  /  operative  ;  and  along  ///2  J/  the 
forces  //,  —  //.  In  this  case  also  equilibrium  obtains. 
If  J/be  elastically  connected  with  masses  sufficiently 
large,  —  u  and  —  /  need  not  be  applied,  inasmuch 
as  the  last-named  forces  are  spontaneously  evoked  the 
moment  the  distortion  begins,  and  always  balance  the 
forces  opposed  to  them.  Equilibrium  subsists,  accord- 
ingly, for  the  two  equal  and  opposite  forces  s,  —  s  as 
well  as  for  the  wholly  arbitrary  forces  /,  u.  As  a  ma: 
of  fact  s,  — s  destroy  each  other  and  /,  //  pass  thro 
the  fixed  mass  M,  that  is,  are  destroyed  on  distortion 
setting  in. 

The  condition  of  equilibrium  readily  reduces  rednc- 

,  _ 

to    he  common  form   w: 

,          .       ,  .         .  , 

me   ts  of  /  and  //,  forces  passing  through  .»/.  are  with 

res   ect  to  J/  zero,  while  the  moments  of  s  and  —  .» 
eqi  il  and  op: 

//a  d  —  s  to  q>  tin  iple 

of  t  ic  parallelogram,  the  mon  the 

SUi      of    t:  •        •  i  /.  and  the  moment  of  q 

uil  to  the  sum  of  the  .•/  and  — s.   The 

mo  lents  of/  and  </  are  therefore  equal  and  «;. 

vo  force^  in  <;/ui- 

m   if   they  produce    in   t!  >n ^  ///.,  equal 

an     >pp(i  site  components,  by  which  condition  th«  -e«] 

•  I  t.)  .!/  is  potlted    That 

thei   the  resultant  of/  ilso  passes  through  M 

like  vise  obvious,  for  s  and  —  s  destroy  each  ot 
M. 

'      Th«  ian    j>oi:  ;>le 

ju  •    lev<  oon. 
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Newton's    We  were  right,  therefore,  when  we  characterised  the 

point  of  .  . 

view  in-      statics  of  Vangnon  as  a  dynamical  statics,  which,  start- 
vangnon's.  ing  from  the  fundamental  ideas  of  modern  dynamics, 
voluntarily  restricts  itself  to  the  investigation  of  cases 
of  equilibrium.    Only  in  the  statics  of  Varignon,  owing 
to  its  abstract  form,  the  significance  of  many  opera- 
tions,  as  for  example  that  of  the  translation  of  the 
forces  in  their  own  directions,  is  not  so  distinctly  ex- 
hibited as  in  the  instance  just  treated. 
The  econ-          The  considerations  here  developed  will   convince 

omy  and  , .  ,  _  _ 

wealth  of  us  that  we  can  dispose  by  the  Newtonian  principles 
ian  ideas,  of  every  phenomenon  of  a  mechanical  kind  which  may 
arise,  provided  we  only  take  the  pains  to  enter  far 
enough  into  details.  We  literally  see  through  the  cases 
of  equilibrium  and  motion  which  here  occur,  and  be- 
hold the  masses  actually  impressed  with  the  accelera- 
tions they  determine  in  one  another.  It  is  the  same 
grand  fact,  which  we  recognise  in  the  most  various 
phenomena,  or  at  least  can  recognise  there  if  we  make 
a  point  of  so  doing.  Thus  a  unity,  homogeneity,  and 
economy  of  thought  were  produced,  and  a  new  and 
wide  domain  of  physical  conception  opened  which 
before  Newton's  time  was  unattainable. 
The  New-  Mechanics,  however,  is  not  altogether  an  end  in  it- 

tonian  and          1  <•       •     i  77  71  11  j 

themodern,  self  ;  it  has  also  problems  to  solve  that  touch  the  needs 
methods,  of  practical  life  and  affect  the  furtherance  of  other  sci- 
ences. Those  problems  are  now  for  the  most  part  ad- 
vantageously solved  by  other  methods  than  the  New- 
tonian,— methods  whose  equivalence  to  that  has  already 
been  demonstrated.  It  would,  therefore,  be  mere  im- 
practical pedantry  to  contemn  all  other  advantages  and 
insist  upon  always  going  back  to  the  elementary  New- 
tonian ideas.  It  is  sufficient  to  have  once  convinced 
ourselves  that  this  is  always  possible.  Yet  the  New- 
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tonian  conceptions  are  certainly  the  most  satisfactory 
and  the  most  lucid  ;  and  Poinsot  shows  a  noble  sense 
of  scientific  clearness  and  simplicity  in  making  these 
conceptions  the  sole  foundation  of  the  science. 


ii. 

THE   FORM  T  I..*:     U  MANICS. 

1.  All  the  important  formulae  of  modern  mechanics  History  of 
were  discovered  and  employed  in  the  period  of  Galileo  i- 

units  of 

and    Newton.      The    particular   designations,    wl 
owing  to  the  frequency  of  their  u-  i  found  con- 

re  for  the  irt  not  fixed 

•:  until  lontf  ,i:-  Is.    The  systematical  mechan- 

ical units  were  not  introduced  until  later  still.  Indeed, 
the  last  named  improvement,  cannot  be  regarded  as 
h  ivintf  yet  reached  its  complet 

2.  Let  s  denote  fcance,  /  tl  i-Theorig- 
s  antaneous  velocity,  and  tp  the  a< 

I  rmly  accelerated  motion.     From  the  researches  of 
C  alileo   and  Huy^en-. 
t  )ns: 

v  =  <pt 


icseequa 

•  •  d«<  • 

ti  ms  give  the  following  :  of-ma»« 

and 

ing  force." 


/'/  <i>  t 


= 
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Final  form  and,  denoting  the  moving  force  m  q>  by  the  letter  p,  we 

of  the  fun- 
damental     obtain 
equations. 

mv  =  pt 

mS  =  ^~  j- (2) 

_mv2 

Equations  (i)  all  contain  the  quantity  cp  ;  and  each 
contains  in  addition  two  of  the  quantities  s,  /,  v,  as 
exhibited  in  the  following  table  : 

J*,/ 
<p\**i 

(  s,  v 

Equations  (2)  contain  the  quantities  m,  /,  s,  /,  v  ; 
each  containing  m,  p  and  in  addition  to  m,  p  two  of  the 
three  quantities  j,  /,  vt  according  to  the  following  table  : 

m,p 


The  scope  Questions  concerning  motions  due  to  constant  forces 
cation*?!1  are  answered  by  equations  (2)  in  great  variety.  If,  for 
thms.  eq  ia  example,  we  want  to  know  the  velocity  v  that  a  mass 
m  acquires  in  the  time  /  through  the  action  of  a  force 
/,  the  first  equation  gives  v  =pt/m.  If,  on  the  other 
hand,  the  time  be  sought  during  which  a  mass  m  with 
the  velocity  v  can  move  in  opposition  to  a  force  p,  the 
same  equation  gives  us  /  =  m  v/p.  Again,  if  we  in- 
quire after  the  distance  through  which  m  will  move  with 
velocity  v  in  opposition  to  the  force/,  the  third  equa- 
tion gives  s  =  mv2/2p.  The  two  last  questions  illus- 
trate, also,  the  futility  of  the  Descartes-Leibnitzian  dis- 
pute concerning  the  measure  of  force  of  a  body  in  mo- 
tion. The  use  of  these  equations  greatly  contributes 
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to  confidence  in  dealing  with  mechanical  ideas.  Sup- 
pose, for  instance,  we  put  to  ourselves,  the  question, 
what  force  p  will  impart  to  a  given  mass  ///  the  velocity 
;  ;  we  readily  see  that  between  ///,  /,  and  v  alone,  no 
equation  exists,  so  that  either  s  or  /  must  be  suppli- 

consequently  the  question  is  an  indeterminate  one. 
We  soon  learn  to  recognise  and  avoid  indeterminate 
cases  of  this  kind.  The  distance  that  a  mass  m  acted 
on  by  the  force  /  describes  in  the  time  /,  if  nu>\ 
with  the  initial  velocity  0,  is  found  by  the  second  equa- 
tion s  =//a !  : 

3.   Several  of  the  formulae  in  the  above  names 

equations  ha  red  purlieu!.  The  loro 

c  f  a  moving  body  was  spoken  of  by  Galileo,  who  al-  tionshave 
ternately  calls  it  "momentum,"  "impulse,  '  and  • 
<rgy."     Heregai  m  as  proportional  to 

1  he  product  of  the  mass  (or  rather  tin-  weight,  for  Gali- 
20  had  no  clear  idea  of  mass,  and  for  thut  mutter  no 
lore  had  D«  nor  even  Leibnitz)  into  the  velo- 

ityof  the  body.   Descartes  accept<  lie  put 

he  force  of  a  moving  body  =  tn  r,  called  it  quant  it 
totwn,  ami  maintuined  that  the  sum-total  of  theqi: 
ity  of  motion  in  t:  ;se  remained  constant,  sot 

/hen  one  body  lost  momentum  the  loss  was  comj 
ated  for  by  an  increase  of  momentum  t  bodies. 

Newton  also  the  designation  "quantity  of 

lotin  i.l  this  name  has  been  retained  to  t 

i  i 

res  [But  tn>»n,-ntnm  is  the  more  usual  term.]  impulse. 

'or  the  second  member  of  the  first  equation,  viz.  //, 
Jelanger,  proposed,  as  late  as  1*47,  the  name  impulse* 
"he  «  >ns  of  the  second  equation  have  received 

*  See,  also.  Maxwell.  Matttr  a*J  Motion,  American  edition,  page  71. 

rd  is  commonly  used  in  a  different  tense,  namely,  as  "the  limit  of  a 
t   rce  which  -it  acts  only  during  an  infinitely  short  time." 

!  99  Routh,  Rigid  Dynamic*.  Pan  I,  pages  65  66.— Tram. 
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vis -viva      no  particular  designations.     Leibnitz  (1695)  called  the 

and  work.  .  .  .        . 

expression  mv2  01  the  third  equation  vis  viva  or  living 
force,  and  he  regarded  it,  in  opposition  to  Descartes, 
as  the  true  measure  of  the  force  of  a  body  in  motion, 
calling  the  pressure  of  a  body  at  rest  vis  mortua,  or 
dead  force.  Coriolis  found  it  more  appropriate  to  give 
the  term  ±mv2  the  name  vis  viva.  To  avoid  confusion, 
Belanger  proposed  to  call;;/?'2  living  force  and  ^mv2 
living  power  [now  commonly  called  in  English  kinetic 
energy}.  For  ps  Coriolis  employed  the  name  work. 
Poncelet  confirmed  this  usage,  and  adopted  the  kilo- 
gramme-metre (that  is,  a  force  equal  to  the  weight  of  a 
kilogramme  acting  through  the  distance  of  a  metre)  as 
the  unit  of  work. 
The  history  4.  Concerning  the  historical  details  of  the  origin  of 

of  the  ideas  .  .  . 

quantity  of  these  notions  "quantity  of  motion"  and  "vis  viva," 

motion  and  1-111 

vis  viva,  a  glance  may  now  be  cast  at  the  ideas  which  led  Des- 
cartes and  Leibnitz  to  their  opinions.  In  his  Principia 
Philosophic?,  published  in  1644,  II,  36,  DESCARTES  ex- 
pressed himself  as  follows  : 

"  Now  that  the  nature  of  motion  has  been  examined, 
"we  must  consider  its  cause,  which  may  be  conceived 
"in  two  senses  :  first,  as  a  universal,  original  cause — 
"  the  general  cause  of  all  the  motion  in  the  world  ;  and 
"second,  as  a  special  cause,  from  which  the  individual 
"  parts  of  matter  receive  motion  which  before  they  did 
"not  have.  As  to  the  universal  cause,  it  can  mani- 
"festly  be  none  other  than  God,  who  in  the  beginning 
"  created  matter  with  its  motion  and  rest,  and  who  now 
"  preserves,  by  his  simple  ordinary  concurrence,  on  the 
"whole,  the  same  amount  of  motion  and  rest  as  he 
"  originally  created.  For  though  motion  is  only  a  con- 
dition of  moving  matter,  there  yet  exists  in  matter 
"  a  definite  quantity  of  it,  which  in  the  world  at  large 
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11  never  increases  or  diminishes,  although  in  single  por-  Pas< 

.  ,  ,  from  l>i  * 

"tions  it  changes;  namely,  in  this  way,  that  we  must  cartels 
"  assume,  in  the  case  of  the  motion  of  a  piece  of  matter 
••  which  is  moving  twice  as  fast  as  another  piece,  but  in 
"  quantity  is  only  one  half  of  it,  that  there  is  the  same 
"amount  of  motion  in  both,  and  that  in  the  proportion 
"  as  the  motion  of  one  part  grows  less,  in  the  same  pro- 
:tion  must  the  motion  of  another,  equally  large 
"part  grow  greater.  We  recognise  it.  n  .as 

ction  of  God,  that  He  is  not  only  in  .Himself 
"unchangeable,  but  that  also  his  modes  of  opera t 
"  are  most  rigorous  and  constant ;  so  that,  with  the  ex- 
ception of  the  changes  which  indubitable  experience 
"or  divine  revelation  offer,  and  which  happen,  as  our 
'•  faith  or  judgment  show,  without  any  change  in  the 
«•  Creator,  we  are  not  permitted  to  assume  any  others 

•  in  his  works — lest   inconstancy  be  in  any  way  pre- 
'  dicated  of  Him.      Therefore,  it  is  wholly  rational  to 
'  assume  that  God,  since  in  the  creation  of  matter  he 
'  imparted  different  motions  to  its  parts,  and  pit-serves 
'  all  matter  in  the  same  way  and  conditions   m  \\  1 

•  h«-  i  ivatr.l  it.   ft  :i   it  ///,-  <  . 

'   quant  i!  '/."(See  \  X  1  1  I . ,  p.  574.) 

merit  of  having  first  sc  r  a  more  um 

and  defect* 

v  Tsal  and  more  fruitful  point  o:  -rD««c«r- 

let's  phyn- 

c  nnot  be  denied  Descartes.     Thi 

o  the  philosopher,  and  it  is  an  activity  which  con- 
s  antly  exerts  a  fruitful  and  stimulating  influence  on 
p  lysical  sciei 

P  .  however,  was  infect-  ill  the  usual 

e  rors  of  the  philosopher.     He  places  absolute  co 
d  nee  in  :  He  never  troubles  himself  to 

p  them  to  experiential  test.  On  the  contrary,  a  min- 
ii  aim  of  experience  a!  ::ices  him  for  a  maximum 
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of  inference.  Added  to  this,  is  the  indistinctness  of 
his  conceptions.  Descartes  did  not  possess  a  clear 
idea  of  mass.  It  is  hardly  allowable  to  say  that  Des- 
cartes defined  mv  as  momentum,  although  Descartes's 
scientific  successors,  feeling  the  need  of  more  definite 
notions,  adopted  this  conception.  Descartes's  greatest 
error,  however, — and  the  one  that  vitiates  all  his  phys- 
ical inquiries, — is  this,  that  many  propositions  appear 
to  him  self-evident  a  priori  concerning  the  truth  of 
which  experience  alone  can  decide.  Thus,  in  the  two 
paragraphs  following  that  cited  above  (§§37-39)  it  is 
asserted  as  a  self-evident  proposition  that  a  body  pre- 
serves unchanged  its  velocity  and  direction.  The  ex- 
periences cited  in  §38  should  have  been  employed,  not 
as  a  confirmation  of  an  a  priori  law  of  inertia,  but  as  a 
foundation  on  which  this  law  in  an  empirical  sense 
should  be  based. 
Leibnitz  Descartes's  view  was  attacked  by  LEIBNITZ  (1686) 

on  quantity  . 

of  motion,  m  the  Acta  Eruditorum,  in  a  little  treatise  bearing  the 
title  :  "A  short  Demonstration  of  a  Remarkable  Error 
of  Descartes  and  Others,  Concerning  the  Natural  Law 
by  which  they  think  that  the  Creator  always  preserves 
the  same  Quantity  of  Motion  ;  by  which,  however,  the 
Science  of  Mechanics  is  totally  perverted. " 

In  machines  in  equilibrium,  Leibnitz  remarks,  the 
loads  are  inversely  proportional  to  the  velocities  of  dis- 
placement ;  and  in  this  way  the  idea  arose  that  the 
product  of  a  body  ("  corpus,"  "  moles  ")  into  its  velocity 
is  the  measure  of  force.  This  product  Descartes  re- 
garded as  a  constant  quantity.  Leibnitz's  opinion, 
however,  is,  that  this  measure  of  force  is  only  acci- 
dentally the  correct  measure,  in  the  case  of  the  ma- 
chines. The  true  measure  of  force  is  different,  and 
must  be  determined  by  the  method  which  Galileo  and 
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Huygens  pursued.      Every  body  rises  by  virtue  of  the  Leibnitz  on 

...  .      ,  ,       the   D 

city   acquired   in   its  descent  to  a  height   exactly  are  of  force. 
:1  to  that  from  -.vhich  it   fell.      If,  therefore,  we  as- 
.   that   the  same  "ft.:  requisite   to  raise  a 

:n  a  height  4//  as  to   raise  a  body  -j///  a  height  //, 

that  in  the   hrst  case  the 

locity  acquired   in  descent  is  but  twice  as  great  as  in 
ccond,  regard  the  product  of  a  "body"   into  the 
square  of  its  velocity  as  t/i, 

In  a  subsequent  treatise  (1695),  Leibnit  to 

this  subject.      He  h«  :  ,-et  ween 

simp  :id  the«  force  of  a  : 

. 

the  }  e    impulses   produce,  in 

c'eed,  an  .  but   the  impel 

i  .  not  the  true  measure  n!  ce  the  Ca; 

i  lust  be  -  ..  itli 

tie    preceding    c«  1    by    mv*. 

]  eib  that   tl  •  -ility  of  per- 

]  etual  motion  is  excluded  only  by  the  acceptance  of 
i  leasure  of  f« 

.  possessed  a  Ken-  The  idea  of 

mats  in 

\  ine  concept  of   :  \ 

;   i  idea  »  of  a  bod  load 

(  wfos),  <•:  specific 

{.  'avi:  0  forth.      ()nl\  in  the  sec  - 

t  iere  only  once,  does 

i     all  de- 

r  '/e  a 

a  sociate  wit!  .ions  the  notion  of   mass,  as 

1    S  Si.  i.        AS  t(  '.    Lribn:' 

F    Ot.  eth- 

o      of  science  than  D«  ver, 

a  e  confounded  :  the  question  of  t  <>/  force 
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in  a  sense,  and  the  question  of  the  constancy  of  the  sums  2mv  and 
and  Leib-    2 in  v2 .      The  two  have  in  reality  nothing  to  do  with 
each  right,  each  other.     With  regard  to  the  first  question,  we  now 
know  that  both  the  Cartesian  and  the  Leibnitzian  meas- 
ure of  force,  or,  rather,  the  measure  of  the  effective- 
ness  of   a   body  in   motion,   have,  each  in  a  different 
sense,  their  justification.      Neither  measure,  however, 
as  Leibnitz  himself  correctly  remarked,  is  to  be  con- 
founded  with    the   common,    Newtonian,    measure  of 
force. 

Thedis-  With  regard  to  the  second  question,  the  later  in- 

suhVf  miv  vestigations  of  Newton  really  proved  that  for  free  ma- 
standings.    terial  systems  not  acted  on  by  external  forces  the  Car- 
tesian sum  l£mv  is  a  constant;  and  the  investigations 
of  Huygens  showed  that  also  the  sum  ^2mv2  is  a  con- 
stant, provided  work  performed  by  forces  does  not  alter 
it.      The  dispute  raised  by  Leibnitz  rested,  therefore, 
on    various    misunderstandings.      It    lasted    fifty-seven 
years,   till  the  appearance  of  D'Alembert's    Traite  de 
dynamique,  in  1743.      To  the  theological  ideas  of  Des- 
cartes and  Leibnitz,  we  shall  revert  in  another  place. 
The  appii-          5.   The  three   equations   above   discussed,  though 
the'funda-   they  are  only  applicable  to  rectilinear  motions  produced 
equations    by  constant  forces,  may  yet  be  considered  ihefunda- 
forces.    e  mental  equations  of  mechanics.      If  the  motion  be  recti- 
linear but  the  force  variable,  these  equations  pass  by  a 
slight,    almost    self-evident,  modification   into   others, 
which  we  shall  here  only  briefly  indicate,  since  mathe- 
matical developments  in  the  present  treatise  are  wholly 
subsidiary. 

From  the  first  equation  we  get  for  variable  forces 

mv  =  \pdt  -\-  C,  where/  is  the  variable  force,  dt  the 

time-element  of  the  action,    ( pdt  the  sum  of  all  the 

*/ 
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icts  /  .  <//  from  the  beginning  to  the  end  of  the 
action,  and  ('  a  constant  quantity  denoting  the  value 
of  m  r  before  the  force  begins  to  act.  The  second  equa- 
tion passes  in  like  manner  into  the  forms  s~.  )  | 

-f-CV-f  D,  with  two  so-called  constants  of  integration. 
The  third  equation  u.  replaced  by 

T     />"  +  C 

Curvilinear  motion  be  conceived  as  the 

net  of  the  simultaneous  coml  :ree  rec- 

i  three  mutually  ; 

di<  K  BO  i<>r  the  components  of  the  mo- 

ticn  of  this  very  general  case,  the  above-given  njua 
tic  ns  retain  t!  rice. 

6.    I  :1    processes 

,  .       , 

tr  ction,  and  equa  ing  only 

^  ieu  !  to  quantitii  .-an- 

n-  t  add  or  « 

Vi  iocitirs.    but  only    n  i   so   on. 

V  hen,  theret 

qi  estion  iini;  . -r  tin-  n 

b«  rs  of  ti  i!ititii*s  of  the  .»•////,•  X 

Stl   It  ;  .:iit. 

O:   \\\  ••   usuall 

Iff  tet>;>  will 

fc   m,  tli-  l  our  in  >ns. 

choice  of  uir 
ti    es  of  the  same  kin 

is  n  many  ca  s  is 

ei   ploye<:  unit  of 

• 

ui      of  time.      The  mass  and  the   leni:1  >yed  as 

in   ts  can  be  preserved  ;  the  time  can  be  reproduced 
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Arbitrary    by  pendulum-experiments   and  astronomical  observa- 

units,  and        .  .  . 

derived  or  tions.  But  units  like  a  unit  of  velocity,  or  a  unit  of 
units.  acceleration,  cannot  be  preserved,  and  are  much  more 
difficult  to  reproduce.  These  quantities  are  conse- 
quently so  connected  with  the  arbitrary  fundamental 
units,  mass,  length,  and  time,  that  they  can  be  easily 
and  at  once  derived  from  them.  Units  of  this  class 
are  called  derived  or  absolute  units.  This  latter  desig- 
nation is  due  to  GAUSS,  who  first  derived  the  magnetic 
units  from  the  mechanical,  and  thus  created  the  possi- 
bility of  a  universal  comparison  of  magnetic  measure- 
ments. The  name,  therefore,  is  of  historical  origin. 
The  de-  As  unit  of  velocity  we  might  choose  the  velocity 

rived  units         .  . 

of  velocity,  with  which,  say,  q  units  ot  length  are  travelled  over  in 

accelera-  ...  T-.T  1-11- 

tion,  and  unit  ot  time.  But  it  we  did  this,  we  could  not  express 
the  relation  between  the  time  /,  the  distance  s,  and  the 
velocity  v  by  the  usual  simple  formula  s  =  vt,  but 
should  have  to  substitute  for  it  s  =  q.vt.  If,  however, 
we  define  the  unit  of  velocity  as  the  velocity  with 
which  the  unit  of  length  is  travelled  over  in  unit  of 
time,  we  may  retain  the  form  s  =  vt.  Among  the  de- 
rived units  the  simplest  possible  relations  are  made 
to  obtain.  Thus,  as  the  unit  of  area  and  the  unit  of  vol- 
ume, the  square  and  cube  of  the  unit  of  length  are  al- 
ways employed. 

According  to  this,  we  assume  then,  that  by  unit  ve- 
locity unit  length  is  described  in  unit  time,  that  by  unit 
acceleration  unit  velocity  is  gained  in  unit  time,  that 
by  unit  force  unit  acceleration  is  imparted  to  unit  mass, 
and  so  on. 

The  derived  units  depend  on  the  arbitrary  funda- 
mental units  ;  they  are  functions  of  them.  The  func- 
tion which  corresponds  to  a  given  derived  unit  is  called 
its  dimensions.  The  theory  of  dimensions  was  laid  down 
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FOURIER,  in  1822,  in  his  Theor\  of  Heat.    Thus,  if  /The  theory 

...  of  dinien- 

mote  a  length,  /  a  time,  and  ///  a  mass,  the  dimen-  sions. 
>ns  of  a  velocity,  for  instance,  are  ///  or  //-*.    After 
tis  explanation,  the  following  table  will  be  readily  un- 
;rstood  : 


Velocity 

-  leration 
Force    . 

lentum 
Impulse 

K       .      .      . 


//-a 


D 


ml* 


' 

Statical  moment  . 
%!  js  tal  >  at  once  that  the  a  hove -discussed  equa- 

ns  are  honwgent  ontain  01  of 

n    in    iiu-i  h.i 
be  iiivt-sti^atiMl  in  \\.< 

.  «•  «»f   the  diiiirnsi«»ns  «•!  a  (juantity  T».. 

oilier  reason.      N  :f  theuleoryof* 

n  ue  of  a  (juantit.  r  one  set  of  fundamental^ 

its  of 

:  quantity  in  the  n«  can  be  easily  found  from 

•ns.     Tl  •  an  acceleration, 

iich   1  /"-.      If 

pass  to  a  unit  ot  n«l  to  a 

it  of  time   T  t  •  n  a  nu:  ines 

aller  must  take  the  place  of  /  in  ression  //~2, 

i  a  number  r  times  smaller  the  place  of  /.     The 
u  merical  value  of  the  same  acceleration  referred  to 
11  consequently  be  (ra/A)<p.      If 
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take  the  metre  as  our  unit  of  length,  and  the  second  as 
our  unit  of  time,  the  acceleration  of  a  falling  body  for 
example  is  9-81,  or  as  it  is  customary  to  write  it,  in- 
dicating at  once  the  dimensions  and  the  fundamental 
measures  :  9-81  (metre/second2).  If  we  pass  now  to 
the  kilometre  as  our  unit  of  length  (X  =  1000),  and  to 
the  minute  as  our  unit  of  time  (r  =  60),  the  value  of  the 
same  acceleration  of  descent  is  (60  X  60/1000)9-81, 
or  35*316  (kilometre/minute2). 

The  inter-  [8.  The  following  statement  of  the  mechanical  units 
Bureau  of  at  present  in  use  in  the  United  States  and  Great  Britain 
and  Meas-  is  substituted  for  the  statement  by  Professor  Mach  of 

Urcs. 

the  units  formerly  in  use  on  the  continent  of  Europe. 
All  the  civilised  governments  have  united  in  establish- 
ing an  International  Bureau  of  Weights  and  Measures 
in  the  Pavilion  de  Breteuil,  in  the  Pare  of  St.  Cloud, 
at  Sevres,  near  Paris.  In  some  countries,  the  stan- 
dards emanating  from  this  office  are  exclusively  legal ; 
in  others,  as  the  United  States  and  Great  Britain,  they 
are  optional  in  contracts,  and  are  usual  with  physi- 
cists. These  standards  are  a  standard  of  length  and  a 
standard  of  mass  (not  weight. ) 

The  inter-  The  unit  of  length  is  the  International  Metre,  which 
unit°ofa  is  denned  as  the  distance  at  the  melting  point  of  ice 
between  the  centres  of  two  lines  engraved  upon  the 
polished  surface  of  a  platiniridium  bar,  of  a  nearly 
X-shaped  section,  called  the  International  Prototype 
Metre.  Copies  of  this,  called  National  Prototype  Me- 
tres, are  distributed  to  the  different  governments.  The 
international  metre  is  authoritatively  declared  to  be 
identical  with  the  former  French  metre,  used  until  the 
adoption  of  the  international  standard  ;  and  it  is  im- 
possible to  ascertain  any  error  in  this  statement,  be- 
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cause  of  doubt  as  to  the  length  of  the  old  metre, 
owing  partly  to  the  imperfections  of  the  standard,  and 
partly  to  obstacles  now  intentionally  put  in  the  way  of 
such  ascertainment.  The  French  metre  was  denned 
as  the  distance,  at  the  melting-point  of  ice,  between 
the  ends  of  a  platinum  bar,  called  the  metre  dfs  arch; 
It  was  against  the  law  to  touch  the  ends,  which  made 
it  difficult  to  ascertain  the  distance  between  them. 
rtheless,  there  was  a  strong  suspicion  they  hail 
been  dented.  The  //.  intended  to 

be  one  ten-millionth  of  a  quadrant  of  a  terrestrial 
meridian.  In  point  of  fact  such  a  quadrant  is,  ac- 
cording to  Clarke,  32814820  feet,  wh  0002015 
meti 

The   international  unit  of  mass  is  the  kilogramme,  The  inter 
which  is  the  mass  of  a  certain  cylinder  of  platimrnlium  unit  of 
called  the  International  Prototype  Kilogramme.    Each 
government  has  copies  of  it  called  National  Prototype 

1  to  be  idem 
with  the  former  French  kilogramn  defined 

iass  of  a  cer  nuin  cylinder  CM 

amn-  mi  being  somew! 

spongy  contained  a  v.i  Mount  <>f  m  eluded  gases, 

; 

gramme  is  looo  g r  .  .is  intruded 

iss  of  a  <  of  water  at  its 

mm   density,  about  3  It 

is  npt  v.-ith  a  high  degree  of  precision  how  nearly 

to  the  difficulty  of  the  determination. 

I  The  regular  British   unit  of  length  is  the  I  in  perial  The  British 
' 


rd  which  is  the  distance  at  62°  F.  between  the  cen 


of  two  lines  engraved  on  gold  plugs  inserted 
walled    up   in   the  Housi 
'arliament  in  Westminster.      These  lines  are  cut  rela- 
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Conditions  lively  deep,  and  the  burr  is  rubbed  off  and  the  surface 
son  of  the    rendered  mat,  by  rubbing  with  charcoal.     The  centre 


of  such  a  line  can  easily  be  displaced  by  rubbing  ;  which 

other  meas-  .  ,        ,  .  -        „. 

ures.  is  probably  not  true  of  the  lines  on  the  Prototype  me- 

tres.     The  temperature  is,   by  law,    ascertained  by  a 
mercurial  thermometer  ;  but  it  was  not  known,  at  the 
time   of   the   construction  of  the   standard,   that  such 
thermometers  may  give  quite   different  readings,  ac- 
cording to  the  mode  of  their  manufacture.   The  quality 
of  glass  makes  considerable  difference,  and  the  mode 
of  determining  the  fixed  points  makes  still  more.     The 
best  way  of  marking  these  points  is  first  to  expose  the 
thermometer  for  several  hours  to  wet  aqueous  vapor  at 
a  known  pressure,  and  mark  on  its  stem  the  height  of 
the  column  of   mercury.     The   thermometer  is  then 
brought  down  to  the  temperature  of  melting  ice,  as 
rapidly  as  possible,  and  is  immersed  in  pounded  ice 
which  is  melting  and  from  which   the  water  is  not 
allowed  to  drain  off.      The  mercury  being  watched 
with  a  magnifying  glass  is  seen  to  fall,    to  come  to 
rest,  and  to  commence  to  rise,  owing  to  the  lagging 
contraction  of  the  glass.      Its  lowest  point  is  marked 
on  the  stem.     The  interval  between  the  two  marks  is 
then  divided  into  equal  degrees.     When  such  a  ther- 
mometer is  used,  it  is  kept  at  the  temperature  to  be 
determined  for  as  long  a  time  as  possible,  and  imme- 
diately after  is  cooled  as  rapidly  as  it  is  safe  to  cool  it, 
and  its  zero  is  redetermined.   Thermometers,  so  made 
and  treated,  will  give  very  constant  indications.      But 
the  thermometers  made  at  the  Kew  observatory,  which 
are  used  for  determining  the  temperature  of  the  yard, 
are  otherwise  constructed.      Namely  the  melting-point 
is  determined  first  and  the  boiling-point  afterwards  ; 
and  the  thermometers  are  exposed  to  both  tempera- 
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tures  for  many  hours.      The  point  which  upon  such  a  Relative 
thermometer  will  appear  as  62^  will  really  be  consider-  th«-  D 
ably  hotter  i  perhaps  a  third   of  a  centigrade  degree) M 
than  if  its  melting-point  were  marked  in  the  other  \\a\ . 
If  this  circumstance  is  not  attended  to  in  making  com- 
>ns,  there  is  danger  of  gettir  id  too  short 

rhaps  one  two-hundred-thousandth  part.    General 
Comstock  finds  the   metre  equal    to  39*36985  inc! 
Several  less  t:  v  determinations  give  nearly  the 

same  value.    This  makes  the  inch  2  •  54*  > 
At  the  time  the  Tinted  States  sei 

CA\\    ' 

land,  no  precise  standard  of  length  was  legal*;  and 

none  has  ever  been  established.      \\ 

without  any  precise  legal  yard  ;  but  the  United  States 

olfice  of  weights  and  measures,  in  the  absence 

legal  authorisation,  refers  sta:  Im 

p  ;rial  Yard. 

•:>h  unit  of    mass  >und.  de    Thr  Britiib 

f\  led  platinum  \\  • 

t  e  I:  >  be  so  con- 

s  ructed  as  to  be  equal  to  7<x><  h  the  57601!! 

]   irt  .    pound.     This  would  be 

v   thin  3  rdupois 

I   mnd.  tish    pound   has  !><•« •:.  1   by 

^  »!!<  4535926525 

£  an 

At  the  tin.'  States  separated  fmm(ireat 

I  ritain,    tin  : 

<  on- 

g  ess  Iroy  pound, 

\N  lich  is  kej>t   in  the  Mint  is  a 

o  py  of  the  old  I  Troy  poi.  il   been 

a   «  r>:  .igland  after  American  in  It 

*  The  so-called  standard  of  1758  had  not  been  legalised. 
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TheAmeri-  is  a  hollow  brass  weight  of  unknown  volume  :  and  no 

can  unit  of  ....... 

mass.  accurate  comparisons  of  it  with  modern  standards  have 
ever  been  published.  Its  mass  is,  therefore,  unknown. 
The  mint  ought  by  law  to  use  this  as  the  standard  of 
gold  and  silver.  In  fact,  they  use  weights  furnished 
by  the  office  of  weights  and  measures,  and  no  doubt 
derived  from  the  British  unit ;  though  the  mint  officers 
profess  to  compare  these  with  the  Troy  pound  of  the 
United  States,  as  well  as  they  are  able  to  do.  The  old 
avoirdupois  pound,  which  is  legal  for  most  purposes, 
differed  without  much  doubt  quite  appreciably  from 
the  British  Imperial  pound  ;  but  as  the  Office  of  Weights 
and  Measures  has  long  been,  without  warrant  of  law, 
standardising  pounds  according  to  this  latter,  the  legal 
avoirdupois  pound  has  nearly  disappeared  from  use  of 
late  years.  The  makers  of  weights  could  easily  detect 
the  change  of  practice  of  the  Washington  Office. 

Measures  of  capacity  are  not  spoken  of  here,  be- 
cause they  are  not  used  in  mechanics.  It  may,  how- 
ever, be  well  to  mention  that  they  are  defined  by  the 
weight  of  water  at  a  given  temperature  which  they 
measure. 

The  unit  of  The  universal  unit  of  time  is  the  mean  solar  day  or 
its  one  86400^  part,  which  is  called  a  second.  Side- 
real time  is  only  employed  by  astronomers  for  special 
purposes. 

Whether  the  International  or  the  British  units  are 
employed,  there  are  two  methods  of  measurement  of 
mechanical  quantities,  the  absolute  and  the  gravitational. 
The  absolute  is  so  called  because  it  is  not  relative  to 
the  acceleration  of  gravity  at  any  station.  This  method 
was  introduced  by  Gauss. 

The  special  absolute  system,  widely  used  by  physi- 
cists in  the  United  States  and  Great  Britain,  is  called 
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the  Centimetre-Gramme-Second  system.      In  this  svs-Theabso- 

llltf  svstOIU 

tern,   writing  C  for  centimetre,  G  for  gramme   mass,  oi 

I'nited 

and  S  for  second.  states  and 

a  Brit- 
r  /-*  a'n- 

the  unit  of  length  is (    : 

the  unit  of  mass  is G  ; 

the  unit  of  time  is .    .     S; 

the  unit  of  velocity  i  .  C/S  • 

the  unit  of  acceleration  (which  might 
be  called  a  "galileo.  se  Gali- 
leo Galilei  first  measured  an  accele- 
ration) is C/S3  ; 

the  unit  of  density  is    .    .  G/C  8  ; 

the  unit  of  momentum  is 

the  unit  of  force  (called  a  .  G  C/S  a  ; 

the  unit  of  pressure  (called  one  mil- 
lionth of  an  absolute  atmosphere)  is.  .  G/CS1; 

unit  of  energy  k. 

called  an  erg)  is    .  jGC*/Sa; 


The  gravitational   system  of  measurement  of  me-ThcGr«vi- 
lanical  quantities,  tab  ne  or  pound,  ors 

ather  the  attraction  of  these  towards 
>ounded  with  the  centrifugal  force, — whi«  ac- 

deration  called  : 

as    the    unit  of    force,  and 

ot-pound  orkiloL  nnount 

of  a 

id  through  a  foot  or  of  a  kilogramme  through  a 
as  the  unit  of  energy.    Two  ways  of  reconciling 
con  iinits  with  the  adherence  to  the  usu.il 

;  naturallysuggest  themselves 

t,  to  use  the  pound  weight  or  tin:  kilogramme  weight 
led  by  ^  as  the  unit  of  mass,  and,  second,  to  adopt 
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such  a  unit  of  time  as  will  make  the  acceleration  of  g, 
at  an  initial  station,  unity.  Thus,  at  Washington,  the 
acceleration  of  gravity  is  980  •  05  galileos.  If,  then, 
we  take  the  centimetre  as  the  unit  of  length,  and  the 
0-031943  second  as  the  unit  of  time,  the  acceleration 
of  gravity  will  be  i  centimetre  for  such  unit  of  time 
squared.  The  latter  system  would  be  for  most  pur- 
poses the  more  convenient ;  but  the  former  is  the  more 
familiar. 
Compari-  In  either  system,  the  formula  p  —  mg  is  retained; 

son  of  the  .  ....  .   ..       . 

absolute  but  in  the  former  g  retains  its  absolute  value,  while  in 
tationai  the  latter  it  becomes  unity  for  the  initial  station.  In 
Paris,  g  is  980-96  galileos ;  in  Washington  it  is  980-05 
galileos.  Adopting  the  more  familiar  system,  and 
taking  Paris  for  the  initial  station,  if  the  unit  of  force 
is  a  kilogramme's  weight,  the  unit  of  length  a  centi- 
metre, and  the  unit  of  time  a  second,  then  the  unit  of 
mass  will  be  1/981-0  kilogramme,  and  the  unit  of 
energy  will  be  a  kilogramme-centimetre,  or  (1/2)- 
(1000/981-0)  GC2/S  2.  Then,  at  Washington  the 
gravity  of  a  kilogramme  will  be,  not  i,  as  at  Paris, 
but  980-1/981-0  =  0-99907  units  or  Paris  kilogramme- 
weights.  Consequently,  to  produce  a  force  of  one  Paris 
kilogramme-weight  we  must  allow  Washington  gravity 
to  act  upon  981-0/980-1  =  1-00092  kilogrammes.]* 

In  mechanics,  as  in  some  other  branches  of  physics 
closely  allied  to  it,  our  calculations  involve  but  three 
fundamental  quantities,  quantities  of  space,  quantities 
of  time,  and  quantities  of  mass.  This  circumstance  is 
a  source  of  simplification  and  power  in  the  science 
which  should  not  be  underestimated. 

*  For  some  critical  remarks  on  the  preceding  method  of  exposition,  see 
Nature,  in  the  issue  for  November  15,  1894. 
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THE   LAWS  OF  THE  CON-  MM,    Ol     1  HK 

N    "F    1H1     .   KNTRE  OF  GRAVI  1  V. 
SKRVA1  lo\    i>|     AKl 

1.  Although  Newton's  principles  are  fullv  ;.deiiu.ite  Sp 

i      i      •  i  1-1 

to  deal  with   any  mechanical   problem   that  n. 
.    . 
it  is  vet  convenient  to  contrive  for  cases  moi  itlv 

occurring  .ill  enaK 

problems  of   this   kind   by  routine  forms   and   to 
pense   with   the   minute   discussion   of   them.      Newton 
and  1  ssors  developed  several  such  prim  ip 

Our  •  will  be  NE\\ 

2.  If    two    fi-  are    subjected    in  Mutual  ac- 

lirection  of  their  line  of  junction  to  the  action  of 
forces  that  proceed  from  i^ses,  then,   in  tli< 

terval  of  time  /,  the  vein*  '  will   be  ^< 

and  the  i  (/-}-/')/  =  m  r  +  ///;•'   will 

from    the   eijuations  *t  .      //.-  f  = 

The  sum 

in  its  computation  oppositely 
forces  and  veloc:  regarded 

signs.      If.  now.  •  to  being 

subjected  to  the  action  o;  1   forces/,/' 

also  acted  upon  1  ,//  force  ,  by  sue) 

mutually  exerted  by  tin-  masses  «,: 

ill,  by  Newton's  third    law.  be   e.jual   and 
ite,  g,  —  ,:n   of  the  imj)ressed   imp 

+  /  +  ?  —  ?)/  =  (/  +  /'  same  as 

>,foi  consequently,  also,  t  momentum 

A  the  system  will  be  the  same.     The  momentum  of  a 
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system  is  thus  determined  exclusively  by  external  forces, 
that  is,  by  forces  which  masses  outside  of  the  system 
exert  on  its  parts. 
Law  of  the         Imagine   a  number  of  free  masses  m,  m',  m".  .  .  . 

Conserva-       ,.-•«•,. 

tion  of  MO-  distributed  in  any  manner  in  space  and  acted  on  by 

mentum. 

external  forces  /,/,/....  whose  lines  have  any  di- 
rections. These  forces  produce  in  the  masses  in  the 
interval  of  time  /  the  velocities  v,  v',  v"  .  .  .  .  Resolve 
all  the  forces  in  three  directions  x,  y,  z  at  right  angles 
to  each  other,  and  do  the  same  with  the  velocities. 
The  sum  of  the  impulses  in  the  .^-direction  will  be  equal 
to  the  momentum  generated  in  the  .^-direction  ;  and 
so  with  the  rest.  If  we  imagine  additionally  in  action 
between  the  masses  m,  m',  m".  .  .  .,  pairs  of  equal  and 
opposite  internal  forces^,  —  q,  r,  —  r,  s,  —  s,  etc., 
these  forces,  resolved,  will  also  give  in  every  direction 
pairs  of  equal  and  opposite  components,  and  will  con- 
sequently have  on  the  sum-total  of  the  impulses  no  in- 
fluence. Once  more  the  momentum  is  exclusively  de- 
termined by  external  forces.  The  law  which  states 
this  fact  is  called  the  law  of  the  conservation  of  momen- 
tum. 

Law  of  the         3.   Another  form  of  the  same  principle,  which  New- 
tion  of  the   ton  likewise  discovered,  is  called  the  law  of  the  conser- 

Centre  of 

Gravity.  vation  of  the  centre  of  grav- 

m  ^  and  B 


?  ' 

(Fig.  149)  two  masses,  im 

and  m,  in  mutual  action, 

say  that  of  electrical  repulsion  ;  their  centre  of  gravity 
is  situated  at  S,  where  £S=  2AS.  The  accelerations 
they  impart  to  each  other  are  oppositely  directed  and 
in  the  inverse  proportion  of  the  masses.  If,  then,  in 
consequence  of  the  mutual  action,  2  m  describes  a  dis- 
tance AD,  m  will  necessarily  describe  a  distance  BC  '  = 
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2.4D.  The  point  .9  will  still  remain  the  position  of  the 
centre  of  gravity,  as  CS  =  2DS.  Therefore,  two  masses 
cannot,  by  mutual  action,  displace  their  common  centre 
of  gravity. 

If  our  considerations  involve  *  isses,  dis-  TI 

tributed  in  any  way  in  space,  the  same  result  will  also  systems  of 
be  found  to  hold  good  for  this  case.     For  as  tw  /<v<>  of 
an  displace  their  centre  of  gravity  by  mu- 
tual  action,  the  centre  of  gravity  of  the  system   as  a 
whole  cannot  be  displaced  by  the  mutual  action  of  its 

Imagjne  freely  placed  in  space  ;.  of  masses 

///.  ».'  .  acted  on  I--.  .  >i  any  kind. 

forces  to  a  system  of  rectangular  co<v 
rates  and  call  the  coordinates  re^ 

The  coor  Df  the  centre  of 

•avity  are  tl. 

which  expression  ng«  either  by  uni 

f  rm  motion  or  by  uniform  acceleration  or  by  any  t>th«-r 
w,  acc<  .  question  is  acted  on  by 

ninl  force,  by  a  c  force,  01 

d  force.   The  centre  of  gravity  will  have 
all   t  ^es  a  different  in  1    in   tl 

ayev-  •//<//  forces,  acting  be- 

•een  «•  o  masses,  ///' 

opposite  displacemer 

lined    in    tl.'  .ri  of  the   lines  of  junction 

the  masses,  such   th.. 
'w"  =  0.      Also  with    respect    to    the  c< 

x2  of  these  displacements  the  equation  mtxl  -f- 

Cl  hold.     The  internal  forces  consequently 


-  2my  2ms 

- 
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produce  in  the  expressions  <?,  rj,  2,  only  such  additions 
as   mutually  destroy  each   other.      Consequently,  the 
motion  of  the  centre  of  gravity  of  a  system  is  determined 
by  external  forces  only. 
Acceiera-  If  we  wish  to  know  the  acceleration  of  the  centre  of 

tion  of  the 

centre  of  gravity  of  the  system,  the  accelerations  of  the  system's 
system.  parts  must  be  similarly  treated.  If  cp,  cpf,  cp" .  .  .  .  de- 
note the  accelerations  of  m,  m',  m".  ...  in  any  direc- 
tion, and  cp  the  acceleration  of  the  centre  of  gravity  in 
the  same  direction,  cp  =  2mcp/2m,  or  putting  the 
total  mass  2m  =  M,  cp  =  2m  cp/M.  Accordingly,  we 
obtain  the  acceleration  of  the  centre  of  gravity  of  a 
system  in  any  direction  by  taking  the  sum  of  all  the 
forces  in  that  direction  and  dividing  the  result  by  the 
total  mass.  The  centre  of  gravity  of  a  system  moves 
exactly  as  if  all  the  masses  and  all  the  forces  of  the 
system  were  concentrated  at  that  centre.  Just  as  a 
single  mass  can  acquire  no  acceleration  without  the 
action  of  some  external  force,  so  the  centre  of  gravity 
of  a  system  can  acquire  no  acceleration  without  the 
action  of  external  forces. 

4.  A  few  examples  may  now  be  given  in  illustra- 
tion of  the  principle  of  the  conservation  of  the  centre 
of  gravity. 

Movement  Imagine  an  animal  free*  in  space.  If  the  animal 
maMree'in  move  in  one  direction  a  portion  m  of  its  mass,  the  re- 
mainder of  it  J/will  be  moved  in  the  opposite  direction, 
always  so  that  its  centre  of  gravity  retains  its  original 
position.  If  the  animal  draw  back  the  mass  m,  the 
motion  of  M  also  will  be  reversed.  The  animal  is  un- 
able, without  external  supports  or  forces,  to  move  itself 
from  the  spot  which  it  occupies,  or  to  alter  motions  im- 
pressed upon  it  from  without. 

A  lightly  running  vehicle  A  is  placed  on  rails  and 
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loaded  with  stones.      A  man  stationed  in   the  vehicle  o 

.  .    hide,  from 

casts  out  the  stones  one  alter  another,  m  the  same  ui-  which 

_,  1-1  i        r   •  r    stones  are 

on.    The  vehicle,  supposing  the  friction  to  be  suf- cast. 
•itly  slight,  will  at  once  be  set  in  motion  in  theop- 
e  direction.     The  centre  of  u  -:em 

as  a  whole  (of  th<  -u  the  it  ill,  so  far  as 

its  motion  is  not  .  obstacles,  con- 

tinue to  remain  in  its  original  spot.      If  the  same  man 

to  pick   up  tlie  stones  from  without   and   }> 
th«-m  in  the  vehii 

t  in  motion  ;  but  n«  >t  to  the  M  :it  as  before, 

1C  following  example  will  render  evident. 
A  projectile  of  mass  ///  is  tli:  :i  a  velo.  .onofa 

cannon  and 

from  a  cannon  of  mass  J/.    In  the  reai  ti<>  >iec- 

o:ives  a  .    /',  such  that,  making  allowance  for 

tl  e  si'^n>.   Ml'-    //.  ,  •     -  <>.     T:  -called 

r  coil.     The  relation  r=  —  (////J/)r;  or,  for 

e  juai  velocities  of  flight,  the  recoil  is  less  according  as 

t  ie  mass  of  the  cannon  is  greater  thai  sof  the 

j   oj(  lerbeex 

t  1  A .  ill  be  d« •'. 

j.  rV*/2  -f-  w?'3/2  =  A  ;  and,  the  sum  of  t! 

1  ling  by  the  t  uition  =. 

•  '=l/2^w  (  neglect 

ten  >ded  pov. 

^  hen  :iishes.       If  the  in 

//  were  not  e.\  i.ut  suekt-d  into 

i     the  recoil  would   take  plac  •  rec- 

t  )n.    But  it  won!  10  time  to  ni.i 

s  ice  before  any  perc 

e  sed,  ///  .ave  reached  ore. 

P  *  soon,  :  .Vand  ///  are  in  rigid  connection 

v      i  each  other,  as  soon,  that  iey  are  relatively 

a   rest  to  each  other,  they  must  be  absolutely  at  rest, 
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for  the  centre  of  gravity  of  the  system  as  a  whole  has 
no  motion.  For  the  same  reason  no  considerable  mo- 
tion can  take  place  when  the  stones  in  the  preceding 
example  are  taken  into  the  vehicle,  because  on  the 
establishment  of  rigid  connections  between  the  vehicle 
and  the  stones  the  opposite  momenta  generated  are 
destroyed.  A  cannon  sucking  in  a  projectile  would 
experience  a  perceptible  recoil  only  if  the  sucked  in 
projectile  could  fly  through  it. 
Osciiia-  Imagine  a  locomotive  freely  suspended  in  the  air, 

tions  of  the  .««.'«  , 

body  of  a     or,  what  will  subserve  the  same  purpose,  at  rest  with 

locomotive. 

insufficient  friction  on  the  rails.  By  the  law  of  the 
conservation  of  the  centre  of  gravity,  as  soon  as  the 
heavy  masses  of  iron  in  connection  with  the  piston- 
rods  begin  to  oscillate,  the  body  of  the  locomotive  will 
be  set  in  oscillation  in  a  contrary  direction — a  motion 
which  may  greatly  disturb  its  uniform  progress.  To 
eliminate  this  oscillation,  the  motion  of  the  masses  of 
iron  worked  by  the  piston-rods  must  be  so  compensated 
for  by  the  contrary  motion  of  other  masses  that  the 
centre  of  gravity  of  the  system  as  a  whole  will  remain 
in  one  position.  In  this  way  no  motion  of  the  body  of 
the  locomotive  will  take  place.  This  is  done  by  affix- 
ing masses  of  iron  to  the  driving-wheels. 

illustration  The  facts  of  this  case  may  be  very  prettily  shown 
case.  '  by  Page's  electromotor  (Fig.  150).  When  the  iron 
core  in  the  bobbin  AB  is  projected  by  the  internal  forces 
acting  between  bobbin  and  core  to  the  right,  the  body 
of  the  motor,  supposing  it  to  rest  on  lightly  movable 
wheels  rrt  will  move  to  the  left.  But  if  to  a  spoke  of 
the  fly-wheel  J?  we  affix  an  appropriate  balance-weight 
a,  which  always  moves  in  the  contrary  direction  to  the 
iron  core,  the  sideward  movement  of  the  body  of  the 
motor  may  be  made  totally  to  vanish. 
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Of  the  motion  of  the  fragments  of  a  bursting  bomb  A  bursting 
uv  know  nothing.      But  it  is   plain,  by  the  law  of  the 
.tion  of  the  centre  of  gravity,  that,  making  al- 
lowance for  the  resistance  of  the  air  and  the  obstacles 
the  individual  parts  may  meet,  the  centre  of  gravity  of 
the  system  will  continue  after  the  bursting  to  describe 
»e  parabolic  path  of  its  original  projection. 
5.   A  law  closely  allied  to  the  law  of  the  centre  of  Law  of  the 

.      .      .,  Cons«rva- 

gravity,  and  similarly  applicable  to  free  system- 

of  the  ct>n  n  of  areas.    Although  Ne\\ 


\  id,  so  to  say,  t:  .cry  grasp,  it 

^  as  :  not  enunciated  until  a  loi 

A  ards  by  EULER,   D'ARi  MI. 

1  uler  and  Daniel  Bernoulli  discovered  the  law  almost 
s  multaneously   (  I  :i   the  occasion  of  treating  a 

I  -oblem  proposed  b\  ng  the  motion  of 

1.  dls  in  rotatable  tubes,  being  led  to  it  by  t:  :der- 

a  ion  of  the  action   and  reaction  of  the  balls  and   the 
t  bes.   D'Arcy  (1747)  started  from  Ne\  tiga- 

t  .*is,  and  generalised  the  la  tors   which    the 

1;  :ier  had  employed  to  explai: 
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Deduction 
of  the  law. 


Two  masses  m,  m'  (Fig.  151)  are  in  mutual  action. 
By  virtue  of  this  action  the  masses  describe  the  dis- 
tances AB,  CD  in  the  direction  of  their  line  of  junction. 
Allowing  for  the  signs,  then,  m  .  AB  -f-  ;;/'.  CD  =  0. 
Drawing  radii  vectores  to  the  moving  masses  from  any 

point  O,  and  regarding 
the  areas  described  in 
opposite  senses  by  the 
radii  as  having  opposite 
signs,  we  further  obtain 
m.  OAB  -f  ;;*'.  OCD  =  0. 
Which  is  to  say,  if  two 
masses  mutually  act  on 
each  other,  and  radii  vec- 
tores be  .drawn  to  these 
masses  from  any  point, 
the  sum  of  the  areas 
described  by  the  radii 
multiplied  by  the  respec- 
tive masses  is  =  0.  If  the  masses  are  also  acted  on 
by  external  forces  and  as  the  effect  of  these  the  areas 
OAE  and  OC-Fare  described,  the  joint  action  of  the 
internal  and  external  forces,  during  any  very  small 
period  of  time,  will  produce  the  areas  OAG  and  OCH. 
But  it  follows  from  Varignon's  theorem  that 

mOAG-\-  m'OCIf  =  m  OAE  -f  m  OCF '-f- 
mOAB  -f  m'OCD  =  mOAE  -f-  m'OCF\ 

in  other  words,  the  sum  of  the  products  of  the  areas  so  de- 
scribed into  the  respective  masses  which  compose  a  system 
is  unaltered  by  the  action  of  internal  forces. 

If  we  have  several  masses,  the  same  thing  may  be 
asserted,  for  every  two  masses,  of  the  projection  on  any 
given  plane  of  the  motion.  If  we  draw  radii  from 
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any  point  to  the  several  masses,  and  project  on  any 
plane  the  areas  the  radii  describe,  the  sum  of  the 
products  of  these  areas  into  the  respective  masses  will 
be  independent  of  the  action  of  internal  forces.  This 
is  the  Ian1  of the  conservation  of  ar 

If  a  single  mass  not  acted  on  by  forces  is  moving  int, 

•  •     i        i  •    "  of  the 

uniformly  forward   in  a  Straight   line   ami   we  draw  a 
radius  vector  to  the  mass  from  any  point  O,  the  a 
described  by  the  radius  increases  proportionally  to  the 
The  same  law  holds  for  -          m  cases  in  which 
al   masses  not   acted  on   by  forces  are  i 
where  we  signify  by  the  summation  the  algebraic  sum 
of  all  the  products  of  the  areas  (/)  into  the  mo\ 
masses — a  sum  which  we  shall  hereafu  r  briefly  r 
to  as  the  sum  of  the  mass-areas.      If  internal  for 
con  e  into  pla 

relr  tion   will   remain   unaltered.      It  will  still 
als<  ,  if  external  forces  be  A  hose  lines  of  action 

pae  ;  through  tin-  >int  O,  as  we  know  from   (lu- 

rches of  Newton. 

If  tin   :  ted  on  by  an  external  force,  ti 

an  /  des<  ribed  by  its  radius  vector  will  increase  in 
tin  i  by  t'  =  <i/»/2  -f  bt  ~ 

on    he  a<  and 

rot  .1  position.     The 

law,  wl.-  :,il  masses  arc  acted  upon  by 

ext  rnal  acce 

gai  led  as  constant,  which  for  sufficiently  small  ii 
val    of  tii.  the  c  .is.-.      The  law  of  areas  in 

thi    case  forces  of 

nfluence  on  the  increase  of  the  sum  of  the  mass- 
rare  s. 

\  free  rigid   body  may  be  regarded  as  a   system 
wh  se  pa:  ve  positions 
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Uniform  ro-  by  internal  forces.   The  law  of  areas  is  applicable  there- 

tation  of  a 

free  rigid     fore  to  this  case  also.     A  simple  instance  is  afforded 

body. 

by  the  uniform  rotation  of  a  rigid  body  about  an  axis 
passing  through  its  centre  of  gravity.  If  we  call  m  a 
portion  of  its  mass,  r  the  distance  of  the  portion  from 
the  axis,  and  a  its  angular  velocity,  the  sum  of  the 
mass-areas  produced  in  unit  of  time  will  be  2m 
(r/2}ra  =  (tf/2)  2mr2,  or,  the  product  of  the  moment 
of  inertia  of  the  system  into  half  its  angular  velocity. 
This  product  can  be  altered  only  by  external  forces, 
illustrative  6.  A  few  examples  may  now  be  cited  in  illustration 

examples.     Q£  ^  ^ 

If  two  rigid  bodies  K  and  K'  are  connected,  and  K 
is  brought  by  the  action  of  internal  forces  into  rotation 
relatively  to  Kf ,  immediately  K'  also  will  be  set  in  ro- 
tation, in  the  opposite  direction.  The  rotation  of  K 
generates  a  sum  of  mass-areas  which,  by  the  law,  must 
be  compensated  for  by  the  production  of  an  equal,  but 
.  opposite,  sum  by  K' . 

Opposite  This  is  very  prettily  exhibited  by  the  electromotor 

the  wheel  of  Fig.  152.  The  fly-wheel  of  the  motor  is  placed  in 
anfree°eiec°-  a  horizontal  plane,  and  the  motor  thus  attached  to  a 
vertical  axis,  on  which  it  can  freely  turn.  The  wires 
conducting  the  current  dip,  in  order  to  prevent  their 
interference  with  the  rotation,  into  two  conaxial  gutters 
of  mercury  fixed  on  the  axis.  The  body  of  the  motor 
(.A")  is  tied  by  a  thread  to  the  stand  supporting  the 
axis  and  the  current  is  turned  on.  As  soon  as  the  fly- 
wheel (K),  viewed  from  above,  begins  to  rotate  in  the 
direction  of  the  hands  of  a  watch,  the  string  is  drawn 
taut  and  the  body  of  the  motor  exhibits  the  tendency 
to  rotate  in  the  opposite  direction — a  rotation  which  im- 
mediately takes  place  when  the  thread  is  burnt  away. 
The  motor  is,  with  respect  to  rotation  about  its 
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axis,  a  free  system.      The  sum  of  the  mass-areas  gen- itsexpiana 

t      f  t  f  •  r  l>on  by  the 

crated,  for  the  case  of  rest,  is  =  0.      But  the  wheel  of  law 
the  motor  being  set  in  rotation  by  the  action  of  the  in- 
ternal electro-magnetic  forces,  a  sum  of  mass- areas  is 


pr  duced  which,  as  the  total  sum  must  remain  =  " 

ited  for  by  the  rotation  in  the  opposite  direc- 
tio  -vf  the  body  of  the  motor.  If  an  index  be  attached 
to  tie  body  of  the  motor  and  kept  in  a  fixed  , 
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by  an  elastic  spring,  the  rotation  of  the  body  of  the 
motor  cannot  take  place.  Yet  every  acceleration  of 
the  wheel  in  the  direction  of  the  hands  of  a  watch  (pro- 
duced by  a  deeper  immersion  of  the  battery)  causes 
the  index  to  swerve  in  the  opposite  direction,  and  every 
retardation  produces  the  contrary  effect, 
A  variation  A  beautiful  but  curious  phenomenon  presents  itself 
when  the  current  to  the  motor  is  interrupted.  Wheel 
and  motor  continue  at  first  their  movements  in  oppo- 
site directions.  But  the  effect  of  the  friction  of  the 
axes  soon  becomes  apparent  and  the  parts  gradually 
assume  with  respect  to  each  other  relative  rest.  The 
motion  of  the  body  of  the  motor  is  seen  to  diminish  ; 
for  a  moment  it  ceases  ;  and,  finally,  when  the  state  of 
relative  rest  is  reached,  it  is  reversed  and  assumes  the 
direction  of  the  original  motion  of  the  wheel.  The 
whole  motor  now  rotates  in  the  direction  the  wheel  did 
at  the  start.  The  explanation  of  the  phenomenon  is 
obvious.  The  motor  is  not  a  perfectly  free  system.  It 
is  impeded  by  the  friction  of  the  axes.  In  a  perfectly 
free  system  the  sum  of  the  mass-areas,  the  moment 
the  parts  re-entered  the  state  of  relative  rest,  would 
again  necessarily  be  =  0.  But  in  the  present  instance, 
an  external  force  is  introduced — the  friction  of  the 
axes.  The  friction  on  the  axis  of  the  wheel  diminishes 
the  mass-areas  generated  by  the  wheel  and  body  of 
the  motor  alike.  But  the  friction  on  the  axis  of  the 
body  of  the  motor  only  diminishes  the  sum  of  the  mass- 
areas  generated  by  the  body.  The  wheel  retains,  thus, 
an  excess  of  mass-area,  which  when  the  parts  are  rela- 
tively at  rest  is  rendered  apparent  in  the  motion  of  the 
entire  motor.  The  phenomenon  subsequent  to  the  in- 
terruption of  the  current  supplies  us  with  a  model  of 
what  according  to  the  hypothesis  of  astronomers  has 
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taken  place  on  the  moon.      The  tidal  wave  created  by  its  niustra- 
thr  earth  has  reduced  to  such  an  extent  by  friction  the  case  of  th« 
velocity  of  rotation  of  the  moon  that  the  lunar  day  has 
n  to  a  month.      The  fly-wheel  represents  the  fluid 
mass  moved  by  the  ti 

Another  example  of  this  law  is  furnished  by  rcac-  R«M 
If  air  or  gas  be  emitted  from  the  wheel 
in   the  direction  of  the  short  arrows,  tin- 
le  wheel  will  be  set  in   rotation  in  the  direction  of 
the  large  arrow.      In  Fig.  153^,  another  simple  reac- 
tion-wheel is  represented.    A  brass  tube  rr  plugged 
both  ends  and  appropriately  perforated,  is  placed  on  a 
second  brass  tube  A',  supplied  with  a  thin  steel  pi 
through  which  air  can    1»  r  escapes  at 

th -j  ap< -r  &. 

It  i:  Mipposecl  that  sucking  on  the  reaction- Variation 

wl  eels  would  produce  the  opposite  motion  to  that  n--  nomenaof 
su  ting  from  blowing.     Yet  this  does  not  usually  take  wheel*, 
pi  ce,   and  the  reason  is  obvious.      The    air   that 
si:   ked   into  the  spokes  of  tl 
in  n«  in    the  motion  of  the  wheel, 

th    condition  of  relative  rest  with  respect  to  the  wheel ; 
an  I  when  th<  is  completely  at  rest,  the  sum  of 

iti-  mass-area  <  icneralh 

ro  ition  takes  place  on  the  sucking  in  of  the  air.      I 
Ncii  :umstanc(  :nilar  to  those  of  the  recoil  of  a 

ca  non  which  su<  projectile.     If.  therefore,  an 

lei;  stic  ball,  which  has  but  one  csca;  lied 

to  tl:  !  in 

Fi    .    153*7,    and   In-    altci:  •  /cd   SO    that    the 

'sai  ic  quantit  turns  blown  out 

in,  tl  will  continue  rapidly  to  n-\olve    in 

direction  as  it  did  in  the  case  in  which  we  blew 
int  >  it.  partly  due  to  the  fact  that  the  air 
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Fig.  153  b. 
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Fif.  154. 


sucked  into  the  spokes  must  participate  in  the  motion  Expiana- 

,  ,  ,  tion  of  the 

of  the  latter  and  therefore  can  produce  no  reactional  variations. 

rotation,  but   it  also  partly  results  from  the  differ* 

of  the  motion  which  the  air  outside  the  tube  assumes 

in  the  two  cases.      In  blowing,  the  air  tlows  out  in 

and  performs  rotations.      In  sucking,  the  air  conn 
:n  all  sides,  and  has  no  distinct  rotation. 
The  correctness  of  th:  I  easily  demonstrated. 

If  we  perforate  the  bottom  of  a  hollow  cylinder,  a  closed 

band-box    for    instance,     and 

place  the  cylinder  on  the  steel 

pivot  of  the  tube  R^  after  the 

side  has  been  slit  and  bent  in 

the  manner  indicated  in  Fig. 

154,  the  box  will   turn   in  the 

cirection    of    the    long   arrow 

A  -hen    blown   into  and   in   the 

<  irection  of  the  short  arrow  when  sucked  on.     Th< 

1  sre,  on  ent«  continue  its  rotation 

i  tin.  accordingly  compensated 

!   r  by  a  rotation  in  the  opposite  direc  : 

.g  case  a  '.ir  comli 

t  Dns.       I  '•  :          running 

^  raight  from  a  to  /',  turns  at  right  angles 
I   t  •  itself  at  the  latter  point,   passes  to  c, 

(  3sc:  circle  (dff,  whose 

i    at  right  angles  to  a/>,  and  whose  cen- 

t  e  is  at  /S  then  proceeds  from  /  to  g, 

;    a  id,  finally,  continuing  tl  .t  line 

•uns  from  .;-  to  /'/.      The  entire  min- 

is   free  to  turn  on   an  axis<;//.      1 
ur  into   i  manner 

(1       te<l  in  Fig.    I55/',  a  liqu: 

ill  imni-  begin   to  turn 
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in  the  direction  fedc.  This  impulse,  however,  ceases, 
the  moment  the  liquid  reaches  the  point  ft  and  flowing 
out  into  the  radius /£•  is  obliged  to  join  in  the  motion 
of  the  latter.  By  the  use  of  a  constant  stream  of  liquid, 

therefore,  the  rotation 
of  the  tube  may  soon 
be  stopped.  But  if  the 
stream  be  interrupted, 
the  fluid,  in  flowing  off 
through  the  radius  fg, 
will  impart  to  the  tube 
a  motional  impulse  in 
the  direction  of  its  own 
motion,  cdef,  and  the 
tube  will  turn  in  this  di- 
rection. All  these  phe- 
nomena are  easily  ex- 
plained by  the  law  of 
areas. 

The  trade-winds,  the 
deviation  of  the  oceanic 
currents  and  of  rivers, 
Foucault's  pendulum 
experiment,  and  the 
like,  may  also  be  treated 
as  examples  of  the  law 

Another  pretty  illustration   is   afforded   by 

Let  a  body 

with  the  moment  of  inertia  @  rotate  with  the  angular 
velocity  a  and,  during  the  motion,  let  its  moment 
of  inertia  be  transformed  by  internal  forces,  say  by 
springs,  into  &,  a  will  then  pass  into  a',  where  a  ©  = 
a'&,  that  is  a'  =  a(®/@').  On  any  considerable  dimi- 
nution of  the  moment  of  inertia,  a  great  increase  of 


Fig.  155  b. 

Additional  of  areas. 

illustra-          •        ««  •   1  -11  r    • 

tions.          bodies  with  variable  moments  ot  inertia. 
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angular  velocity  ensues.  The  principle  might  con- 
ceivably be  employed,  instead  of  Foiu  anlt's  method, 
to  demonstrate  the  rotation  of  the  earth,  [in  fact,  some 
attempts  at  this  have  been  made,  with  no  very  marked 
success] 

A  phenomenon  which   substantially   eml  ;e  Rotating 

conditions  last  suggested   is   the  following.     A  glass  funnel!" ' 
funnel,  with  its  axis  placed  in   a  vertical  position 
rapidly  filled  with  a  liquid   in   such  a  manner  that   the 

:n  does  not  enter  in  the  direction  of  t  but 

strikes  the  sides.     A  slow  rotatory  motion,  eby 

;>  in  the  liquid  whit  h  as  long  as  the  funnel  is  fin 
not  noticed.    But  when  the  tluid  retreats  into  the  neck 
ol   the  funnel,  its  moment  of  ii  so  diminished 

a: id  its  angular  velocity  so  increased   that  a  violent 
e  Idy  with   consideral  created. 

f  requently  the  entire  effluent  enetrated  by  an 

a  .ial  thread  <  : 

8.   If  we  carefully  examine  the  of  the  BO 

,      triples  are 

«    ntre  of  gra  .  of  the  a:  shall  discover  in 

1    >th   simply   co:: 

n  odes  of  expression, 

p  actical      purposes,     of 

a    well-known     prop 

o    mechanical  phenom- 

e   a.     To    the    accelera- 

t:  >n    <p  of  one  mass 

tl  en  corresponds  a  c-  icceleration  qf  of 

a  >econd  mass  ///',  where  allowing  for  the  signs  mq>  -f 

m  q/  =.  0.      To  the   force  m  q>  corresponds   the  e(jnal 

a  d  opposite  foi  When  any  masses 

with  the  contrary  acceleration 

tl  •  distances  iw  and  w  (Fig.  156),  the  position  of 
tl  eir  centre  of  gravity  S  remains  unchanged,  and 
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sum  of  their  mass-areas  with  respect  to  any  point  O 
is,  allowing  for  the  signs,  2  ;;/  ,f-\-  m  .  2/—  0.  This 
simple  exposition  shows  us,  that  the  principle  of  the 
centre  of  gravity  expresses  the  same  thing  with  respect 
to  parallel  coordinates  that  the  principle  of  areas  ex- 
presses with  respect  to  polar  coordinates.  Both  contain 
simply  the  fact  of  reaction. 
But  they  The  principles  in  question  admit  of  still  another 

may  also  be     .          ,  . 

construed  simple  construction.  Just  as  a  single  body  cannot, 
sations  of  without  the  influence  of  external  forces,  that  is,  without 
inertia.  the  aid  of  a  second  body,  alter  its  uniform  motion  of 
progression  or  rotation,  so  also  a  system  of  bodies  can- 
not, without  the  aid  of  a  second  system,  on  which  it 
can,  so  to  speak,  brace  and  support  itself,  alter  what 
may  properly  and  briefly  be  called  its  mean  velocity  of 
progression  or  rotation.  Both  principles  contain,  thus, 
a  generalised  statement  of  the  law  of  inertia,  the  correct- 
ness of  which  in  the  present  form  we  not  only  see  but 
feel. 

importance  This  feeling  is  not  unscientific;  much  less  is  it 
stinctive  detrimental.  Where  it  does  not  replace  conceptual  in- 
mechanicai  sight  but  exists  by  the  side  of  it,  it  is  really  the  funda- 
mental requisite  and  sole  evidence  of  a  complete  mastery 
of  mechanical  facts.  We  are  ourselves  a  fragment  of 
mechanics,  and  this  fact  profoundly  modifies  our  mental 
life.*  No  one  will  convince  us  that  the  consideration 
of  mechanico-physiological  processes,  and  of  the  feel- 
ings and  instincts  here  involved,  must  be  excluded  from 
scientific  mechanics.  If  we  know  principles  like  those 
of  the  centre  of  gravity  and  of  areas  only  in  their  ab- 
stract mathematical  form,  without  having  dealt  with  the 
palpable  simple  facts,  which  are  at  once  their  applica- 

*  For  the  development  of  this  view,  see  E.  Mach,   Grundlinien  der  Lehre 
von  den  Bewegungsempfindungen.     (Leipsic  :  Engelmann,  1875.) 
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tion  and  their  source,  we  only  half  comprehend  them, 
and  shall  scarcely  recognise  actual  phenomena  as  ex- 
amples of  the  theory.  We  are  in  a  position  like  that 
of  a  person  who  is  suddenly  placed  on  a  high  tower 
but  has  not  previously  travelled  in  the  district  round 
about,  and  who  therefore  does  not  know  how  to  inter- 
pret the  objects  he  sees. 

IV 
I.AWs   OK    IMPACT. 

i.   The   laws  of  impact  were  the  occasion  of  the  Historical 

position  of 

enunciation  of  the  most  important  principles  of  me- the  Laws  of 

chanics,  and  furnished  also  the  first  examples  of  tin 

application  of  such  principles.     As  early  as   1639,  a 

c  :>ntemporar\  -  o,  the  Prague  professor,  MAK 

MARCI  (born  in  1595),  published  in  his  tre. 

/  irtione  Jf<>/t/s  (Prague)  a  few  results  of  h  '-iga- 

t  ons  on  impact.      He  knew  that  a  body  striking 

<  astic  percussion  another  of  the  same  size  >ses 

i  s  own  motion  and  communicates  an  equal  quantity 

t  i  the  other.     He  also  enunciates,  though  not 

^  ith  :on,  and   frequently   mingled 

A  ith  what  is  false,  other  propositions  which  still   1 

j  xxl.    Marcus  Marci  .in.    He  pos- 

;•  ;ssed  for  his  time  v  table  conceptions  re^ 

i  ig  the  composition  of  motions  and  "impulses  "     In 

t  ic  formation  of  these  ideas  he  pu  method  I 

i  ir  to  th  1  later  employed.    He  spe 

c  'partially  equal  and  opposite  motions,  and  of  wholly 

c  >posite  mot  ves  parallelogram  constructions, 

.!  id  the  like,  but  is  unable,  although  he  speaks  of  an 

a  «ctv  : notion  of  t,  to  reach  perfect  clear- 

t     \  with  regard  to  the  idea  of  force  and  consequently 

a  so  with  regard  to  the  composition  of  forces.   In  spite 
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There-       of  this,  however,   he  discovers  Galileo's  theorem  re- 
Marcus       garding  the  descent  of  bodies  in  the  chords  of  circles, 

Marci. 


IOANNES  MARCVS  MARCI    PHIL:  O  MEDIC:  DOCTOR 

etProfeffir  natus  Laru&cronar  fffrtmmdurorum  in  Boenaa 
JJJ  ~»  tfrr.iii*™. 


also  a  few  propositions  relating  to  the  motion  of  the 
pendulum,  and  has  knowledge  of  centrifugal  force  and 
so  on.  Although  Galileo's  Discourses  had  appeared  a 
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previously,  we  cannot,  in  view  of  the  condition  of 
things  produced  in  Central  Europe  by  the  Thirty  Years' 


..is  acquainted  with  tin-in. 
many  errors  ook  thus 

unintelligible,  but   it  would  also  lia 


308  THE  SCIENCE  OF  MECHANICS, 

Thesourcesbe  explained  how  Marci.  as  late  as  1648,  in  a  continu- 

of  Marci's          ... 

knowledge,  ation  of  his  treatise,  could  have  found  it  necessary  to 
defend  the  theorem  of  the  chords  of  circles  against  the 
Jesuit  Balthasar  Conradus.  An  imperfect  oral  com- 
munication of  Galileo's  researches  is  the  more  reason- 
able conjecture.*  When  we  add  to  all  this  that  Marci 
was  on  the  very  verge  of  anticipating  Newton  in  the 
discovery  of  the  composition  of  light,  we  shall  recog- 
nise in  him  a  man  of  very  considerable  parts.  His 
writings  are  a  worthy  and  as  yet  but  slightly  noticed 
object  of  research  for  the  historian  of  physics.  Though 
Galileo,  as  the  clearest-minded  and  most  able  of  his 
contemporaries,  bore  away  in  this  province  the  palm, 
we  nevertheless  see  from  writings  of  this  class  that  he 
was  not  by  any  means  alone  in  his  thought  and  ways 
of  thinking. 

There-  2.    GALILEO  himself  made  several  experimental  at- 

searches  of  ,  ... 

Galileo.  tempts  to  ascertain  the  laws  of  impact ;  but  he  was  not 
in  these  endeavors  wholly  successful.  He  principally 
busied  himself  with  the  force  of  a  body  in  motion,  or 
with  the  "force  of  percussion,"  as  he  expressed  it, 
and  endeavored  to  compare  this  force  with  the  pressure 
of  a  weight  at  rest,  hoping  thus  to  measure  it.  To  this 
end  he  instituted  an  extremely  ingenious  experiment, 
which  we  shall  now  describe. 

A  vessel  I  (Fig.  157)  in  whose  base  is  a  plugged 
orifice,  is  filled  with  water,  and  a  second  vessel  II  is 
hung  beneath  it  by  strings  ;  the  whole  is  fastened  to 
the  beam  of  an  equilibrated  balance.  If  the  plug  is 
removed  from  the  orifice  of  vessel  I,  the  fluid  will  fall 

*  I  have  been  convinced,  since  the  publication  of  the  first  edition  of  this 
work,  (see  E.  Wohlwill's  researches,  Die  Entdeckung  des  Beharrungsgesetzes, 
in  the  Zeitschriftfiir  Volker psychologic,  1884,  XV,  page  387,)  that  Marcus  Marci 
derived  his  information  concerning  the  motion  of  falling  bodies,  from  Galileo's 
earlier  Dialogues.  He  may  also  have  known  the  works  of  Benedetti. 
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in  a  jet  into  vessel  II.      A  portion  of  the  pressure  due  Galileo's 
to  the  resting  weight  of  the  water  in  I  is  lo-4  ami   re- mem. 

1  by  an  action  of  impact  on  vessel  II.      Cialileo 

>ted  a  depression  of  the  whole  scale,  by  which  he 

1  with  the  assistance  of  a  counter-weight   to  de- 

< -fleet  of  the  impact.      lie  was  to  some 
surprised  to  obtain  no  depression,  and  lie  was  un- 
able, it  appears,  perfectly  to  clear  up  the  matter  in  his 


3.     1  .  the   explanation    is  not  diffi 

cult.      1-Jy  the  removal   of   the  plui,r  then-  is  produced, 


I 


iminution  (  re.      This  c« 

fact  I?  weight  of   •  •  nded   in 

air  is  lo  • 

•  :Huent  jet  I  -  whii  h  act 

-gn( 

ctor  3)  produced  by  the  action  of  the  jet  on  the 
>t  om  ill.    H-  iched 

bottom  (,|  II.  we  have  only  to  deal  \\iih  a  diminu- 
tioi     i]>:  .  which,  when  th-  It  in   full 

op(   ation,  is  immediately  compensated  for  //<// 


I   vpi.ui.i 
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petermina-  depression  was,  in  fact,  all  that  Galileo  could  observe. 

tion  of  the     _ 

mechanical  Let  us  imagine  the  apparatus  m  operation,  and  denote 
voived.  the  height  the  fluid  reaches  in  vessel  I  by  //,  the  corre- 
sponding velocity  of  efflux  by  v,  the  distance  of  the 
bottom  of  I  from  the  surface  of  the  fluid  in  II  by  k,  the 
velocity  of  the  jet  at  this  surface  by  w,  the  area  of  the 
basal  orifice  by  a,  the  acceleration  of  gravity  by  g,  and 
the  specific  gravity  of  the  fluid  by  s.  To  determine 
Factor  (i)  we  may  observe  that  v  is  the  velocity  ac- 
quired in  descent  through  the  distance  h.  We  have, 
then,  simply  to  picture  to  ourselves  this  motion  of  de- 
scent continued  through  k.  The  time  of  descent  of 
the  jet  from  I  to  II  is  therefore  the  time  of  descent 
through  h  +  k  less  the  time  of  descent  through  h. 
During  this  time  a  cylinder  of  base  a  is  discharged 
with  the  velocity  v.  Factor  (i),  or  the  weight  of  the 
jet  suspended  in  the  air,  accordingly  amounts  to 


as. 


To  determine  Factor  (2)  we  employ  the  familiar 
equation  mv  =  pt.  If  we  put  t  =  i,  then  mv  =/,  that 
is  the  pressure  of  reaction  upwards  on  I  is  equal  to  the 
momentum  imparted  to  the  fluid  jet  in  unit  of  time. 
We  will  select  here  the  unit  of  weight'  as  our  unit  of 
force,  that  is,  use  gravitation  measure.  We  obtain  for 
Factor  (2)  the  expression  [a  v  (s/g)"]  v  =  p,  (where  the 
expression  in  brackets  denotes  the  mass  which  flows 
out  in  unit  of  time,)  or 


a^gh  .  -     .  Vlgh  =  2a/is. 
A 

Similarly  we  find  the  pressure  on  II  to  be 
[av  .  jL]w==ff  or  factor  3  : 
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j         Mathemat- 

I     _'  ,     •_•  M  ical  devel- 

opment of 
the  result. 

total  variation  of  the  pressure  is  accordingly 


2  (h  +  *) 

-  —  A/—  \as 

ks 


(IS 

f 
or,  abridged, 


..  ,-[|    h(h  +  k)  —  /i}  — 


—\\  hich  three  factors  complfteh  destroy  each  other.    In 
the  very  necessity  oil  refore,  Galileo  could 

onl  •  have  obtained  a  negative  result. 

We  must  supply  comment  respecting  Fac-  A  comment 

tor    2  i.    It  mi^ht  be  supposed  that  the  pressure  on  the  by  the 
ba^  il  orifice  v.  lost,  is  .  not  7>ahs.     But** 

thi     statical  conception  would  be  totally  inadmissible 
in  i  le  presen*  -cat  case.     The  velocity  v  is  not 

gci  jrated  by  gra  meously  in  the  effluent 

par  iclt-s,  but  outcome  of  tin-  mutual  press 

bet  ,-een  the  particles  flowing  out  an.  I  the  ; 
bel   i  can  only  be  dct 

•  •nerated.     The  erroneous  introduction  of 
aid  at  oi  by  self-con- 

tra<  ictions. 

f  Galileo's  mode  of  <•••  iad  been  less 

»uld  hav«-  determinecl  without  much  diffi- 
cult sure  which  a  <•<»////////,«//»•   fluid  jet  exn 

But   he  coul  .  as  he  soon  became  convinced, 

hav      counteracted  by  a  /'  lie  effect  of  an  inst 

tarn  /.     Take  —  and  this  is  the  supposition  of 
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Galileo's 
reasoning. 


Compari- 
son of  the 
ideas  im- 
pact and 
pressure. 


Galileo — a  freely  falling,  heavy  body.  Its  final  veloc- 
ity, we  know,  increases  proportionately  to  the  time. 
The  very  smallest  velocity  requires  a  definite  portion 
of  time  to  be  produced  in  (a  principle  which  even  Mari- 
otte  contested).  If  we  picture  to  ourselves  a  body 
moving  vertically  upwards  with  a  definite  velocity,  the 
body  will,  according  to  the  amount  of  this  velocity, 
ascend  a  definite  time,  and  consequently  also  a  definite 
distance.  The  heaviest  imaginable  body  impressed 
in  the  vertical  upward  direction  with  the  smallest  im- 
aginable velocity  will  ascend,  be  it  only  a  little,  in 
opposition  to  the  force  of  gravity.  If,  therefore,  a 
heavy  body,  be  it  ever  so  heavy,  receive  an  instan- 
taneous upward  impact  from  a  body  in  motion,  be  the 
mass  and  velocity  of  that  body  ever  so  small,  and  such 
impact  impart  to  the  heavier  body  the  smallest  imagin- 
able velocity,  that  body  will,  nevertheless,  yield  and 
move  somewhat  in  the  upward  direction.  The  sligJitcst 
impact,  therefore,  is  able  to  overcome  the  greatest  pres- 
sure ;  or,  as  Galileo  says,  the  force  of  percussion  com- 
pared with  the  force  of  pressure  is  infinitely  great.  This 
result,  which  is  sometimes  attributed  to  intellectual  ob- 
scurity on  Galileo's  part,  is,  on  the  contrary,  a  bril- 
liant proof  of  his  intellectual  acumen.  We  should  say 
to-day,  that  the  force  of  percussion,  the  momentum, 
the  impulse,  the  quantity  of  motion  mv,  is  a  quantity 
of  different  dimensions  from  the  pressure/.  The  dimen- 
sions of  the  former  are  mlt~*,  those  of  the  latter  m  lt~2 . 
In  reality,  therefore,  pressure  is  related  to  momentum 
of  impact  as  a  line  is  to  a  surface.  Pressure  is/,  the 
momentum  of  impact  is//.  Without  employing  mathe- 
matical terminology  it  is  hardly  possible  to  express  the 
fact  better  than  Galileo  did.  We  now  also  see  why  it 
is  possible  to  measure  the  impact  of  a  continuous  fluid 
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jet  by  a  pressure.     We  compare  the   momentum  de- 
stroyed per  second  of  time  with   the  pressure  acting 
econd  of  time,  that  is,  homogeneous  quantities  of 
the  form  //. 

4    The  first  systematic  treatment  of  the  laws  ofrh. 
impact  was  evoked  in  the  year  1668  by  a  request  of  the  nu-m 
Royal  Society  of  London.     Three  eminent   physicists  pact, 
is  (Nov.  26,  1668),  WKKN  (Dec.  17,  1668),  and 
:i.  4,  1669)  complied  with  the  invitation  of 
nd  communicated  to  it   papers  in  wlr. 
independently  of  each  other,  they  stated,  without  de- 
ductions, the  laws  of  impact.     Wallis  treated  onh 
the  impact  of  inelastic  bodies,  Wren  and  Huygens  only 
of  the  impact  of  elastic  bodies.     Wren,  previously  to 
publ  cation,  had  tested  t>  -merits  his  theorems, 

whi(  h,  in  the  main,  agreed  with  those   of  Huygens. 
The  e  are  the  ex;  to  which  Newton  refers  in 

the    ''/•///«•///<!.    The  same  experiments  were,  soon  after 
this,  also  described,  in  a  more  developed  form,  by  Ma 
riott  ,  in  a  special  treatise,  Sur  U  Choc  des  Corps.     Ma 
riott    also  tfavc  the  apparatus  now  known  in  physical 
colh  :tions  as  the  percussion-mach 

I  i  ccording  to  Wallis,  the  decisive  factor  in  impact  w«nuf» re- 
is  m  wt-ntntn.  or  the  product  of  the  ma  into 
the    elocity  (ttleritas).     By  this  momentum  the  force 
of  p  rcus                 'letermincd.      If  two  inelastic   bo«: 
whi<  i  have  equal  mo:                 ike  each  other,  rest  will 
cnsi:  :  after  impact.      If  their  momenta  are  u 
^B  (  ifference  of  the  momenta  will  be  the  momentum 
after  impact.    If  we  divide  this  momentum  by  the  sum 
of  t:   •  masses,  we  shall  obtain  the  velocity  of  the  i 
tion    fter  the  imp.u  t.      \V.i',;i                  :ently  }>resented 
his  t                  inpact  in  anoth* 
dt  -1/  •'•<•                                        '.    his   theorems   may  be 
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brought  together  in  the  formula  now  in  common  use, 
u  =  (inv  -j-  m'v'y/(m  -\-  m'},  in  which  m,  m  denote  the 
masses,  v,  v'  the  velocities  before  impact,  and  u  the 
velocity  after  impact. 

5.   The  ideas  which  led  Huygens  to  his  results,  are 
and  results,  to  be  found  in  a  posthumous  treatise  of  his,  De  Motu 
Corporum  ex  Percusstone,  1703.   We  shall  examine  these 
in  some  detail.   The  assumptions  from  which  Huygens 


Huygens's 
methods 


m 

o 


m 

O 


Fig.  158. 


Fig-  159- 


An  Illustration  from  De  Percussione  (Huygens). 

proceeds  are  :  (i)  the  law  of  inertia ;  (2)  that  elastic 
bodies  of  equal  mass,  colliding  with  equal  and  oppo- 
site velocities,  separate  after  impact  with  the  same  ve- 
locities ;  (3)  that  all  velocities  are  relatively  estimated  ; 
(4)  that  a  larger  body  striking  a  smaller  one  at  rest 
imparts  to  the  latter  velocity,  and  loses  a  part  of  its 
own  ;  and  finally  (5)  that  when  one  of  the  colliding 
bodies  preserves  its  velocity,  this  also  is  the  case  with 
the  other. 
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Huygens,  now,  imagines  two  equal  elastic  masses,  First,  equal 
h  meet  with  equal  and  opposite  velocities  r.    After  masses  ex- 
npact  they  rebound  from  each  other  with  exactly! 
the  same  velocities.     Huygens  is  right  in  assuming  and 
not  deducing  this.      That  elastic  bodie- 

r  their  form  after  impact,  that  in  such  a  transac- 
tion no  perceptible  r, 

perience  alone  can  teach  us.    Huygens,  now,  conce 
the  occurrence  just  described,  to  take  place  on  a  boat 
which  is  moving  with  the  vel<  For  the  specta- 

tor in  the  boat  the  previous  case  still  subsists  ;  but  for 
pectator  on  the  shore  the  velocities  of  res 

re  impact  are  respectively  29  and  <>,  and  after  im- 
pact o  ai.  An  elastic  bo  tore,  \\\\\ 
on  another  of  equal  mass                   ommunicates  to  the 
latter               vo  velocity  and   remains  I  impact 
its*  If  at  rest.    If  we  suppose  the  boat  affected  with 
im  ginable  velocity,  //,  then  for  t                ator  on  the 
sh<  re                -cities  before  impact  will  be  \  .  ely 

;  .  and  af;  t  //  —  r  and  // 

Bi  :  sine.  and*/  —  r  may  h  hat 

so<  vcr,  it   may  b«-  principle   that  equal 

A  b 

.all  ;    as  Ga 

proach  and 

hie  y  pointed  out.     Huygens,  no  li,     u',    ' 

ie         * 


es    before    impact    and 
;sion    after    impa* 


0 


wit  i  the  same  relative  velocity.      A 

rnpinges  on  a  body  of  mass  Af  at  rest,  to  which 

impact  the  vcloi 

ruygens,  in  the  dein  proposit 

suj  poses  that  the  e\  >  place  on  a  boat  moving 
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from  M  towards  m  with  the  velocity  w/2.  The  initial 
velocities  are,  then,  v  —  w/2  and  —  w/2.  ;  and  the  final 
velocities,  x  and  -}-  w/2.  But  as  M  has  not  altered 
the  value,  but  only  the  sign,  of  its  velocity,  so  m,  if  a 
loss  of  vis  viva  is  not  to  be  sustained  in  elastic  impact, 
can  only  alter  the  sign  of  its  velocity.  Hence,  the  final 
velocities  are  —  (v  —  w/2)  and  -|-  w/2.  As  a  fact, 
then,  the  relative  velocity  of  approach  before  impact 
is  equal  to  the  relative  velocity  of  separation  after  im- 
pact. Whatever  change  of  velocity  a  body  may  surfer, 
in  every  case,  we  can,  by  the  fiction  of  a  boat  in  mo- 
tion, and  apart  from  the  algebraical  signs,  keep  the 
value  of  the  velocity  the  same  before  and  after  impact. 
The  proposition  holds,  therefore,  generally. 
Third.ifthe  If  two  masses  M  and  m  collide,  with  velocities  V 
of  apprcfach  and  v  inversely  proportional  to  the  masses,  M  after  im- 
?y  proper-6"  pact  will  rebound  with  the  velocity  V  and  m  with  the 
velocity  v.  Let  us  suppose  that  the  velocities  after 
impact  are  Vl  and  v^  ;  then  by  the  preceding  proposi- 

l, 

ciple  of  vis  viva 
MV* 


tion  we  must  have  V  -\-  v  =  V^  -{-  vl,  and  by  the  prin- 


___ 
2  2~       ~~2~~        ~~2     ' 

Let  us  assume,   now,  that  v^  =v  -}-  w\  then,   neces- 
sarily,  Ft  =  V  —  w  ;  but  on  this  supposition 

MV*    ,    mv*       MV*    ,   mv* 

--    --~ 


And  this  equality  can,  in  the  conditions  of  the  case, 
only  subsist  if  w  =  0  ;  wherewith  the  proposition  above 
stated  is  established. 

Huygens  demonstrates  this  by  a  comparison,  con- 
structively reached,  of  the  possible  heights  of  ascent 
of  the  bodies  prior  and  subsequently  to  impact.  If 
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the  velocities  of  the  impinging  bodies  are  not  inversely  This  propo- 
proportional  to  the  masses,  they  may  be  made  such  by  the°fictioyn 

,         -       -  r        i  •  «-r«i  i          of  a  moving 

the  hction  of  a  boat  in  motion.      The  proposition  thus  boat,  made 
includes  all  imaginable  cases.  ISu 

The  conservation  of  ,  in   impact   is  asserted 

by  Huygens  in  one  of  his  last  theorems  (in,  which  he 
subsequently  also  handed  in  to  the  London  Soc 
But  the  principle  is  unmistakably  at  the  foundation  of 
the  previous  theoren 

6.    In  taking  up  the  study  of  any  event  or  phenom-  Typical 

III. -.Irs  rf 

enon  A*  we  may  acquire  a  knowledge  of  its  component  n.mraiin- 
elements  by  approaching  it  from  the  point  of  view  of  a*1" 

rent  phenomenon  A.  which  we  already  know  ;  in 
whi  :h  case  our  investigation  of  A  will  appear  as  ihe 
app.ication  of  principles  before  familiar  to  us.  Or,  we 
ma;  begin  our  investigation  with  A  itself,  an 
tup  is  throughout  uniform,  reach  the  same  principles 
orif  inally  in  the  contemplation  of  A.  The  investiga- 
tioi  of  the  phenomena  of  impact  u.is  p;  mil 

tan  ously  with  that  of  various  other  mechanical  pro- 
ces  es,  and  both  modes  of  analysis  were  really  pre- 
sen  ed  to  the  inquir 

To  begin  with.  we  may  convince  ourselves  that  the  imp 
prc  >lems  of  impact  can   be  disposed  of   by  :  jtai 

ton  an  ;  i  minimum  «  • 

mei>  experiences.    Th  >n  of  the  laws  of  irn- 

pac    contributed,  it   is  true,  to  the  discovery  of  New- 
ton 5  laws,  but  the  latter  do  not  rest  solely  on  this  foun- 
dat  on.     The  requisite  new  experiences,  not  contained 
in     :ie  Newtonian    principles,  an-  simply  the  inf<  : 
tioi   tha:  r.      Inelastic 

^Bb<  'es  subjected  to  :  alter  tl  without 

Hec  \.-ri:  istic  bodies  possess  for  all  th- 

def  lite  systems  of  pressures,  so  that  every  alteration 
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First,  in- 
elastic 
masses. 


Impact  in 
an  equiva- 
lent point 
of  view. 


of  form  is  associated  with  an  alteration  of  pressure,  and 
vice  versa.  Elastic  bodies  recover  their  form  ;  and  the 
forces  that  induce  the  form-alterations  of  bodies  do  not 
come  into  play  until  the  bodies  are  in  contact. 

Let  us  consider  two  inelastic  masses  M  and  m  mov- 
ing respectively  with  the  velocities  Fand  v.  If  these 
masses  come  in  contact  while  possessed  of  these  un- 
equal velocities,  internal  form-altering  forces  will  be 
set  up  in  the  system  M,  m.  These  forces  do  not  alter 
the  quantity  of  motion  of  the  system,  neither  do  they 
displace  its  centre  of  gravity.  With  the  restitution  of 
equal  velocities,  the  form-alterations  cease  and  in  in- 
elastic bodies  the  forces  which  produce  the  alterations 
vanish.  Calling  the  common  velocity  of  motion  after 
impact  u,  it  follows  that  Mu  -\-  mu  =  MV-\-  Afv,  or 
u  =  (MV+  mv)/(M+  m),  the  rule  of  Wallis. 

Now  let  us  assume  that  we  are  investigating  the 
phenomena  of  impact  without  a  previous  knowledge  of 
Newton's  principles.  We  very  soon  discover,  when 
we  so  proceed,  that  velocity  is  not  the  sole  determina- 
tive factor  of  impact ;  still  another  physical  quality  is 
decisive — weight,  load,  masSj/OTidfcf,  moles,  massa.  The 
moment  we  have  noted  this  fact,  the  simplest  case  is 
easily  dealt  with.  If  two  bodies  of  equal  weight  or 
equal  mass  collide  with  equal  and 
opposite  velocities  ;  if,  further,  the 
bodies  do  not  separate  after  impact 
but  retain  some  common  velocity, 
plainly  the  sole  uniquely  deter- 
mined velocity  after  the  collision  is  the  velocity  0.  If, 
further,  we  make  the  observation  that  only  the  dif- 
ference of  the  velocities,  that  is  only  relative  velocity, 
determines  the  phenomenon  of  impact,  we  shall,  by 
imagining  the  environment  to  move,  (which  experience 


-T     »  r       ^ — 

O      O 


Fig.  161. 
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tells  us  has  no  influence  on  the  occurrence,)  also  readily 
perceive  additional  cases.  For  equal  inelastic  masses 
with  velocities  v  and  0  or  ~c  and  ,-'  the  velocity  after 
impact  is  r/2  or  (r  -f  r')/2.  It  stands  to  reason  that 
we  can  pursue  such  a  line  of  reflection  only  after  ex- 
perience has  informed  us  ichat  the  essential  and 
cisive  features  of  the  phenomena  are. 

If  we  pass  to  unequal  masses,  we  must  not  onlyTh, 
,  ,  "•>' 

know  from  experience  that  mass  generally  is  of  conse-c. 

oft 

quence,  but  also  in  what  v:  ^  influence  is  enV. 

If,  for  example,   two  bodies  of  masses  i  an 
with  the  velocities  z>  and  F  collide,  we  might  reason 


163. 


t  ms.  We  cut  out  of  the  mass  3  the  mass  i  (Fig.  162), 
;  id  first  make  the  masses  i  and  i  collide :  the  result- 
i  it  velocity  is  (?'  -f-  f)/2.  There  are  now  left,  to 
<  jualise  the  velocities  (r  -f  ^)/2  and  V,  the  masses 
i  -f-  i  =  2  and  2,  which  applying  the  same  princ 
t  ves 


Let  us  now  consider,  more  generally,  the  masses 
and  ///',  which  we  represent  in  Fig.  163  as  suitably 
oportioned  horizontal  lines.  These  n 

^d  with  the  velocities  v  I  -('sent 

ordinates  erected  on  the  mass-lines.  Assuming  that 
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its  points  of  m  <  m't  we  cut  off  from  m'  a  portion  m.   The  offsetting 

contact  .  -ill-/ 

with  the  ot  ;;/  and  m  gives  the  mass  2.m  with  the  velocity  (v  -f- 
'  v')/2.  The  dotted  line  indicates  this  relation.  We 
proceed  similarly  with  the  remainder  ;;/' —  m.  We  cut 
off  from  2m  a  portion  ;;/' — m,  and  obtain  the  mass 
2m  —  (m' — m)  with  the  velocity  (?>  -\-  v')/2  and  the 
mass  2  (m' —  m)  with  the  velocity  [(v  +  ^')/2  "f  ^']/2- 
In  this  manner  we  may  proceed  till  we  have  obtained 
for  the  whole  mass  m  -f-  m'  the  same  velocity  u.  The 
constructive  method  indicated  in  the  figure  shows  very 
plainly  that  here  the  surface  equation  (m  -}-  m')  u  = 
mv -\- m'v'  subsists.  We  readily  perceive,  however, 
that  we  cannot  pursue  this  line  of  reasoning  except  the 
sum  m  v  -f-  m'v',  that  is  the  form  of  the  influence  of  m 
and  v,  has  through  some  experience  or  other  been  pre- 
viously suggested  to  us  as  the  determinative  and  de- 
cisive factor.  If  we  renounce  the  use  of  the  Newtonian 
principles,  then  some  other  specific  experiences  con- 
cerning the  import  of  m  v  which  are  equivalent  to  those 
principles,  are  indispensable. 

Second,  the        7.   The  impact  of  elastic  masses  may  also  be  treated 
elastic        by  the   Newtonian  principles.      The  sole  observation 

masses  in  .  .  ...... 

Newton's  here  required  is,  that  a  deformation  ot  elastic  bodies 
calls  into  play  forces  of  restitution,  which  directly  de- 
pend on  the  deformation.  Furthermore,  bodies  pos- 
sess impenetrability ;  that  is  to  say,  when  bodies  af- 
fected with  unequal  velocities  meet  in  impact,  forces 
which  equalise  these  velocities  are  produced.  If  two 
elastic  masses  M,  m  with  the  velocities  C,  c  collide,  a 
deformation  will  be  effected,  and  this  deformation  will 
not  cease  until  the  velocities  of  the  two  bodies  are 
equalised.  At  this  instant,  inasmuch  as  only  internal 
forces  are  involved  and  therefore  the  momentum  and 
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the  motion  of  the  centre  of  gravity  of  the  system  re- 
main unchanged,  the  common  equalised  velocity  will  be 
.I/i 

M  ^m~ 

Consequently,  up  to  this  time,  3/'s  velocity  has  suf- 
fered a  diminution  C  —  //  ;  and  ;//'s  an  increase  //  —  c. 

But  elastic  bo  :ig  bodies  that  recover  th< 

forms,  in  perfectly  elastic  bodies  the  very  same  forces 
th.it  produced  the  deformation,  will,  only  in  the  in- 
verse order,  again  be  brought  into  play,  through  tin- 
same  elements  of  time  and  space.  Consequently, 
on  the  supposition  that  ///  is  overtaken  by  M,  M  will  a 
second  time  sustain  a  diminution  of  velocity  C  —  u,  and 
m  will  a  second  time  receive  an  increase  of  velo< 
//  —  c.  Hence,  we  obtain  for  the  velocities  V,  v  after 
in  pact  the  expressions  F=  2  u  —  C  and  v  =  2  u  —  r,  or 

AfC+  m(2(—  C)        _  m 


M      m  M+m 

these  formula?  we  put  Af=m,  it  will  follow  T*1*  <|educ- 


tl  it  K=randr=(  are  *•«*  °f 

e<  ual,  the  velocities  which  they  have   will   1> 
cl  anged.     Again,  since  in  the  particular  case  Af/m  = 
-  f/C  or  MC+mf  =  ()  also  u  ^  0,   it  follows  that 
/        -  -  C  and  v  =  2  «-—<•  =  —  <:   that 

tl  »  masses  recede  from  each  other  in  tl.  .  ith  the 

Si.  ne  velocities  (only  oppositely  directed  >  with  whi<  h 
tl    y  approaci  .  he  approach  of  any  :  ses 

Jlj    m  affected  with   the  veloi  tiniated  as 

^>c  >it:  in   the  sari:  on,  takes  place  uith 

ah  :  velocity  6"  —  velocity 

/  Hut    it   follows  at  once  from    K=2if- 

V-.       '  l'—v  =  —  (C—<    :    that  :ela- 

ti\  ;  velocity  of  approach  and  recession  is  the  same. 
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By  the  use  of  the  expressions  V=z2u  —  C  and  v  = 
2u  —  •  c,  we  also  very  readily  find  the  two  theorems 

MF-\-  mv  =  MC  +  me  and 
my*  —  MC2       me* 


which  assert  that  the  quantity  of  motion  before  and 
after  impact,  estimated  in  the  same  direction,  is  the 
same,  and  that  also  the  vis  viva  of  the  system  before 
and  after  impact  is  the  same.  We  have  reached,  thus, 
by  the  use  of  the  Newtonian  principles,  all  of  Huy- 
gens's results. 
The  impii-  8.  If  we  consider  the  laws  of  impact  from  Huygens's 

cations  of  . 

Huygens's   point  or   view,    the  following  reflections  immediately 

view 

claim  our  attention.  The  height  of  ascent  which  the 
centre  of  gravity  of  any  system  of  masses  can  reach  is 
given  by  its  vis  viva,  ^2mv2.  In  every  case  in  which 
work  is  done  by  forces,  and  in  such  cases  the  masses 
follow  the  forces,  this  sum  is  increased  by  an  amount 
equal  to  the  work  done.  On  the  other  hand,  in  every 
case  in  which  the  system  moves  in  opposition  to  forces, 
that  is,  when  work,  as  we  may  say,  is  done  upon  the 
system,  this  sum  is  diminished  by  the  amount  of  work 
done.  As  long,  therefore,  as  the  algebraical  sum  of 
the  work  done  on  the  system  and  the  work  done  by  the 
system  is  not  changed,  whatever  other  alterations  may 
take  place,  the  sum  ^~2mv2  also  remains  unchanged. 
Huygens  now,  observing  that  this  first  property  of  ma- 
terial systems,  discovered  by  him  in  his  investigations 
on  the  pendulum,  also  obtained  in  the  case  of  impact, 
could  not  help  remarking  that  also  the  sum  of  the 
vires  vivce  must  be  the  same  before  and  after  im- 
pact. For  in  the  mutually  effected  alteration  of  the 
forms  of  the  colliding  bodies  the  material  system  con- 
sidered has  the  same  amount  of  work  done  on  it  as,  on 


THE  EXTEXSIOX  OF  THE  PRIXC1P!  323 

the  reversal  of  the  alteration,  is  done  by  it,  provided  al- 
the  bodies  develop  forces  wholly  determined  by 
the  shapes  they  assume,  and  that  they  regain  their 
original  form  by  means  of  the  same  forces  employed  to 
effect  its  alteration.  That  the  latter  process  takes 
place,  ih-finit  i  lone  can  inform  us.  This  law 

obtains,  furthermore,  only  in  the  case  of  so-called  pfr- 
f  tctly  elastic  bodies. 

Contemplated  from  this  point  of  view,  the  majority  Thr  deduc- 

r       i  i   r  -  i  r    • 

of  ti.  man  laws  of  impact  follow  at  once.    Equal 

which  strike  each  other  with  ppo-  noti. 

•11 

:th  the  same  velO  1  he  work. 


uniifut  •/»•  determined  only  when  t: 

equal,  and   they  conform   to  the  principle  of  ris  viva 
o  ily  by  being  the  samf  before  and  after  impac: 
tl  er  it  is  evident,  that  it  one  of  the  unequal  masse 
ii  ipact  change  only  the  si^n  and  not  the  magnitude  of 

•h  the  ott 

n  this  supposition,  howe  of 

paration  after  impac  ^ame  as  the  velocity  of 

>proach  before  impact,      i  naginable  case  can 

i  reduced  to  this  one.      I.  ••  the  velocities 

the  before  and  after  impact,  and  let  them  be 

any  value  and  have  any  sign.    \\  "--.:......:..    \\^wholt 

stem  to  receive  a  velocity  u  of  si;  !<   that 

+  t  =  —  (u  +  S)oru  =  (f  I  twill  be  sr. 

us  t  ;>ossible  to  discover  a  velocity  of 

ansportation  for  the  system  such  that  the  velocity  of 
le  of  the  masses  will  only  change  its  sign.  And  so 
e  proposition  concerning  the  velocities  of  approach 

ly  good. 

As  Huygens's  peculiar  group  of  is  not  fully 

cected,  he  was  compelled,  in  cases  in  which  the  ve- 
ity  ratios  of  tin-  impinging  masses  were  not  origin- 
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Huygens's 
tacit  appro 
priation  of 
the  idea  of 
mass. 


Construc- 
tive com- 
parison of 
the  special 
and  general 
case  of  im- 
pact. 


ally  known,  to  draw  on  the  Galileo-Newtonian  system 
for  certain  conceptions,  as  was  pointed  out  above. 
Such  an  appropriation  of  the  concepts  mass  and  mo- 
mentum, is  contained,  although  not  explicitly  ex- 
pressed, in  the  proposition  according  to  which  the  ve- 
locity of  each  impinging  mass  simply  changes  its  sign 
when  before  impact  M/m  =  —  c/C.  If  Huygens  had 
wholly  restricted  himself  to  his  own  point  of  view,  he 
would  scarcely  have  discovered  this  proposition,  al- 
though, once  discovered,  he  was  able,  after  his  own 
fashion,  to  supply  its  deduction.  Here,  owing  to  the 
fact  that  the  momenta  produced  are  equal  and  oppo- 
site, the  equalised  velocity  of  the  masses  on  the  com- 
pletion of  the  change  of  form  will  be  u  =  0.  When  the 
alteration  of  form  is  reversed,  and  the  same  amount  of 
work  is  performed  that  the  system  originally  suffered, 
the  same  velocities  with  opposite  signs  will  be  restored. 
If  we  imagine  the  entire  system  affected  with  a  ve- 
locity of  translation,  this  particular  case  will  simulta- 
neously present  the  genera!  case. 
Let  the  impinging  masses  be 
represented  in  the  figure  by 
M=BC  and  m  =  AC  (Fig. 
164),  and  their  respective  velo- 
cities by  C=AD  and  c  =  BE. 

On  AB  erect  the  perpendicular 
CFf   and  ^0^  p  draw  IK 

Then  ID  =  (m.  C^?)/(J/-f  ;;/)  and 
nT).    On  the  supposition  now 


""""^^J 

F  ^-~-~~ 

H 

K 

--"" 

^^ 

F 

C 

R 

Fig.  164. 

parallel  to  AB. 

KE  =  (M  .  C  — 
that  we  make  the  masses  M  and  m  collide  with  the 
velocities  ID  and  KE,  while  we  simultaneously  impart 
to  the  system  as  a  whole  the  velocity 

u  =  AI=KB  =C—(m.  C^~e^/(M  +  m)  = 
c+(M.  ~C^Tc}l(M+  m}  =  (MC+  mc}/(M+  w), 
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the  spectator  who  is  moving  forwards  with  the  velocity 
//  will  see  the  particular  case  presented,  and  the  spec- 
who  is  at  rest  will  see  the  general  case,  be  the 
velocities  what  they  may.  The  general  formulae  of  im- 
pact, above  deduced,  follow  at  once  from  this  concep- 
tion. We  obtain  : 


M+m 
,,,,          ,0^  mt  +  Jf&C-e) 


Huygen's  successful  employment  of  the  fictitious  su-- 

.  . 

motions  is  the  outcome  of  the  simple  perception  that  t,,  m,OUs 

motions. 

bodies  not  affected  with  differences  of  velocities  do  not 
act  on  one  another  in  impact.  All  forces  of  impact  are 
det  rmined  by  differences  of  velocity  (as  all  thermal 
effects  are  dt  :  1  by  differences  of  temperature). 

An  I  since  forces  generally  determine,  not  velocities, 
but  only  changes  of  velocities,  or,  again,  differences  of 
vel  cities,  consequently,  in  every  aspect  of  impact  the 
sol  d  factor  is  differences  of  velocity.  With  re- 

spt  :t  to  whii-h  bodies  the  velocities  are  estimated. 
im:  ffcrcnt.     In  fact,  many  cases  of  impact  which  from 
lac     of  practice  appear  to  us  as  different  cases,  turn 
out  on  close  examination  to  be  one  and  the  same. 

Similarly,  the  capacity  of  a  moving  body  for  work,  v«i 

i          1_ 

win  ther  we  measure  it  with  respect  t  --vei. 

act   >:  momentum  or  with  respect  to  the  distance 

thr>  ugh  which  it  acts  by  ;,  has  no  signift- 

,can  e  referred   to  a  single  body.      It  -.--d  with 

sm    ,  on  ;i  second  body  is  introduced,  and,  in 

rence  of  the  veloci- 
md  in  the  second  the  square  of  the  difference  that 

!sive.      Velocity  is  a  physical  level,  like  temp< 
tun    potential  function,  and  the  li 
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Possible  It  remains  to  be  remarked,  that  Huygens  could 

different       . 

origin  of     have  reached,    originally,   in  the  investigation  of  the 

Huygens's 

ideas.  phenomena  of  impact,  the  same  results  that  he  pre- 
viously reached  by  his  investigations  of  the  pendulum. 
In  every  case  there  is  one  thing  and  one  thing  only  to 
be  done,  and  that  is,  to  discover  in  all  the  facts  the  same 
elements,  or,  if  we  will,  to  rediscover  in  one  fact  the 
elements  of  another  which  we  already  know.  From 
which  facts  the  investigation  starts,  is,  however,  a 
matter  of  historical  accident. 

conserva-  ,  9.  Let  us  close  our  examination  of  this  part  of  the 
mentum  in- subject  with  a  few  general  remarks.  The  sum  of  the 
momenta  of  a  system  of  moving  bodies  is  preserved  in 
impact,  both  in  the  case  of  inelastic  and  elastic  bodies. 
But  this  preservation  does  not  take  place  precisely  in 
the  sense  of  Descartes.  The  momentum  of  a  body  is 
not  diminished  in  proportion  as  that  of  another  is  in- 
creased ;  a  fact  which  Huygens  was  the  first  to  note. 
If,  for  example,  two  equal  inelastic  masses,  possessed 
of  equal  and  opposite  velocities,  meet  in  impact,  the 
two  bodies  lose  in  the  Cartesian  sense  their  entire  mo- 
mentum. If,  however,  we  reckon  all  velocities  in  a 
given  direction  as  positive,  and  all  in  the  opposite  as 
negative,  the  sum  of  the  momenta  is  preserved.  Quan- 
tity of  motion,  conceived  in  this  sense,  is  always  pre- 
served. 

The  vis  viva  of  a  system  of  inelastic  masses  is  al- 
tered in  impact ;  that  of  a  system  of  perfectly  elastic 
masses  is  preserved.  The  diminution  of  vis  viva  pro- 
duced in  the  impact  of  inelastic  masses,  or  produced 
generally  when  the  impinging  bodies  move  with  a  com- 
mon velocity,  after  impact,  is  easily  determined.  Let 
M,  m  be  the  masses,  C,  c  their  respective  velocities  be- 
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fore  impact,  and  //  their  common  velocity  after  impact ;  Conserva- 
tion of  vis 

then  the  loss  of  vis  viva  is  in  im- 

pact inter- 
"C-  +  4"/<-2  —  iC^f-l-  W)«2, (l)preted. 

which  in  view  of  the  fact  that  it  =  (J/C-f  mc}/(M-}-  /;:) 
may  be  expressed  in  the  form  \(Mm/Jf+m)(C — ^)a. 
Carnot  has  put  this  loss  in  the  form 

C—  ,,)»  +  jw(i,_,)i (2) 

If  we  select  the  latter  form,  the  expressions  %Af(C —  w)a 
and  ±m(u  —  r)2  will  be  recognised  as  the  ris  viva  gen- 
1  by  the  work  of  the  internal  Jorces.  The  loss  of 
in  impact  is  equivalent,  therefore,  to  the  work 
done  by  the  internal  or  so-called  molecular  forces.  If 
we  equate  the  two  expressions  (i)  and  (2),  remember- 
ing that  (Af-\-  m)u  =  MC-\-  mct  we  shall  obtain  an 
identical  equation.  Carnot's  expression  is  important 
for  the  estimation  of  losses  due  to  the  impact  of  parts 
of  :  lachines. 

n  all  the  preceding  expositions  we  have  treated  oblique 
the  mpinging  masses  as  points  which  moved  only  in  the 
dir  ction  of  the  lines  joining  them.     Thi  :ica- 

tioi   is  admissible  when  the  centres  of  gravity  and  t 
poi   t  of  contact  of  the  impinging  masses  lie  in  one 
str;  ght  line.  n  the  case  of  so-call<  im- 

pat  .     T  tigation  of  what  is  called  obli,}n<-  im 

pa<  .hat  more  complicated,  but  presents  no 

csp  cial  •  n  point  of  principle. 

v  question  of  a  different  character  was  treated  by  The  centre 
W.\  .LIS.   If  a  body  rotate  about  an  axis  and  its  motion 
be  :  uddenly  checked   by  the  retention  of  one  of 
poii  ts,  the  force  of  the  percussion  will  vary  with 

distance  from  the  axis)  of  the  point  ar- 
rest     .    The  point  h  the  intensity  of  the  impact 
Wallis  the  cent>  ion. 
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If  this  point  be  checked,  the  axis  will  sustain  no  pres 
sure.     We  have  no  occasion  here  to  enter   in  detail 
into  these  investigations  ;  they  were  extended  and  de- 
veloped by  Wallis's  contemporaries  and  successors  in 
many  ways. 
Thebaiiis-         io.   We  will  now  briefly  examine,  before  concluding 

tic  pendu-  .  .  .  ...-,, 

lum.  this  section,  an  interesting  application  of  the  laws  of 

impact  ;  namely,  the  determination  of  the  velocities  of 
projectiles  by  the  ballistic  pendulum.  A  mass  Mis  sus- 
pended by  a  weightless  and  massless 
string  (Fig.  165),  so  as  to  oscillate  as  a 
pendulum.  While  in  the  position  of 
equilibrium  it  suddenly  receives  the  hori- 
zontal velocity  V.  It  ascends  by  virtue 
of  this  velocity  to  an  altitude  h  =  (/) 
(1  —  cos  «)  =  V2  /'2  g,  where  /  denotes  the 
length  of  the  pendulum,  a  the  angle  of 
elongation,  and  g  the  acceleration  of 
gravity.  As  the  relation  T=  TtV  Ijg  subsists  between 
the  time  of  oscillation  T  and  the  quantities  /,  g,  we 
easily  obtain  V=  (gT/n)  1/2  (1  —  cos  or),  and  by  the 
use  of  a  familiar  trigonometrical  formula,  also 


its  formula.  If  now  the  velocity  V  is  produced  by  a  projectile  of 
the  mass  m  which  being  hurled  with  a  velocity  v  and 
sinking  in  M  is  arrested  in  its  progress,  so  that  whether 
the  impact  is  elastic  or  inelastic,  in  any  case  the  two 
masses  acquire  after  impact  the  common  velocity  V,  it 
follows  that  mv  —  (M  -\-  m)  V  \  or,  if  m  be  sufficiently 
small  compared  with  M,  also  v  =  (Mjm)  V\  whence 
finally 

2      M    _  .     a 
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If  it  is  not  permissible  to  regard  the  ballistic  pen- A  different 

deduction. 

dulum   as  a  simple  pendulum,  our  reasoning,  in  con- 
formity with  principles  before  employed,  will  take  the 
following  shape.     The  projectile  m  with  the  velocir 
has  the  momentum   ///r,  which  is  diminished  by  the 
ure/  due  to  impact  in  a  very  short  interval  of 
r  to  ////'.      Here,  then,  m  (?' —  F)=/r.  or,  if  /' 
: 'ured  with  r  is  very  small,  ///  r  — /r.      With  Pon- 
reject   the  assumption  of  anything  like  />/- 
•ts  forces,  which  generate  instanter  velocities. 
There  are  no  instantaneous  forces.     What  has  been 
called  such  are  very  great  forces  that  produce  per- 
ceptible velocities  in  very  short  intervals  of  time,  but 
h  in  other  respects  do  not  differ  from  forces  that 
act  continuously.    If  the  force  active  in  impart  cannot 
be  'e.  is  constant  during  its  period  of  ac- 

tio  i,  we  have  only  to  put  in  the  place  of  the  express 

/r  the  e  f> ///.    In  other  reason- 

• 

^  the  sa: 

A.  force  equal  to  that  which  destroys  the  momentum  Tho  vi» 
of    he  projectile,  acts  in  reaction  on  the  pendulum.    If  writ  of  the 

pendulum. 

tke  the  line  of  projection  of  the  shot,  and  co: 
qu  ntly  also  the  line  of  the  force,  perpend:  tin- 

ax     of  the  pendulum  and  at  the  distance  b  from  it. 
me  nent  of  this  force  will  be  bp,  the  angular  accelera- 
1  tf/Smr*,  and  the  angular  velocity  pro- 
du  ed  in  time  r 

b  .  />T          bmv 
V  -      ^ 


which  the  pendulum  has  at  the  end  of 
herefore 


j 
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The  result,  By  virtue  of  this  vis  viva  the  pendulum  performs 
the  excursion  a,  and  its  weight  Mg,  (a  being  the  dis- 
tance of  the  centre  of  gravity  from  the  axis,)  is  lifted 
the  distance  a  (I  —  cos**).  The  work  performed  here 
is  Mga(\ — cos  or),  which  is  equal  to  the  above-men- 
tioned vis  viva.  Equating  the  two  expressions  we 
readily  obtain 

_  I/  2  Mga  2m  r2  (1  —  cos  or) 

mb 
and  remembering  that  the  time  of  oscillation  is 


and   employing   the  trigonometrical  reduction  which 
was  resorted  to  immediately  above,  also 

2   M  a  .a 

v  =  —         -r-  gT .  sin — . 
n   m    b  *  2 

interpreta-         This  formula  is  in  every  respect  similar  to  that  ob- 

tion  of  the          . 

result.  tamed  for  the  simple  case.  The  observations  requisite 
for  the  determination  of  v,  are  the  mass  of  the  pendu- 
lum and  the  mass  of  the  projectile,  the  distances  of 
the  centre  of  gravity  and  point  of  percussion  from  the 
axis,  and  the  time  and  extent  of  oscillation.  The  form- 
ula also  clearly  exhibits  the  dimensions  of  a  velocity. 
The  expressions  2//r  and  sin  (or/2)  are  simple  num- 
bers, as  are  also  Mfm  and  alb,  where  both  numerators 
and  denominators  are  expressed  in  units  of  the  same 
kind.  But  the  factor  gT  has  the  dimensions  //-*,  and 
is  consequently  a  velocity.  The  ballistic  pendulum 
was  invented  by  ROBINS  and  described  by  him  at  length 
in  a  treatise  entitled  New  Principles  of  Gunnery,  pub- 
lished in  1742. 
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v. 

D'ALEMBERT'S  PRINCIPLE. 

i.   One  of  the  most  important  principles  for  the  History  of 
rapid  and  convenient  solution  of  the  problems  of  me- 
chanics is  the  principle  of  D*Alembfrt.     The  researches 
concerning  the  centre  of  oscillation  on  which  almost  all 
prominent  contemporaries  and  successors  of  Huygens 
had  employed  themselves,  led  directly  to  a  series  of 
simple  observations  which  D'ALEMBUtT  ultimat 
eralised  and  embodied  in  the  principle  ^oes  by 

his  :iame.  We  will  first  cast  a  glance  at  these  prelim - 
inarv  performances.  They  were  almost  without  excep- 
tion evoked  by  the  desire  to  replace  the  deduction  of 
Hu  gens,  which  did  not  appear  sufficiently  obvious,  by 
one  that  was  more  -'..UIKM  this  desire  was 

fou  ded,  as  we  have  already  seen,  on  a  miscompre- 
hen  ion  due  to  historical  circumstances,  we  have,  of 
cou  se,  no  occasion  to  regret  the  new  points  of  \ 

reached. 

.   T  in   importance  of  the  for  f  the j»me»Ber- 

hhe<  ry  of  the  centre  of  oscillation,  after  Huv^e: 

to  the 

^•ki  :s  I  >  no  sougl  rly  as  1686  to  ex- theory  of 

plai  i    the  compound  pendulum  by  the  lever.      He  ar-« 

I,  howev*  '  h  not  only  were  obs< 

but  ilso  were  at  variant  e  with  tl  <  <  <  :.c  <  ptions  of  Huy- 
gen  .  The  errors  of  BernouK  !  on 

by  t  ie  Marquis  de  L'HOPITAL  in  t: 

in  1690.   The  consideration  of  velocities  a 
in  /'  finitely  stn.ill  intervals  of  time  in  place  of  veloci; 
acqi  '-cd  es — a  consideration  \vl  last- 

^Hn  u  mathemat  ingested — led  to  the  removal 
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of  the  main  difficulties  that  beset  this  problem  ;  and  in 
1691,  in  the  Aeta  Eruditorum,  and,  later,  in  1703,  in  the 
Proceedings  of  the  Paris  Academy  James  Bernoulli  cor- 
rected his  error  and  presented  his  results  in  a  final  and 
complete  form.  We  shall  here  reproduce  the  essential 
points  of  his  final  deduction, 
james  Ber-  A  horizontal,  massless  bar  AB  (Fig.  166)  is  free  tc 

noulli's  de- 
duction of   rotate  about  A ;  and  at  the  distances  r,  r'  from  A  the 

the  law  of 

the  com-     masses  m.  m  are  attached.  The  accelerations  with  which 

Sound  pen- 
uiumfrom  these  masses  as  thus  connected 

pie  of  the      jffi^- =p — \*^*A       W1^  ^a^  must  ^e  different  from 

— ^^J^^"T  the    accelerations   which    they 

*"^  would  assume  if  their  connec- 

Fig.  loo. 

tions  were  severed  and  they  fell 

freely.  There  will  be  one  point  and  one  only,  at  the 
distance  x,  as  yet  unknown,  from  A  which  will  fall 
with  the  same  acceleration  as  it  would  have  if  it  were 
free,  that  is,  with  the  acceleration  g.  This  point  is 
termed  the  centre  of  oscillation. 

If  ;;/  and  m'  were  to  be  attracted  to  the  earth,  not 
proportionally  to  their  masses,  but  m  so  as  to  fall  when 
free  with  the  acceleration  cp  =  gr/x  and  m'  with  the 
acceleration  qj  =  gr' /x,  that  is  to  say,  if  the  natural 
accelerations  of  the  masses  were  proportional  to  their 
distances  from  A,  these  masses  would  not  interfere  with 
one  another  when  connected.  In  reality,  however,  m 
sustains,  in  consequence  of  the  connection,  an  upward 
component  acceleration  g  —  cp,  and  m'  receives  in  virtue 
of  the  same  fact  a  downward  component  acceleration 
qj  —  g;  that  is  to  say,  the  former  surfers  an  upward 
force  of  m  (g  —  <p)  =  g(x  —  *"/•*)  m  and  the  latter  a 
downward  force  of  /;/'  (cpf  —  g)  =  g  (r'  —  x/x)  m. 

Since,  however,  the  masses  exert  what  influence 
they  have  on  each  other  solely  through  the  medium  of 
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the  lever  by  which   they  are  joined,  the  upward  force  The  law  of 

,          thedistri- 

unon  the  one  and  the  downward  force  upon  the  other  hmionof 

T  r  ttects 

must   satisfy   the   law  of    the   lever.      If   ///   in   co: 

quence  of  its  being  connected  with   the  lever  is  held  forces! in 

....  ,  J.UIK 

back  by  a  force /from  the  motion  which  it  would  take,  nouii, 
if  free,  it  will  also  exert  the  same  force/on  the  le 
arm  r  by  reaction.      It  is  this  reaction  pull  alone  that 
can  be  transferred  to  /;/'  and  be  balanced  there  by  a 
;ire/*=  (r/r')/,  and  is  therefore  equivalent  to  the 
latter  pressure.     There  subsists,  therefore,  ai: 
iiat  has-been  above  said,  the  relation  f(^- 
rjr1 .  g  (x  —  r/'.v)  m  or,  (x  —  r)tnr  =  (r'  — 
which  we  obtain  .v  =  (mr2  -f-  rti'r'2}  '(mr  -f  /// 
exa  :  tind  it.     The  generalisation  of 

this  reasoning,  for  any  number  of  masses,  which  need 
not  lie  in  a  single  stra  obvious. 

\.  JOHN  BERNOULLI  (in  1712)  attacked  in  n 

ma   net  the  problem  of  the  centre  of  oscillation. 

i    •  ^~« 

per  ormances  are  easiest  consulted   in   his  Colh 

W<  >a,  Lausanne  and  G<  762,  Vols.  II 

an<    IV  .      \Vr   shall  examine   in  d  MO  main  : 

•       Bernoulli  rea<  ^oal  by 

•  fsfs  and  forces  separ.< 

7/r*  pendulums  of  dif-Thefir«t 

fen  it  K  :  hose  bobs  are  affected  wir 

tati  nal  accelerations  proportional  to  the  lengths  of  the 

'.     • 

of  (  -dilation  of  a  pendulum  is  T       rr\         .  it  follows 
tha-  the  times  of  oscillati<  i  .Minis  will  be 

the    iame.     Doubling  the  length  of  a  pendulum,  ac- 
con  ingly,  while  at  the  same  time  doubling  the  ao 
erat  -^n  of  gravity  does  not  alter  the  period  of  oscilla- 
tioi 

though  we  cannot  <  dter  the  accel- 
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The  second  eration  of  gravity  at  any  one  spot  on  the  earth,  we 

step  in  John 

Bernoulli's  can  do  what  amounts  virtually  to  this.    Thus,  imagine 

deduction.  . 

a  straight  massless  bar  of  length  2a,  free  to  rotate  about 
its  middle  point  ;  and  attach  to  the  one  ex- 
:'  tremity  of  it  the  mass  m  and  to  the  other  the 
mass  ;;/'.  Then  the  total  mass  is  m  +  m'  at 
the  distance  a  from  the  axis.  But  the  force 
which  acts  on  it  is  (m  —  ;//')  g,  and  the  ac- 
celeration, consequently,  (m  —  m'  jm  -f-  /«')  g. 
Fig.  167.  Hence,  to  find  the  length  of  the  simple  pen- 
dulum, having  the  ordinary  acceleration  of 

gravity  g,  which  is  isochronous  with  the  present  pen- 

dulum of  the  length  a,  we  put,  employing  the  preced- 

ing theorem, 


a       m  —  m  m  —  m 


m  +  m 
The  third  Third,  we  imagine  a  simple  pendulum  of  length  i 

step,  or  the        .  .  .  _ 

determina-  with  the  mass  m  at  its  extremity.     The  weight  of  m 

tion  of  the  ,          -  ...          .      ,         , 

centre  of  produces,  by  the  principle  of  the  lever,  the  same  ac- 
celeration as  half  this  force  at  a  distance  2  from  the 
point  of  suspension.  Half  the  mass  m  placed  at  the 
distance  2,  therefore,  would  surfer  by  the  action  of  the 
force  impressed  at  i  the  same  acceleration,  and  a  fourth 
of  the  mass  m  would  surfer  double  the  acceleration  ;  so 
that  a  simple  pendulum  of  the  length  2  having  the  orig- 
inal force  at  distance  i  from  the  point  of  suspension 
and  one-fourth  the  original  mass  at  its  extremity  would 
be  isochronous  with  the  original  one.  Generalising 
this  reasoning,  it  is  evident  that  we  may  transfer  any 
force  f  acting  on  a  compound  pendulum  at  any  dis- 
tance r,  to  the  distance  i  by  making  its  value  rf,  and 
any  and  every  mass  placed  at  the  distance  r  to  the 
distance  i  by  making  its  value  r2m,  without  changing 
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the  time  of  oscillation  of  the  pendulum.      If  a  force  f 
act  on  a  lever-arm  a  (Fig.  168)  while  at  the  distance  /• 
from  the  axis  a  mass  m  is  attached,  /  will  be  equiva- 
lent to  a  force  af/r  impressed  on 
m  and  will  impart  to  it  the  linear 
acceleration  af'm  rand  the  angu- 
lar acceleration  </  Hence, 
to  find  the  angular  acceleration 
of  a    compound    pendulum, 

ie  the  sum  of  the  statical  moments  by  the  sum  of 
the  n.  tia. 

BROOK  TAYLOR,   an   Englishman,*  also  developed  The  re- 

.1,   on   substantially  the  same  principles,  but  Brook  Tay- 
quite  independently  of  John  Bernoulli.      II i^  solution, 
howe  i   not   published  until  some  tune  later,  in 

1715,  in  his  work,  Afftlwd;,  'inn. 

to  solve 

tl   :  problem  of  the  centre  of  oscillation.     We  shall  see 
tl   it  they  contain  :  ;e  ideas  that  D'Aleml 

ei   inciated  in  a  p 

4.   On  a  system  of  points  .17.  .17'.  M".  .  .  :  connected 
w  :h  one  another  the  fore . 


ai  •  impressed.        I         169-)  These  f<>; 

p.  ft  to  the  J>  <•<•  points  of  tl 

in  'tions.     T<  s,  however,  diffi  > 

in  >tions  are  usually  1 — motio                h  could 

bt    p:  ...  //  '.   /                       ;ose 

la  t  :r  :ily. 

Conceive  the  fore*  int..   //and   /".  the 

fo  ce  P'  into  }\"  and  /",  and   tl  /  " 

•  Author  of  Taylor's  theorem,  and  also  of  a  remarkable  work  on  perspec- 

ti  v    -  7 

1  precise  technical  language,  they  are  subject  to  COMI  •  is. 

<  umpel  a  c< 
me  iao*.-Tramt. 
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statement   and  V",  and  so  on.      Since,  owing  to  the  connections, 
bert'sprin-  only  the  components  W,   W,    W" .  .  .  .    are  effective, 
therefore,  the  forces  V,   V ,   V" .  .  .  .  must  be  equilib- 
rated by  the  connections.   We  will  call  the  forces  P,  P', 

P"  the    impressed  forces, 

the  forces  W,  W\W" , 

which  produce  the  'ac- 
tual motions,  the  effective 
forces,  and  the  forces  V, 
V',  V"  .  .  .  .  the  forces 
gained  and  lost,  or  the 
Fi  i6  equilibrated  forces.  We 

perceive,  thus,  that  if  we 

resolve  the  impressed  forces  into  the  effective  forces 
and  the  equilibrated  forces,  the  latter  form  a  system 
balanced  by  the  connections.  This  is  the  principle  of 
D'Alembert.  We  have  allowed  ourselves,  in  its  expo- 
sition, only  the  unessential  modification  of  putting 
forces  for  the  momenta  generated  by  the  forces.  In  this 
form  the  principle  was  stated  by  D'ALEMBERT  in  his 
Traite  de  dynamique,  published  in  1743. 
various  As  the  system  V.  V'  V" .  ...  is  in  equilibrium,  the 

forms  in 

which  the    principle  of  virtual  displacements  is  applicable  thereto, 
may  be  ex-  This  gives  a  second  form  of  D'Alembert's  principle. 

pressed.  . 

A  third  form  is  obtained  as  follows  :  The  forces  P,  P'.  .  .  . 
are  the  resultants  of  the  components  W,  W .  .  .  .  and 
V,  V .  ...  If,  therefore,  we  combine  with  the  forces 

W,  W and  V,  V the  forces  —P,  —P' , 

equilibrium  will  obtain.  The  force-system — P,  W,  V 
is  in  equilibrium.  But  the  system  Fis  independently 
in  equilibrium.  Therefore,  also  the  system  — P,  Wis 
in  equilibrium,  or,  what  is  the  same  thing,  the  system 
P,  —  Wis,  in  equilibrium.  Accordingly,  if  the  effective 
forces  with  opposite  signs  be  joined  to  the  impressed 
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forces,  the  two,  owing  to  the  connections,  will  balance. 
The  principle  of  virtual  displacements  may  also  be  ap- 
plied to  the  system  P,  —  JF.  This  LAGRAXGE  did  in  his 

.iqiu-  analytique,   1788. 


and  Eulet. 


Pi*.  170. 


The  fact  that  equilibrium  subsists  between  the  sys-  An  equiva- 

tem  P  and  the  system  —  IV,  may  be  expressed  in  still  pi«-  «MU- 

, 
another  way.     We  may  say  that  H 

the  system  //'is  equivalent  to  the 
m  P.      In  this  form  HER- 
:id 
:  R  (Comment.  AcaJ.  1\ : 

Series,  Vol.  \  II.   1740)  employed   the  principle. 
ubstantially  not  different  from  that  of  1 
5.    We  will  now  illustrate  D'Alembert's  principle  by 
on<   or  two  examples. 

On  a  massless  wheel  and  axle  with  the  radii  A',  /  the  illustration 
loa  Is  I*  and  Q  are  hung,  which  are  not  in  equilibrium.  i>«-'« 
W  •  reso  force  P  into   •  i      //' 

(tl  •  force  which  would  produce  the 
ac    lal  motion  of  the  mas  were 

/ '.     that     is,     we     put 
/'         //'    -     / 

it      K  I     that    v. 

div  e^ar<l    all     motions    that    are    not 
in    the    vertical.     We    have,    accord- 
ing y,  T=/>—  /Fand  Y"=  Q  —  II". 
an   ,  since  the  forces    V,  V  are  in  equilibrium,   also 
/'    V       /"    r.     Substituti  /"  in  the  last  e.: 

tio     their  values  in  the  former,  we  get 


inotio 
wheel  and 


wh  'h  may  also  be  directly  obtairn-d  by  the  emplo>- 
me  t   of  ond  form  of  D'Alembert's  princi; 

Fr<  m  the  conditions  of  the  problem  we  readily  perceive 
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that  we  have  here  to  deal  with  a  uniformly  accelerated 
motion,  and  that  all  that  is  therefore  necessary  is  to 
ascertain  the  acceleration.  Adopting  gravitation  meas- 
ure, we  have  the  forces  W  and  W,  which  produce  in 
the  masses  P/g  and  Q/g  the  accelerations  y  and  y'\ 
wherefore,  W=(P/g)y  and  W=(Q/g)y'.  But  we 
also  know  that  y'=  —  y(r/J^).  Accordingly,  equation 
(i)  passes  into  the  form 


whence  the  values  of  the  two  accelerations  are  ob- 
tained 

PR—Qr  PR—Qr 

g>  y      "  -*  rg' 


These  last  determine  the  motion. 

Employ-  It  will  be  seen  at  a  glance  that  the  same  result  can 

ideas  stat-e  be  obtained  by  the  employment  of  the  ideas  of  statical 
mentand     moment  and  moment  of  inertia.   We  get  by  this  method 

moment  of  .  . 

inertia,  to    for  the  angular  acceleration 

obtain  this 

result-  PR—Qr  PR—  Qr_ 

'  *' 


g  f 

and  as  y  =  R  cp  and  y'=  —  r  <p  we  re-obtain  the  pre- 
ceding expressions. 

When  the  masses  and  forces  are  given,  the  problem 
of  finding  the  motion  of  a  system  is  determinate.  Sup- 
pose, however,  only  the  acceleration  y  is  given  with 
which  P  moves,  and  that  the  problem  is  to  find  the  loads 
P  and  Q  that  produce  this  acceleration.  We  obtain 
easily  from  equation  (2)  the  result  P=  Q  (R  g  -\-  ry) 
r/(g  —  y}-R2,  that  is,  a  relation  between  P  and  Q. 
One  of  the  two  loads  therefore  is  arbitrary.  The  prob- 
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lem   in  this  form  is  an  indeterminate  one,  and  may  be 
solved  in  an  infinite  number  of  different  \\v. 

The  following  may  serve  as  a  second  example. 


ight  P  (Fig.  172)  free  to  move  on  a  vertical  A  second  il- 
lustration 

of  the  prin- 


straight  line  AB,  is  attached  to  a  cord 

:ng  over  a  pulley  and  carrying  a 

ht  Q  at  the  other  end.    The  cord 
makes  with  the  line  AK  the  variable 
angle  a.     The  motion  of  the  pn 
case  cannot  be  uniformly  accelerated. 
But  if  we  consider  only  vertical 
tions   we    can   easily  give  f(  : 
value  of   <i    the  momentary  accelera- 
tic  n  (y  and  y")  of  P  and  Q.     Proceeding  exactly  as 
w<   did  ii  B  obtain 


r 


<?=//" 


al  o 


=  —  y  cos  or, 


(• 


Q  \  P 

(  osflf^Jcosa  = /' —       r:  v. hence 

o  I  ^ 

—  /*—  ( 

"~(7c. 

/*—  ^cosnr 
=  —  COSfif. 


Again  tl  i  cached  by  the  solution  of 

en  ployment  of  the  ideas  of  statical  muim-m  and  mo- 


m<  nt  of  r  :i  a  more  gen  The  fol-  «aUca°ifmo- 


lo^  ing  rt-tU-xion  will  force, 

st.  .ical  moment,  that  acts  on  7'  is  /'—  Q  cosa.     But  «aii 
th<   weight  (Amoves  cos  a  times  as  fa  conse- 

qu  i.tly  r  is  to  be  taken  cos  -u  times.     The  ac- 

cel  nation  which  J'  rccrives,  accordingly  is, 
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P —  Qcosa         P —  Qcosa 

=  "Q~  ~P  =  Qcos*a+~P  g' 

-  cos2 a  -f 

# 

In  like  manner  the  corresponding  expression  for  y'  may 
be  found. 

The  foregoing  procedure  rests  on  the  simple  re- 
mark, that  not  the  circular  path  of  the  motion  of  the 
masses  is  of  consequence,  but  only  the  relative  veloci- 
ties or  relative  displacements.  This  extension  of  the 
concept  moment  of  inertia  may  often  be  employed  to 
advantage. 

import  and  6.  Now  that  the  application  of  D'Alembert's  prin- 
ot  D'Aiem-  ciple  has  been  sufficiently  illustrated,  it  will  not  be  diffi- 
cipie.  cult  to  obtain  a  clear  idea  of  its  significance.  Problems 
relating  to  the  motion  of  connected  points  are  here  dis- 
posed of  by  recourse  to  experiences  concerning  the 
mutual  actions  of  connected  bodies  reached  in  the  in- 
vestigation of  problems  of  equilibrium.  Where  the  last 
mentioned  experiences  do  not  suffice,  D'Alembert's 
principle  also  can  accomplish  nothing,  as  the  examples 
adduced  will  amply  indicate.  We  should,  therefore, 
carefully  avoid  the  notion  that  D'Alembert's  principle 
is  a  general  one  which  renders  special  experiences  su- 
perfluous. Its  conciseness  and  apparent  simplicity  are 
wholly  due  to  the  fact  that  it  refers  us  to  experiences 
already  in  our  possession.  Detailed  knowledge  of  the 
subject  under  consideration  founded  on  exact  and  mi- 
nute experience,  cannot  be  dispensed  with.  This  knowl- 
edge we  must  obtain  either  from  the  case  presented, 
by  a  direct  investigation,  or  we  must  previously  have 
obtained  it,  in  the  investigation  of  some  other  subject, 
and  carry  it  with  us  to  the  problem  in  hand.  We  learn, 
in  fact,  from  D'Alembert's  principle,  as  our  examples 
show,  nothing  that  we  could  not  also  have  learned  by 
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other  methods.  The  principle  fulfils  in  the  solution 
of  problems,  the  office  of  a  routine-form  which,  to  a 
certain  extent,  spares  us  the  trouble  of  thinking  out 
each  new  case,  by  supplying  directions  for  the  employ- 
ment of  experiences  before  known  and  familiar  to  us. 
The  principle  does  not  so  much  promote  our  insight 
into  the  processes  as  it  secures  us  a  practical  mastery  of 
them.  The  value  of  the  principle  is  of  an  economical 
character. 

When  we  have  solved  a  problem  by  1  >'  \ '.«  :nbert'sTher«ia- 
principle,  we  may  rest  satisfied  with   the  experiences 

....     .  •  Prin- 

previously  made  concerning  equilibrium,  tin-  applica- cipie  i 
tion  of  which  the  principle  implies.     But  ;>ie»of 

lilt  cIl.lHH'-  . 

clecrfy  and  //';  to  apprehend  the  phenomenon, 

that  is,  to  rediscover  in  it  the  simplest  mechanical  ele- 
meits  with  which  we  are  familiar,  we  are  obliged  to 
pu  h  our  rest-arches  turtln-r.  and  to  replace  our  expe- 
rie  tees  concerning  equilibrium  either  by  the  Newtonian 
or  >y  .  genian  conceptions,  in  some  way  similar 

to    hat  pursued  on  page  266.      If  we  adopt   the  foi :. 
alt   r:  tall   mentally  see  the  ace-  mo- 

tio  s  enacted  which  the  mutual  action  of  bodies  on  one 
an>  ther  produces  ;  if  we  adopt  the  second,  we  shall  <li 
rec  ly  c<>  te  the  work  done,  on   whirh.  in 

•I  i  'genian  conception,  the  -depends.   The  la: 

onvenient  if  we  employ 

the   principle  of  virtual  displacements  to  express 
coi  litions  of  equilibrium  of  the  system   for/'—//'. 

D'.    !•  ;l    of 

irtual  moments  of  the  sy 

P       II'.  is  equal  to  zero.    The  ele:  work  o'  :he 

equ  'ibrated  force  uut  of  account  the  str 

ing  .  the  connections,  is  equal  to  zero.  The  total 
wor  ;  done,  then,  is  performed  soltly  by  the  system  /', 
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and  the  work  performed  by  the  system  J^Fmust,  accord- 
ingly, be  equal  to  the  work  done  by  the  system  P.  All 
the  work  that  can  possibly  be  done  is  due,  neglecting 
the  strains  of  the  connections,  to  the  impressed  forces. 
As  will  be  seen,  D'Alembert's  principle  in  this  form  is 
not  essentially  different  from  the  principle  of  vis  viva. 
Form  of  ap-  7.  In  practical  applications  of  the  principle  of 

plication  of  ' 

D-Aiem-      D  Alembert  it  is  convenient   to  resolve  every  force  P 

bert's  prin-   . 

cipie,  and    impressed  on  a  mass  m  ot  the  system  into  the  mutually 
ingequa-     perpendicular  components  X,  Y,  Z  parallel  to  the  axes 

tions  of  mo-  11-  • 

tion.  ot  a  system  ot  rectangular  coordinates  ;  every  effective 

force  Wmto  corresponding  components  m£,  mrj,  m2>, 
where  £,  77,  2,  denote  accelerations  in  the  directions  of 
the  coordinates ;  and  every  displacement,  in  a  similar 
manner,  into  three  displacements  dx,  6y,  dz.  As  the 
work  done  by  each  component  force  is  effective  only  in 
displacements  parallel  to  the  directions  in  which  the 
components  act,  the  equilibrium  of  the  system  (P, —  W) 
is  given  by  the  equation 

2\(X—  m£)  dx+(Y—  mrf)  dy  -f-  (Z—  m%)  dz\  =  0  (1) 

or 

2(X8x  +  Ydy3-Zdz)=z2m($dx+ridy  +  2dz).  .   (2) 

These  two  equations  are  the  direct  expression  of  the 
proposition  above  enunciated  respecting  the  possible 
work  of  the  impressed  forces.  If  this  work  be  =  0,  the 
particular  case  of  equilibrium  results.  The  principle 
of  virtual  displacements  flows  as  a  special  case  from 
this  expression  of  D'Alembert's  principle  ;  and  this  is 
quite  in  conformity  with  reason^  since  in  the  general 
as  well  as  in  the  particular  case  the  experimental  per- 
ception of  the  import  of  work  is  the  sole  thing  of  con- 
sequence. 

Equation  (i)  gives  the  requisite  equations  of  mo- 
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m ;  we  have  simply  to  express  as  many  as  possible 
the  displacements  tf.v,  dy,  dz  by  the  others  in  terms 
their  relations  to  the  latter,  and  put  the  coefficients 
the  remaining  arbitrary  displacements  =0,  as  was 

lustrated   in  our  applications  of  the  principle  of  vir- 
il  displacements. 
The  solution   of  a  very  few  problems  by  D'Alem 

.     .  ...  _  .   .          ,    ,,  nience  and 

•t  s  principle  will  suffice  to  impress  us  with  a  full  utility  of 

T  Ml 

;nse  of  its  convenience.     It  will  also  give  us  the  con 

i  ....  .....  ciple. 

:tion  that  it  is  possible,  in  every  case  in  which  it  may 
found  necessary,  to  solve  directly  and  with  perfect 
sight  the  very  same  problem  by  a  consideration  of 
elementary  mechanical  processes,  and  to  arrive  thereby 
at  exactly  the  same  results.  Our  conviction  of  the 
feasibility  of  this  operation  renders  the  performance  of 
it,  n  cases  in  which  purely  practical  ends  are  in  view, 
un  iccess 


VIVA. 


i.   The  principle  of  .  was  first  The  ori*- 

en  i!  i  -MI  !"'!iV 

ha     simply   t  le  for  a  greater  generality  of  ex- ! 

pr<  5s  If  /,  /'. 

m,  '/'. 

di^  ances  of  desc  ie  free  or  connected  masses, 

an  the  velocities  a»  relation 

ob  lins 

t  =  f2* 

If  th-  s  are  not  =  «».  b- 

p  "  .  •«-ni  will  r»-f»-r  to  the  increment oi  the 

••</  by  the  work  and  read 

Ijfl  '"(P1  — V). 


344 


THE  SCIENCE  OF  MECHANICS. 


Theprinci-         The  principle  still  remains  applicable  when  p  . 

pie  applied  / 

to  forces  of  are,  not  weights,  but  any  constant  forces,  and  h  .  .  . 
not  the  vertical  spaces  fallen  through,  but  any  paths  in  , 
the  lines  of  the  forces.  If  the  forces  considered  are 
variable,  the  expressions  ph,  p'h'.  .  ,  .  must  be  replaced 
by  the  expressions  Cp  ds,  Cp'  ds'  ,  .  .  .  ,  in  which  p  de- 
notes the  variable  forces  and  ds  the  elements  of  dis- 
tance described  in  the  lines  of  the  forces.  Then 


or 


The  princi- 
ple illus- 
trated by 
the  motion 
of  a  wheel 
and  axle. 


(p*~v*)  .........   (1) 

2.  In  illustration  of  the  principle  of  vis  viva  we 
shall  first  consider  the  simple  problem  which  we  treated 
by  the  principle  of  D'Alembert.  On 
a  wheel  and  axle  with  the  radii  R,  r 
hang  the  weights  /*,  Q.  When  this 
machine  is  set  in  motion,  work  is  per- 
formed by  which  the  acquired  vis  viva 
is  fully  determined.  For  a  rotation  of 
the  machine  through  the  angle  a,  the 
work  is 
Fig.173>  P.Ra—Q.ra  =  a(PR—Qr). 

Calling  the  angular  velocity  which 
corresponds  to  this  angle  of  rotation,  <p,  the  vis  viva 
generated  will  be 


Consequently,  the  equation  obtains 
a  (PR  —  Qr}  =  ^-  (PR2  + 


(1) 


Now  the  motion  of  this  case  is  a  uniformly  accelerated 
motion ;  consequently,  -the  same  relation  obtains  here 
between  the  angle  a,  the  angular  velocity  q>,  and  the 
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angular  acceleration  </',  as  obtains  in  free  descent  be- 
n  s,  r,  g.      If  in  free  descent  s=  r-  /-<§",  then  here 

f  <*=<P2 

Introducing  this  value  of  a  in  equation  (i),  we  get 
for    the    angular    acceleration   of  Pt   $  =  (PR  —  Qrj 


PR-  -f  (?'-}g,  and,  consequently,  for  its  absolute  ac- 
celeration y  =  (PR  —~Qr  /  PR*  -i  ft  exactly  as 

in  the  previous  treatment  of  the  problem. 

As  a  second  example  let  us  consider  the  case  of  a  A  roiling 
massless  cylinder  of  radius  r,  in  the  surface  of  which,  an  'inclined 
diametrically  opposite  each  other,  are  fixed   two  equal 
masses  m,  and  which  in  consequence  of  the  weight  of 


' 


Fig.  175- 


th  se  masses  rolls  without  sliding  down  an  inclined 
pi  ne  of  the  elevation  rr.  <•  must  convince  our- 

se  \,-(  n  order  to  repre  -a  of 

th      system  we   liavr  to   sum  up  tl.< 

th    motions  of  rotation  a:  >n.     Th« 

at  ijtiin-il,  we    u  the   velocity  // 

he  direction  of  the  length  line*!  j>: 

will  <lerv  he  absolute  velocity  of  rotation  of 

ice  of  the  cylinder.  The  velocities  of  rotati 
he  two  masses  m  make  with  the  velocity  of  progres- 
sic  i  u  the  angle  ft'  (Fig.  175),  where  0-j-  ft' 

s=  .80  .      The  compound  velocities  w    and  *   sat 
th<  refore  the  equations 

»*  +  ?*  —  2uvcos0 
«»  4-  f2  — 
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The  law  of         But  since  cos  6  =  —  cos  6',  it  follows  that 

motion  of 


or, 

=  mu2  -f-  mv2. 
If  the  cylinder  moves  through  the  angle  cp,  m  describes 
in  consequence  of  the  rotation  the  space  rep,  and  the 
axis  of  the  cylinder  is  likewise  displaced  a  distance  rep. 
As  the  spaces  traversed  are  to  each  other,  so  also 
are  the  velocities  v  and  u,  which  therefore  are  equal. 
The  total  vis  viva  may  accordingly  be  expressed  by 
2mu2.  If  /  is  the  distance  the  cylinder  travels  along 
the  length  of  the  inclined  plane,  the  work  done  is 
2mg.  tsma  =  2mu2;  whence  u  =  Vgl.  sin  a.  If  we 
compare  with  this  result  the  velocity  acquired  by  a  body 
in  sliding  down  an  inclined  plane,  namely,  the  velocity 
V*2gl  sino',  it  will  be  observed  that  the  contrivance  we 
are  here  considering  moves  with  only  one-half  the  ac- 
celeration of  descent  that  (friction  neglected)  a  sliding 
body  would  under  the  same  circumstances.  The  rea- 
soning of  this  case  is  not  altered  if  the  mass  be  uni- 
formly distributed  over  the  entire  surface  of  the  cylin- 
der. Similar  considerations  are  applicable  to  the  case 
of  a  sphere  rolling  down  an  inclined  plane.  It  will  be 
seen,  therefore,  that  Galileo's  experiment  on  falling 
bodies  is  in  need  of  a  quantitative  correction. 
A  modifica-  Next,  let  us  distribute  the  mass  m  uniformly  over 

tion  of  the  .  ••      «  f  -,  •  ,-,         -,•-,• 

preceding  the  surface  of  a  cylinder  of  radius  R,  which  is  coaxal 
with  and  rigidly  joined  to  a  massless  cylinder  of  radius 
r,  and  let  the  latter  roll  down  the  inclined  plane.  Since 
here  v/u  =  R/r,  the  principle  of  vis  viva  gives  mgl 
sin  or  =  \mu2(\  -f-  R2  /^2),  whence 

sin  or 

u  — 


THE  EXTEXSIO.\T  OF  THE  PRINCIPLES.          347 

For  Rjr  =  i  the  acceleration  of  descent  assumes  its 
previous  value  g/2.  For  very  large  values  of  Rjr  the 
acceleration  of  descent  is  very  small.  When  R /r  =  oo 
it  will  be  impossible  for  the  machine  to  roll  down  the 
inclined  plane  at  all. 

i  third  example,  we  will  consider  the  case  of  a  The  motion 
chain,  whose  total  length  is  /,  and  which  lies  partly  on  onuin- 
a  horizontal  plane  and  partly  on  a  plane  having  the  plane, 
angle  of  elevation  a.      If  we   imagine   the  surface  on 
which     the     chain 
rests    to    be    very 
smooth,    any    ve: 

11     portion     of 
the  chain  left  hang-     

FiR.  176. 

ing  over  on  the  m- 

clired   plane  will  draw  the  remainder  after  it. 

the  mass  of  unit  of  length  of  the  chain  and  a  portio 

is  1  anging  over,  the  principle  of  will  give  for 

the  velocity  v  acquired  the  equation 

//  jf8    . 

., 

or  •  =  x  V g  sin  a//.  In  the  present  case,  therefore, 
the  velocity  acquired  is  proportional  to  the  space  de- 
scr  >ed.  The  very  .  ,it  Galileo  first  con- 

illing  t>< 
sail  e  reflexions,  accordingly,  are  admissible  here  as  at 

1  i),  the  equation  of  r 

be    :mployed,  to  solve  problems  of  moving   bodies,  l\p\l'. 

':    and  the  force  that™ 

;n  each  element  of  the  distance  ar<  It  was 

idisc     *ed,  howev«  labors  of  Euler,  Daniel  Ber- 

nou  ,i,  and  Lagrange,  that  cases  occur  in   which  the 


348  THE  SCIENCE  OF  MECHANICS. 

principle  of  vis  viva  can  be  employed  without  a  knowl- 
edge of  the  actual  path  of  the  motion.  We  shall  see 
later  on  that  Clairaut  also  rendered  important  services 
in  this  field. 

There-  Galileo,  even,  knew  that  the  velocity  of   a  heavy 

Euier.  falling  body  depended  solely  on  the  vertical  height  de- 
scended through,  and  not  on  the  length  or  form  of  the 
path  traversed.  Similarly,  Huygens  finds  that  the  vis 
viva  of  a  heavy  material  system  is  dependent  on  the 
vertical  heights  of  the  masses  of 
the  system.  Euler  was  able  to 
make  a  further  step  in  advance. 
If  a  body  K  (Fig.  177)  is  at- 
tracted towards  a  fixed  centre 
C  in  obedience  to  some  given 
law,  the  increase  of  the  vis  viva 
in  the  case  of  rectilinear  ap- 
proach is  calculable  from  the 
initial  and  terminal  distances 
Fig  I77  (ro,  r,).  But  the  increase  is  the 

same,  if  .A"  passes  at  all  from  the 

position  ro  to  the  position  rf,  independently  of  the 
form  of  its  path,  KB.  For  the  elements  of  the  work 
done  must  be  calculated  from  the  projections  on  the 
radius  of  the  actual  displacements,  and  are  thus  ulti- 
mately the  same  as  before. 
The  re-  If  K  is  attracted  towards  several  fixed  centres  C, 

searches  of  . 

Daniel  Ber-  C  ,  C  .  .  .  .,  the  increase  of  its  vis  viva  depends  on  the 

noulli  and     ...,,.  ,  . 

Lagrange.  initial  distances  rQ,  ro ,  ro  .  .  .  .  and  on  the  terminal 
distances  /•„  r,',  r".  .  .  .,  that  is  on  the  initial  and  ter- 
minal positions  of  K.  Daniel  Bernoulli  extended  this 
idea,  and  showed  further  that  where  movable  bodies 
are  in  a  state  of  mutual  attraction  the  change  of  vis  viva 
is  determined  solely  by  their  initial  and  terminal  dis- 
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tances  from  one  another.  The  analytical  treatment  of 
these  problems  was  perfected  by  Lagrange.  If  we  join 
a  point  having  the  coordinates  a,  b,  c  with  a  point  hav- 
ing the  coordinates  .r,  y,  z,  and  denote  by  r  the  length 
of  the  line  of  junction  and  by  a,  ft,  y  the  angles  that 
line  makes  with  the  axes  of  .v,  y,  z,  then,  according  to 
Lagrange,  because 

r-  =  (x  -  a}*  +  (j  —  by  +  (z  —  Oa, 

.v  —  a       dr  y  —  b       Jr 

cosor  =  -     -  =  -.   ,cos/3  =  -       -  = 

r  r  </y 

S  —  f        <tr 

cosv  =  -     -  =  3-. 
r  dt 

Accordingly,  if  /(r)  =  is  the  repulsive  force,  or  The  force 

th<   negative  of  the  attractive  force  acting  between  the ttal di£ir- 

ential  coef 

tw  '  points,  the  components  will  be  usof 

(he  same 

*-/M—. 
r^w-^. 

///"(r),  •'(>) 

///•     </*          </s 

The  force-components,   therefore,   are   the   partial 

al  coefficients  of  function   of 

r,     r  of  the  coordinates  of  the  repelling  or  attracting 

po  its.     Similarly,  if  several  ;  re  in  mutual  ac- 

tio  ,  the  result  will  be 

y 

^\      — —  . 

r. 

- 

mM 
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The  force-  where  U  is  a  function  of  the  coordinates  of  the  points. 
This  function  was  subsequently  called  by  Hamilton* 
the  force-function. 

Transforming,  by  means  of  the  conceptions  here 
reached,  and  under  the  suppositions  given,  equation 
(i)  into  a  form  applicable  to  rectangular  coordinates, 
we  obtain 

2J(Xdx  -f  Ydy  +  Zdz)  =  2$m  (v*  —  v*}  or, 
since  the  expression  to  the  left  is  a  complete  differen- 
tial, 


,      >,-      dU  . 

-j—  dx  +  -y—  dy  -f  -j—dz   = 
dx  dy  dz 


where  £7r  is  a  function  of  the  terminal  values  and  UQ 
the  same  function  of  the  initial  values  of  the  coordi- 
nates.    This  equation  has  received  extensive  applica- 
tions, but  it  simply  expresses  the  knowledge  that  undei 
the  conditions  designated  the  work  done  and  therefore 
also  the  vis  viva  of  a  system  is  dependent  on  the  posi- 
tions, or  the  coordinates,  of  the  bodies  constituting  il 
If  we  imagine  all  masses  fixed  and  only  a  single 
one  in  motion,  the  work  changes  only  as  U  changes 
The  equation  U=  constant  defines  a  so-called  leve 
surface,   or  surface  of  equal  work.     Movement  upon 
such  a  surface  produces  no  work.     U  increases  in  the 
direction  in  which  the  forces  tend  to  move  the  bodies. 

VII. 
THE  PRINCIPLE  OF  LEAST  CONSTRAINT. 

I.  GAUSS  enunciated  (in  Crelle'  s  four  nat  fur  Mathe- 
mattkj  Vol.  IV,  1829,  p.  233)  a  new  law  of  mechanics, 
the  principle  of  least  constraint.  He  observes,  that,  in 

*  On  a  General  Method  in  Dynamics,  Phil.  Trans,  for  1834.    See  also  C.  G. 
J.  Jacobi,  Vorlesungen  iiber  Dywmik,  edited  by  Clebsch,  i866t 
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the  form  which  mechanics  has  historically  assumed,  dy-  History  of 

r  it  -tt  i        i-xi  j  the  princi- 

namics  is  founded  upon  statics,  (ior  example,  D'Alem-  pieof  i«;.isi 
bert's  principle  on  the  principle  of  virtual  displace- 
ments,) whereas  one  naturally  would  expect  that  in 
the  highest  stage  of  the  science  statics  would  appear 
as  a  particular  case  of  dynamics.      Now,  the  principle 

h  Gauss  supplied,  and  whicl  il  discuss  in 

this  section,  includes  both  dynamical  and  statical  cases. 
It  meets,  therefore,  the  requirements  of  s  nul 

logical  aesthetics.  We  have  already  pointed  out  that  this 
is  also  true  of  D'Alemlu  it  s  principle  in  its  Lagran^ 
and    the   mode   of   expression   above   adopt 

•sfntially  new  principle,  Gauss  i  .  can  nov, 

estiblished  in  mechanics;    but  this  does  not  exclude 
tlu  discovery  of  /;  \\lmh  mei  han- 

ica    phenorm  :  l»e  fruitfully  contemplated.   Such 

\v  point  of  view  is  afforded  principle  of 

Ga  iss. 

2.   L  .be  masses,  connected  in  any  man-  st..< 

of  the  prio- 

nei  with  one  another.  These  masse-  •.-.  nuld.uu      : 

tht  action  of  the  forces  iiu 

prt  ised  on  them, describe  in  a 

vei  'short  element  of  tim« 

sp;  :es  a  l>,  </,  /',....;  but  in 

coi  iequence  of  their 

;ime 
ele  lent  of  time  the  spaces ac, 

a, Now,  Gauss's  principle  asserts,  that  the  mo- 

tioi   of  the  connected  points  is  such  that,  / 
Of/f  illy  tak(-n,  the  sum  of  tlu;  products  of  the  mass  of 
eac  i  material  pa:  iare  of  the  distance  of 

its  <    -viation  from  the  position  it  would  have  reach- 
free   .lamely  m(bc}*  -f  m,  (^^,)2  -  '"  '' ' 
a  m  nimum,  that  is,   is  smaller  for  the  actual  motion 
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than  for  any  other  conceivable  motion  in  the  same  con- 
nections.     If  this  sum,  ^m^bc)2,    is  less  for  rest  than 
for  any  motion,  equilibrium  will  obtain.    The  principle 
includes,  thus,  both  statical  and  dynamical  cases. 
Definition          The  sum  2 m(b <r)2  is  called  the  "constraint."*    In 

of  "con-  .  .  ... 

straint."  forming  this  sum  it  is  plain  that  the  velocities  present 
in  the  system  may  be  neglected,  as  the  relative  posi- 
tions of  a,  b,  c  are  not  altered  by  them. 

3.  The  new  principle  is  equivalent  to  that  of 
D'Alembert ;  it  may  be  used  in  place  of  the  latter;  and, 
as  Gauss  has  shown,  can  also  be  deduced  from  it.  The 
impressed  forces  carry  the  free  mass  ;//  in  an  element  of 
time  through  the  space  ab,  the  effective  forces  carry  the 
same  mass  in  the  same  time  in  consequence  of  the  con- 
nections through  the  space  ac.  We  resolve  ab  into  ac 
and  cb\  and  do  the  same  for  all  the 
masses.  It  is  thus  evident  that 
forces  corresponding  to  the  dis- 
tances cb,  ctb,  .  .  .  .  and  propor- 
tional to  mcby  mf  £,&,...,  do  not, 
owing  to  the  connections,  become 

effective,  but  form  with  the  connections  an  equilibrat- 
ing system.  If,  therefore,  we  erect  at  the  terminal  posi- 
tions c,  cf,  c,,....  the  virtual  displacements  cy,  c,  y  ,.-••, 
forming  with  cb,  c,  b, —  the  angles  6,  6, —  we  may 
apply,  since  by  D'Alembert's  principle  forces  propor- 
tional to  me bt  m,  c,  b, are  here  in  equilibrium,  the 

principle  of  virtual  velocities.    Doing  so,  we  shall  have 

*  Professor  Mach's  term  is  Abweichungssumme.  The  Abweichung  is  the 
declination  or  departure  from  free  motion,  called  by  Gauss  the  Ablenkung. 
(See  Duhring,  Principien  der  Mechanik,  g§  168,  169 ;  Routh,  Rigid  Dynamics, 
Part  I,  §§  390-394.)  The  quantity  2  »*  (<^)2  is  called  by  Gauss  the  Zivang;  and 
German  mathematicians  usually  follow  this  practice.  In  English,  the  term 
constraint  is  established  in  this  sense,  although  it  is  also  used  with  another, 
hardly  quantitative  meaning,  for  the  force  which  restricts  a  body  absolutely 
to  moving  in  a  certain  way. —  Trans. 


77/.  HE  PRINCIPLES.          353 

2:        cb  .  i    V  COS  ^~  0       ................     (l)Thededuc- 

of  the 

But  p;><; 


)*  +  Or)»—  2J<r.<-yco« 
2  —  (bcY  =  (T)2  —  -bf  •  t-  y  cost*,  and 
^          K)2—  1       ;>e)*=2m(fy)*—'2Sm6f.tyc^"    _' 

Accordingly,  since  by  (i)   the  second  member  of 

:ght-hand  side  of  (2)  can  only  be  =0  or  /.- 
that  is  to  say,  as  the  sum  2  m(c  ^)2  can  never  IK-  dimin- 
by  the  subtraction,  but  onl\  ./.  therefore 

ft-hand  side  of  (2)  must  also  always  be  posit 
and  consequently  2Zm(by)*  always  great-  2 

.  which    is   to  say,  every  conceivable  constraint 
:notion  is  greater  than  th«  tint 

for  the  actual  motion. 

i.   The  declination,  /*<•,  for  the  very  small  el< 
of  t  me  T.  may,  for  ptu  'the 

des  gnated  by  s,  and  following  Scheffler  (Schlonn 
Zei  tchrijt  t;t>-  Mathemati  .  1858,  \\A.  III." 

p.    97),  we  may  $  =  yr  a/2,  where  y  de- 

not  -s  acceleration.      Consequently,  i'  ///.»•-  may  also  be 
exj  -essed  in  the  f. 

ZM.S.S-,  2  my*, 

ienotes  the  force  that  produces  the  declination 

\s  the  constant  factor  in  no  \\ 

afft  :ts  the  minimum  condition  say,  the  actual 

mo   on  :  such  that 

^  ........ 

2  .............. 

-  .........   (3) 

minimum. 
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The  motion        5.   We  will  first  employ,   in  our  illustrations,  the 

of  a  wheel  .  r 

and  axle,  third  form.  Here  again,  as  our  first  example,  we  se- 
lect the  motion  of  a  wheel  and  axle  by 
the  overweight  of  one  of  its  parts 
and  shall  use  the  designations  above 
frequently  employed.  Our  problem 
is,  to  so  determine  the  actual  accel- 
erations y  of  P  and  y,  of  Q,  that 


shall  be  a  minimum,   or,   since  yt  = 
—  y  (r/R),    so    that    P  (g  —  y}2   + 

Q(g -\-  y.rlR}*  —  N  shall  assume  its  smallest  value. 

Putting,  to  this  end, 


we  get  y  =  (PR  —  Qr/PR2  +  Qr*)fig,  exactly  as  in 
the  previous  treatments  of  the  problem. 
Descent  on        As  our  second  example,  the  motion  of  descent  on 
p?ane°lined  an  inclined  plane  may  be  taken.    In  this  case  we  sha 

employ  the  first  form,  2ms2. 
Since  we  have  here  only  to 
deal  with  one  mass,  our  in- 
quiry will  be  directed  to  find- 
ing that  acceleration  of  de- 
scent y   for    the    plane    b] 
which  the  square  of  the  de- 
clination (s2)  is  made  a  minimum.     By  Fig.  181  we 
have 

/     T2\2  f     T2\2  9fr2  T*\    . 

v  2  /       V    2  /          \   2       2  ) 

and  putting  d(s  2)/dy  =  0,  we  obtain,  omitting  all 
constant  factors,  2y  —  2g  sin  a  =  0  or  y  =  g.  sin  a,  the 
familiar  result  of  Galileo's  researches. 


Fig.  181. 
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But  y'  =  —  y(a' /a). 


F:g.  182. 


The  following  example  will  show  that  Gauss's  prin-  A  case  of 
ciple  also  embraces  cases  of  equilibrium.    On  the  arms  Sum.1 
(/,  a  of  a  lever  (Fig.  182)  are  hung  the  heavy  masses 
The    principle    requires   that    tn(g  — 

hall  be  a  minimum. 
Further,  if  the  masses  are  in- 
versely proportional  to  the 
lengths  of  the  lever-arms,  that 
is  to  say,  if  ///  '///'  =  a'/a,  then 
—  y  (///  ///').  Conse- 

f  —  y)  *  -f  m\g  -f  y  -  m/m')*  =  N  must 
be  made  a  minimum.  Putting  dNjdy  =  0,  we  get 
///  ( i  -f  m/m'}y  =  0  or  y  =  0.  Accordingly,  in  this  case 
equilibrium  presents  the  least  constraint  from  free  mo- 
tior. 

Every  nnu  cause  of  constraint,  or  restriction  uponNewc 
the  freedom  of  motion,  increases  the  quantity  of  con- •tnint In- 
str;  int,  but  the  increase  is  le.  departure 

If  i  vo  or  mo:  :ns  be  connected,  the  motion  ofn 

lea  t  constraint  from  the  motions  of  the  unconnected 

e  actual  motion. 

f,   f  pie,  we  join  together  several  simple 

per  iulums  so  as  to  form  a  compound  linear  pendulum, 
the    1  '.1   oscillate  with 

of     ^ast  constraint  from  the  motion  of 
sini  le  pendulum  iinple  pendulum, 

for   my  exci:  receive v 

rec    on    of    i  the    accelerate 

sin    •.    Denoting,  therefore    by  y 
aco  leration  corresponding  to  this  excur- 
sioi  ance  i  on  the  com- 

pou  >d pendulum,  i'///(^sinnr  —  r^sin/r)2  or  2£tn< 
My}     .-ill  be  the  quantity  to  be  made  a  minimum.  Conse- 
que  itly,  2m(g  —  ry)r  =  °»  anc^  Y  == 


Fig.  183. 
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The  problem  is  thus  disposed  of  in  the  simplest  man- 
ner. But  this  simple  solution  is  possible  only  because 
the  experiences  that  Huygens,  the  Bernoullis,  and  oth- 
ers long  before  collected,  are  implicitly  contained  in 
Gauss's  principle, 
niustra-  6.  The  increase  of  the  quantity  of  constraint,  or 

tions  of  the   ......  . 

preceding    declination,  from  free  motion  by  new  causes  ot  con- 
statement.  .  1-1-11 

stramt  may  be  exhibited  by  the  following  examples. 

Over  two  stationary  pulleys  A,  B,  and  beneath  a 
movable  pulley  C  (Fig.  184),  a  cord  is  passed,  each 


Fig.  184. 


Fig.  185. 


extremity  of  which  is  weighted  with  a  load  P\  and  on 
C  a  load  2.P  -\-  p  is  placed.  The  movable  pulley  will 
now  descend  with  the  acceleration  (J>/$P  +  /)  g-  But 
if  we  make  the  pulley  A  fast,  we  impose  upon  the 
system  a  new  cause  of  constraint,  and  the  quantity  of 
constraint,  or  declination,  from  free  motion  will  be  in- 
creased. The  load  suspended  from  B,  since  it  now 
moves  with  double  the  velocity,  must  be  reckoned  as 
possessing  four  times  its  original  mass.  The  mova- 
ble pulley  accordingly  sinks  with  the  acceleration 
(p/bP  +  /)  g.  A  simple  calculation  will  show  that  the 
constraint  in  the  latter  case  is  greater  than  in  the  former. 
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A  number,  n,  of  equal  weights,  /,  lying  on  a  smooth 
horizontal  surface,  are  attached  to  //  small  movable 
pulleys  through  which  a  cord  is  drawn  in  the  manner 
indicated  in  the  figure  and  loaded  at  its  free  extremity 
with  /.  According  as  all  the  pulleys  are  nwrabU  or  all 
exc(pt  one  areyfar*/,  we  obtain  for  the  motive  weight/, 
allowing  for  the  relative  velocities  of  the  mass, 
ferred  to  /,  respectively,  the  accelerations  (4  nt  i 
and  (4  5  g.  If  all  the  //  -f-  i  masses  are  movable,  thr 
deviation  assumes  the  value/,t,r  4 //  i .  which  increases 
as  n,  the  number  of  the  movable  masses,  i  sed. 


on  a 
face 

plai 
seen 

and 


of/ 

i     tO  tl 


186. 
Imagine  a  body  of  weight  Q,  movable  on  rollei 

Of  il 

horizontal  .  ami  having  ned  plane  chanicai 

On  this  inclined   face  a  body  of  weight  P  is  din 

mechanical 

tl.      \\  i  :   /'  will  de- 

1   with  <////<  Xv/   acceleration  when   Q  is  movable 

:ian  it  \\  ill  \s  hrn  Q  is  fixed  and  /"s 

•nt  more  hindered.     To  an  (  ent  h 

ontal  velocity  :  and  a  vertical  velocit 

ntal  velocity  w  of  Q  correspond.   Owin^ 

i  conservation  of  the  quantity  of  horizontal  mo- 

ffor  here  only  internal  fore  Pv  = 

'iis  geometrical  reasons  (Fig.  186) 

U  =  (V  -j-  7. 

velocities,  consequently,  are 
*  =  u 
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First,  by  the  V  =    ^          ^COtQT.  U. 

principles  J^  -\-  f) 

of  the  con- 
servation of  E> 


cot  «• 


For  the  work  Ph  performed,  the  principle  of  vis 
viva  gives 

P  u2       P  f      Q  \2  u2 

Q( 
f\>r-+  U 

Multiplying  by  ^,  we  obtain 

/  ^ 

eA  =  ll 


P+  Q  sin2«y  2' 

To  find  the  vertical  acceleration  y  with  which  the 
space  h  is  described,  be  it  noted  that  h  =  u*/2  y.  In- 
troducing this  value  in  the  last  equation,  we  get 


= 

.Psin2tf+  Q   '*' 

For  Q  =  oo,  y  =  g  sin  2  <*,  the  same  as  on  a  sta- 
tionary inclined  plane.  For  Q  =  0,  y  =  g,  as  in  free 
descent.  For  finite  values  of  Q  =  mP,  we  get, 

1  4-  01 
since    .  ->  1, 

sin2**  -\-  m 

(1  -j-  w)sin2or 
-^  —     —  —     — 


The  making  of  Q  stationary,  being  a  newly  imposed 
cause  of  constraint,  accordingly  increases  the  quantity 
of  constraint,  or  declination,  from  free  motion. 

To  obtain  y,  in  this  case,  we  have  employed  the 
principle  of  the  conservation  of  momentum  and  the 
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I    principle  of   ris  rira.      Employing  Gauss's  principle,  Second,  by 
I    we  should  proceed  as  follows.     To  the  velocities  de-  cipie"? 

Gauss. 

noted  as  //,  r,  w  the  accelerations  y,  d,  e  correspond. 
Remarking  that  in  the  free  state  the  only  acceleration 
is  the  vertical  acceleration  of  P,  the  others  vanishing, 
the  procedure  required  is,  to  make 

7fr-x)1  +  ^*>  +  ?«1=-«r 

O  O  O 

a  minimum.  As  the  problem  possesses  significance 
only  when  the  bodies  P  and  Q  touch,  that  is  only  when 
y  =  (6  -{-  f)  tan**,  therefore,  also 

N=-  [^  —  (<f  +  f)tana]a  +  ^  <P  -f  ^*3. 

Forning  the  differential  coefficients  of  this  expression 
with  respect  to  the  two  remaining  independent  vari- 
able 6  and  f,  and  putting  each  equal  to  zero,  we  ob- 
tain 

—  [g — (*+  «)tannrl  /'tannr  +  P6  =  0  and 

_  [^  —  (<j  ^.  *)  tan  or]  Ptana  -f  Qf  =  0. 

1  rom  these  two  equations  follows  immediately 
/M  -  Qe  =  0,  and,  ultimately,  the  same  value  for  y 
that  we  obtained  before. 

T  /e  will  now  look  at  this  problem  from  another 
poii  of  The  body  P  describes  at  an  angle  ft 

with  the  horizon  <  e  s,  of  whit  h  the  horizontal 

and    vertical  components  are  v  and  //,  v,  ilta- 

neoi  ily  (J  (lescribi-s  the  horizontal  distance  w.     The 
forc<   component  that  acts  in  the  direction  of  /  is  Ps\\ 
cons  quently  the  acceleration  in  this  direction,  allow- 
ing f  )r  the  I-  oi  1*  an«i 

ln/3 
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Third,  by  Employing  the  following  equations  which  are  di- 

the  ex-  ,        _      ,        .,  , 

tended  con-  rectly  deduClble, 

cept  of  mo- 

ment  of  in-  O  W  =  Pv 

ertia.  Q 

v  =  s  cos  ft 
u  =  v  tan  ft. 

the  acceleration  in  the  direction  of  s  becomes 
Qs'mft 


and  the  vertical  acceleration  corresponding  thereto  is 

Qs'm2ft 
~  Q  +  Pcos*ft  '  g' 

an  expression,  which  as  soon  as  we  introduce  by  means 
of  the  equation  u  =  (v  -{•  w)  tan  a,  the  angle-func- 
tions of  a  for  those  of  ft,  again  assumes  the  form  above 
given.  By  means  of  our  extended  conception  of  mo- 
ment of  inertia  we  reach,  accordingly,  the  same  result 
as  before. 

Fourth,  by  Finally  we  will  deal  with  this  problem  in  a  direct 
cip?es.prn  manner.  The  body  P  does  not  descend  on  the  mova- 
ble inclined  plane  with  the  vertical  -acceleration  g,  with 
which  it  would  fall  if  free,  but  with  a  different  vertical 
acceleration,  y.  It  sustains,  therefore,  a  vertical  coun- 
terforce  (P/g)(g  —  'y).  But  as  P  and  Q,  friction 
neglected,  can  only  act  on  each  other  by  means  of  a 
pressure  S,  normal  to  the  inclined  plane,  therefore 

p 

—  (g  —  y)  =  Scosa  and 

o 


From  this  is  obtained 
P 


THE  EXTEVSIO.V  OF  THE  PRINCIPLES.          361 

and  by  means  of  the  equation  y  =  (#  -f  f)  tana,  ulti- 
mately, as  before, 


»_  - 

:i'«  T 


If  we  put  />=  Q  and  or  =  45°,  we  obtain  for  this  Discussion 

_,  of  the  r«- 

particular  case  y  =  §g,  o  =  ^gt  f  =  ^g.     For  P/g  =  »uiu. 

Q/g=  i  we  find  the  "constraint,"  or  declination  from 

:notion,  to  be^2/3.    If  we  make  the  inclined  plane 

stationary,  the  constraint  will  be  g*/2.    If  7' moved  on 

a    stationary    inclined    plane   of    elevation    />'.    where 

tan  ,  f  =  y/6,  that  is  to  say,  in  the  same  path  in  which 

on  the  movable  inclined  plane,  the  constraint 

;woi  d  only  be  g*/$.     And,  in  that  case  it  would,   in 

real  ty,  be  le  led   than   if  it  attained  the  same 

ace-  leration  by  the  displacement  of  Q. 

examples  treated  will  have  convinced  us  that  Gum's 

:on  is  afforded  by  afford? no 

Gai  ^s's  principle.  Employing  form  (3)  of  tin?  prin- 
cipl  and  resolving  all  the  forces  and  accelerations  in 
the  nutually  perpendicular  coordinate-directions,  giv- 
ing lere  the  letters  the  same  significations  as  in  equa- 
te 342,  we  get  in  place  of  the  declination, 
or  t  >nstraint,  ^my-,  the  expression 

I*-*.'         '  +  (?- 

\\m         )     r\m 
and    »  of  the  minimum  con< 

! 
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m 


Gauss's  and        If  no   connections  exist,  the  coefficients  of  the  (ii 
bert's  prin-  that  case  arbitrary)  d%,  drj,  d2,,  severally  made  =  0, 

ciples  com-      .  .  ...  _^          ...  . 

mutable,  give  the  equations  of  motion.  But  it  connections  do 
exist,  we  have  the  same  relations  between  d%,  drj,  dZ, 
as  above  in  equation  (i),  at  page  342,  between  dx,  dy, 
dz.  The  equations  of  motion  come  out  the  same  ;  as 
the  treatment  of  the  same  example  by  D'Alembert's 
principle  and  by  Gauss's  principle  fully  demonstrates. 
The  first  principle,  however,  gives  the  equations  of 
motion  directly,  the  second  only  after  differentiation. 
If  we  seek  an  expression  that  shall  give  by  differenti; 
tion  D'Alembert's  equations,  we  are  led  perforce  to  th( 
principle  of  Gauss.  The  principle,  therefore,  is 
only  in  form  and  not  in  matter.  Nor  does  it,  furthe 
possess  any  advantage  over  the  Lagrangian  form 
D'Alembert's  principle  in  respect  of  competency  to  coi 
prehend  both  statical  and  dynamical  problems,  as  hi 
been  before  pointed  out  (page  342). 
Thephys-  There  is  no  need  of  seeking  a  mystical  or  metaphyi 
of  the  prin-  ical  reason  for  Gauss's  principle.  The  expression  "leas 
constraint"  may  seem  to  promise  something  of  the 
sort  ;  but  the  name  proves  nothing.  The  answer  to  th< 
question,  "In  what  does  this  constraint  consist  ?  "  can- 
not be  derived  from  metaphysics,  but  must  be  sought 
in  the  facts.  The  expression  (2)  of  page  353,  or  (4)  of 
page  361,  which  is  made  a  minimum,  represents  the 
work  done  in  an  element  of  time  by  the  deviation  of  the 
constrained  motion  from  the  free  motion.  This  work, 
the  work  due  to  the  constraint,  is  less  for  the  motion 
actually  performed  than  for  any  other  possible  motion. 
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thr   p: 

pie  recog- 

the  sim- 
ptatf  DMM 


Once  we  have  recognised  u'i>rk  as  the  factor  deter-  Roieof  the 

factor  work. 

mmative  of  motion,  once  we  have  grasped  the  mean- 
ing of  the  principle  of  virtual  displacements  to  be,  that 
motion  can  never  take  place  except  where  work  can  be 
performed,  the  following  converse  truth  also  will  in- 
volve no  difficulty,  namely,  that  all  the  work  that  can 
be   performed  in  an  element  of  time  actual!) 
formed.      Consequently,  the   total   diminution  of  work 
due  in  an  element  of  time  to  the  connections  of  the 
rn's  parts  is  restricted  to  the  portion  annulled  by 
the  <v,v /;/,/. v,'/-/- of  those  parts.      It  is  again  merel 
ut  of  a  familiar  fact  with  which  we  have  1 
to  deal. 

This  relation  :  in  the  \v\\ -simj 

Le:  there   be   two   masses  ///  and  ///  at  ./,  t 
pressed  with  a  force  /,  the  other  with 
th<  force  </.     If  we  connect 
sh  11  have  the  mass  2 ///  acted  on  by  a 
re^  iltant  force  r.   Supposing  the  spaces 

'•ment  of  time  b 

frt  :  masses  to  be  represented  by  A  C, 
A  .  ',   the  space  described  by  the  con- 

t,   or  double,   mass  will  be  AO  = 

D.     The   deviation,   or  constraint, 
J  +  OC*).     It 

ould  be  if  the  mass  arrived  at  the  end  of  the  ele- 

it  of  time  in  .!/  or  indeed   in 

•  of  BC,  say  .V,  as  t:  seal  con- 

rations  will  shov.  deviation  is  proportional 

he  expression  /»  -f-  </ 

:  of  equal  and  opposite  forces  s  2/2,  and  in 

case  of  equal  and  like-dir-  <  cs  zero. 

(  »vo  forces  /  and  q  act  on  •  The 

for<  e  </  ID  tin- 
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Even  in  the  direction  of  p  in  r  and  s.   The  work  done  in  an  element 

principle  of  .  *     . 

the  compo-  oi  time  is  propof  tional  to  the  squares  01  the  iorces,  and 
forces  its  if  there  be  no  connections  is  expressible  by/2  -}-  q2  = 
are  found.  /2  -f-  r  2  -j-  s2 .  If  now  r  act  directly  counter  to  the 
force  /,  a  diminution  of  work  will  be  effected  and  the 
sum  mentioned  becomes  (/  —  r)2  -f-  s2.  Even  in  the 
principle  of  the  composition  of  forces,  or  of  the  mutual 
independence  of  forces,  the  properties  are  contained 
which  Gauss's  principle  makes  use  of.  This  will  best 
be  perceived  by  imagining  all  the  accelerations  simul- 
taneously performed.  If  we  discard  the  obscure  verbal 
form  in  which  the  principle  is  clothed,  the  metaphysical 
impression  which  it  gives  also  vanishes.  We  see  the 
simple  fact ;  we  are  disillusioned,  but  also  enlightened. 
The  elucidations  of  Gauss's  principle  here  presented 
are  in  great  part  derived  from  the  paper  of  Scheffler 
cited  above.  Some  of  his  opinions  which  I  have  been 
unable  to  share  I  have  modified.  We  cannot,  for  ex- 
ample, accept  as  new  the  principle  which  he  himself 
propounds,  for  both  in  form  and  in  import  it  is  identical 
with  the  D'Alembert-Lagrangian. 


VIII. 
THE  PRINCIPLE  OF    LEAST  ACTION. 

i.    MAUPERTUis   enunciated,    in    1747,    a   principle 
scur'e  form  which  he  called  ' ( le  principe  de  la  moindre  quantite  d'ac- 
cipieeo?"n   tion,"  the  principle  of  least  action.      He  declared  this 
>n  principle  to  be  one  which  eminently  accorded  with  the 
wisdom   of  the  Creator.     He  took  as  the  measure  of 
the   "action"  the  product  of  the  mass,  the  velocity, 
and   the  space  described,  or  mvs.      Why,  it  must  be 
confessed,  is  not  clear.    By  mass  and  velocity  definite 
quantities   may  be  understood  ;  not  so,   however,   by 
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space,  when  the  time  is  not  stated  in  which  the  space 
is  described.  If,  however,  unit  of  time  be  meant,  the 
distinction  of  space  and  velocity  in  the  examples  treated 
aupertuis  is,  to  say  the  least,  peculiar.  It  appears 
that  Maupertuis  reached  this  obscure  expression  by  an 
unclear  mingling  of  his  ideas  of  n's  rira  and  the  prin- 
ciple of  virtual  velocities.  Its  indistinctness  will  be 
more  saliently  displayed  by  the  details. 

2.     Let  US  See  hov.  Itllis  applies  his  1  Detennina- 

If  JA  m  b«:  two  inelastic  masses,  Cand  «  tl.< 

.  . 

:ipact,  and  //  their  common  velocity  after  im- 
pact. :tuis  requires,  (putting  here  veloc 
spaces,)  that  the  "action"  expended  in  the  change  of 
the  \elocitirs  in  impact  shall  be  a  minimu:  H  nee, 
M(C — »)a-f  *i(t — »)  a  is  a  minimum;  that  is, 
j/  ('__„)  +  m(c—  «)  =  0;  or 

_MC-\ 
Af  +  m~' 

]  or  the  impact  of  elastic  masses,  retaining  the  same 
desi   nations,  only  substituting  Kand  r  for  ve- 

locit  es   after    impact,    the   t-xprt-s^ion  -  F)a  -f 

m(c    -•'}-  is  a  minin  it  is  to  s. 

!/    C  ~m(c  —  r),/*  =  0.  1 

I  ration  of  the  fact 

proa  h  1  •  res- 

!tt  r  inij 
C  or 

K— •(<•+  r)^   0 
and 
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cesses  in  which  the  least  change  of  vis  viva  by  reaction 
takes  place,  that  is,  in  which  the  least  counter-work  is 
done.  They  fall,  therefore,  under  the  principle  of 
Gauss. 

3.   Peculiar  is  Maupertuis's  deduction  of  the  law  of 

tuis's  de- 

ductionof   the  lever.     Two  masses  M  and  m  (Fig.  188)  rest  on  a 
the  lever  by  bar   a,   which   the  fulcrum   divides   into  the   portions 
cipie.          x  and  a  —  x.     If  the  bar  be  set  in  rotation,  the  veloci- 
ties and  the  spaces  described  will  be  proportional  to 
the  lengths  of  the  lever-arms,  and  Mx2  -\-  m(a  —  x)2 
is  the  quantity  to  be  made  a  minimum,  that  is  MX  — 
m(a  —  x)  =  0  ;  whence  x  =  ma/M  -{-  m, — a  condition 

that  in  the  case  of  equilib- 

^ Hum  is  actually  fulfilled.  In 

M- m       criticism  of  this,  it  is  to  be 

~~r  ~a^x  remarked,  first,  that  masses 

Fig.  188.  n°t    subject  to  gravity   or 

other  forces,  as  Maupertuis 

here  tacitly  assumes,  are  always  in-  equilibrium,  and, 
secondly,  that  the  inference  from  Maupertuis's  deduc- 
tion is  that  the  principle  of  least  action  is  fulfilled 
only  in  the  case  of  equilibrium,  a  conclusion  which  it 
was  certainly  not  the  author's  intention  to  demonstrate. 
The  correc-  If  it  were  sought  to  bring  this  treatment  into  ap- 
pertuis's  proximate  accord  with  the  preceding,  we  should  have 
to  assume  that  the  heavy  masses  M  and  m  constantly 
produced  in  each  other  during  the  process  the  least 
possible  change  of  vis  viva.  On  that  supposition,  we 
should  get,  designating  the  arms  of  the  lever  briefly  by 
«,  b,  the  velocities  acquired  in  unit  of  time  by  u,  v,  and 
the  acceleration  of  gravity  by  g,  as  our  minimum  ex- 
pression, M(g — u}2  -(-  m(g — z>)2;  whence  M(g — «) 
du  -|-  m(g —  v)dv  =  0.  But  in  view  of  the  connection 
of  the  masses  as  lever, 
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a 

du  =  —    ... 
v 

whence  these  equations  correctly  follow 

Ma  —  mb  .    Ma  —  mb 

a Ma*  -f-  mb*  Ma*  -\-  mb* 

and  for  the  case  of  equilibrium,  where  //  =  v  =  0, 

Thus,  this  deduction  also,  when  we  come  to  rectify 
it,  leads  to  Gauss's  principle. 

4.   Following  the  precedent  of  Fermat  and  Leib-  Treatment 
nitx.  Maupertuis  also  treats  by  his  method  the  motion  tion . 

bjr  the  pnn- 

of  hgJ>f.     Here  again,  nowev  apieof 

.  least  ac- 

he en    >1<  >  -  the  notion  "least  ac-      ^f^>^        I 

tion"   n  a  totally  different  sense. 


xpression    which    for    the       £- 

;il  be  a  min  II 

jimurn  is  ///  .  .  /  A'  -f-  n  .  R&, 
\vh.-R  AR  and  A'/.'  .Imote  the 
ipaths  described  by  t  in  piR  |t 

1  second   media  re- 

ti  cly,    and    ///    ami    //    the    corresponding   velo- 
illy  do  obtain  here,  if  R  be  de- 
1   in  conformity  with  the  minimum  comlit 
rt    ult  sin  a.  sin  ft  =  n/m  =  const.      But  before, 

.sessions 
toe;  now,  howev'  con- 

e  sum  of   these   e  Before, 

:   in   unit  of  t  :   in 

pr  ^ent  <  traversed  are  taken. 

ilc    aot  m.AR  —  n.RBor^m  —  n)(AR  —  RB} 

tak  n  as  a  minimum,   and   if   not.  why   not?     But 
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even  if  we  accept  Maupertuis's  conception,  the  recip- 
rocal values  of  the  velocities  of  the  light  are  obtained, 
and  not  the  actual  values, 
characteri-         It  will  thus  be  seen  that  Maupertuis  really  had  no 

sation  of        ...  . 

Mauper-  principle,  properly  speaking,  but  only  a  vague  form- 
cipie.  ula,  which  was  forced  to  do  duty  as  the  expression  of 
different  familiar  phenomena  not  really  brought  under 
one  conception.  I  have  found  it  necessary  to  enter 
into  some  detail  in  this  matter,  since  Maupertuis's  per- 
formance, though  it  has  been  unfavorably  criticised  by 
all  mathematicians,  is,  nevertheless,  still  invested  with 
a  sort  of  historical  halo.  It  would  seem  almost  as  if 
something  of  the  pious  faith  of  the  church  had  crept 
into  mechanics.  However,  the  mere  endeavor  to  gain 
a  more  extensive  view,  although  beyond  the  powers  of 
the  author,  was  not  altogether  without  results.  Euler, 
at  least,  if  not  also  Gauss,  was  stimulated  by  the  at- 
tempt of  Maupertuis. 
Euier'scon-  c.  Euler's  view  is,  that  the  purposes  of  the  phe- 

tributions 

to  this  sub-  nomena  of  nature  afford  as  good  a  basis  of  explana- 
tion as  their  causes.  If  this  position  be  taken,  it  will 
be  presumed  a  priori  that  all  natural  phenomena  pre- 
sent a  maximum  ar  minimum.  Of  what  character  this 
maximum  or  minimum  is,  can  hardly  be  ascertained 
by  metaphysical  speculations.  But  in  the  solution  of 
mechanical  problems  by  the  ordinary  methods,  it  is 
possible,  if  the  requisite  attention  be  bestowed  on  the 
matter,  to  find  the  expression  which  in  all  cases  is 
made  a  maximum  or  a  minimum.  Euler  is  thus  not 
led  astray  by  any  metaphysical  propensities,  and  pro- 
ceeds much  more  scientifically  than  Maupertuis.  He 
seeks  an  expression  whose  variation  put  =  0  gives  the 
ordinary  equations  of  mechanics. 

For  a  single  body  moving  under  the  action  of  forces 
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Euler   finds   the   requisite   expression   in   the   formula  The  form 
,  where  ./v  denotes  the  element  of  the  path  and  principle 
v  the  corresponding  velocity.   This  expression  is  smaller  kiiier  s 
for  the  path  actually  taken  than  for  any  other  infinitely 
adjacent   neighboring   path  between   the   same  initial 
and  terminal  points,  which  the  body  may  be  const  ra: 
to  take.   Conversely,  therefore,  by  seeking  the  path  that 
mak<  a  minimum,  we  can  also  determine  the 

path.     The  problem  of  minim;  is,  of  course, 

.uler  assumed,  a  permissible  one,  only  when  ;  de- 
pends on  the  position  of  the  elements  ds,  that  is  to 
say,  whrn  the  principle  of  holds  for  the  forces, 

or  a   force  function  exists,  or  what  is  the  sam- 
wh-jn  v  is  a  simple  function  of  coordinates.   For  a  mo- 
tio  i  in  a  plane  the  expression  would  accordingly  as- 
sui  le  the  form 


In  the  simplest  cases  Euler's  principle  is  easily  veri- 
If  no  forces  act,  v  is  constant,  an. I  the  curve  of 
me  :ion  becomes  a  straight  line,  for  which     Cvds^s 
rj  ds  is  unquestionably  .»  other 

JCU:  /e  I    '  ninal  po; 

Al:  ),  a  body  moving  on  a  curved  surface 
wi'  unit  the  action  of  forces  or  frit 

<1  describes  on 
surface  a  line. 

The  consideration  of  the  motion  of  a 
ectile  in  a  parabola  ABC  (Fig.  190) 
also  show  that  the  quantity    | 
nailer  for  the  parabola  than  for  any 


pr 


Eater's 
principle 

.1 ;;..:•:    I 

of  a  projec- 
tile. 


Fif .  190 


4>th  rneig!  nrej  smaller,  t 

tha      or  the  line  ABC  between  the  same  ter- 

mii  il  points.   The  velocity,  here,  depends  solely  on  the 
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Mathemat-  vertical  space  described  by  the  body,  and  is  therefore 
opmentof   the  same  for  all  curves  whose  altitude  above  OC  is  the 

this  case.  .  , 

same.  If  we  divide  the  curves  by  a  system  of  horizontal 
straight  lines  into  elements  which  severally  correspond, 
the  elements  to  be  multiplied  by  the  same  v's,  though 
in  the  upper  portions  smaller  for  the  straight  line  AD 
than  for  A  B,  are  in  the  lower  portions  just  the  reverse  ; 
and  as  it  is  here  that  the  larger  #'s  come  into  play,  the 
sum  upon  the  whole  is  smaller  for  ABC  than  for  the 
straight  line. 

Putting  the  origin  of  the  coordinates  at  A,  reckon- 
ing the  abscissas  x  vertically  downwards  as  positive, 
and  calling  the  ordinates  perpendicular  thereto  y,  we 
obtain  for  the  expression  to  be  minimised 


where  g  denotes  the  acceleration  of  gravity  and  a  the 
distance  of  descent  corresponding  to  the  initial  velocity. 
As  the  condition  of  minimum  the  calculus  of  variations 
gives 


=  Cor 


dy_ 

dx~ 

'-/ 

and,  ultimately, 


or 


Cdx 
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where  C  and  C"  denote  constants  of  integration  that 
pass  into  C=  I  -2ga  and  C'=  0,  if  for  .v  —  0,  dx/dy  =  0 
and  v  =  0  be  taken.  Therefore,  y  =  2  i/«j.v.  By  this 
method,  accordingly,  the  path  of  a  projectile  is  shown 
to  be  of  parabolic  form. 

6.   Subsequently,  Lagrange  drew  express  attention  Th, 
to  the  fact  that  Euler's  principle  is  applicable  only  inorunaad 
cases  in  which  the  principle  01  •  holds.     Jacobi 

pointed  out  that  we  cannot  assert  that   jV  t/s  for  the  ac- 
tual motion  is  a  minimum,  but  simply  that  tin  n  of 
ssion,  in  its  passage  to  an  infinitely  adjacent 
path,  is  =  0.    Generally,                 this  con- 
ies with  a  maximum  or  minimum,  but  it 
is  possible  that  it  should  occur  without  such  ;   and  the 
mil  imum  property  in   pa:                               t  to  certain 
lim  tations.      For  example,  if  a   body,  constrained  to 
mo  ;e  on  a  spherical  surface,  is  set  in  motion  by  some 
im]  ulse,    it   will   describe  a  great  circle,   generally  a 
sh<    test  line.      Hut  if   the  length  of  the  arc  described 
<  ds  180°,  it  is  easily  demonstrated  that  then-  « 

adjacent  neighbc:  hs   between 

tht   terminal 

«r,  then,  this  fact  only  has  been  p< 

eiprettion 

:   motion  .ire  obtained 
,  e    ~  _ 

tiie  variation  of    I  V  </v  to  zero.     But  since  t: 

t       1  i  •  t        ^ 

prc  >ertn  :on  of  bodies  or  o: 

alw   ys  be  defined   by  tlifferential   expressions  equa 
to     ei  since  fn  e  condition  that  the 

var  ition  of  an   integral  «  n  shall  be  equal  to 

zer<  is  likewise  given  I  itial  expressions  equal- «1 

to  ;  »ro,  unquestional  i^ral  expres- 

sior  ^  may  be  devised  that  give  by  variation  the  ordi 
nar   <   juations  of  motion,  without  its  following  that  the 
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integral  expressions  in  question  must  possess  on  that 
account  any  particular  physical  significance. 
Yet  the  ex-         8.  The  striking  fact  remains,  however,  that  so  simple 

pression  .  ° 

must  pos-    an  expression  as  /  v  as  does  possess  the  property  men- 

sessaphys-    .  J  f  ...    . 

icai  import,  tioned,  and  we  will  now  endeavor  to  ascertain  its  phys- 
ical import.  To  this  end  the  analogies  that  exist  be- 
tween the  motion  of  masses  and  the  motion  of  light,  as 
well  as  between  the  motion  of  masses  and  the  equilib- 
rium of  strings — analogies  noted  by  John  Bernoulli 
and  by  Mobius — will  stand  us  in  stead. 

A  body  on  which  no  forces  act,  and  which  there- 
fore preserves  its  velocity  and  direction  constant,  de- 
scribes a  straight  line.  A  ray  of  light  passing  through 
a  homogeneous  medium  (one  having  everywhere  the 
same  index  of  refraction)  describes  a  straight  line.  A 
string,  acted  on  by  forces  at  its  extremities  only,  as- 
sumes the  shape  of  a  straight  line. 

Elucidation       A  body  that  moves  in  a  curved  path  from  a  point 

of  this  im- 
port by  the  A  to  a  point  B  and  whose  velocity  v  =  <p(x,  y,  z]  is  a 

motion  of  a  . 

mass,  the    function  of  coordinates,  describes  between  A  and  B  a 

motion  of  a  •  .    «  »•>•'.     r     •  •     • 

ray  of  light,  curve  for  which  generally    (  v  as  is  a  minimum.    A  ray 
equilibrium  of  light  passing  from  A  to  B  describes  the  same  curve, 
if  the  refractive  index  of  its  medium,  n  =  (p  (x,  y,  z), 
is  the  same  function  of  coordinates ;  and  in  this  case 
Cnds  is  a  minimum.     Finally,  a  string  passing  from 
A   to  B  will  assume  this  curve,    if  its  tension  S  = 
cp  (x,  y,  z)  is  the  same  above-mentioned  function  of  co- 
ordinates ;  and  for  this  case,  also,    CSds  is  a  minimum. 
The  motion  of  a  mass  may  be  readily  deduced  from 
the  equilibrium  of  a  string,  as  follows.      On  an  element 
ds  of  a  string,  at  its  two  extremities,  the  tensions  S,  S' 
act,  and  supposing  the  force  on  unit  of  length  to  be  P, 
in  addition  a  force  P.  ds.     These  three  forces,  which 
we  shall  represent  in  magnitude  and  direction  by 
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.  lui   .  are  in  equilibrium.    If  now,  a  body.  The  motion 

,     ,  .  of  a  i 

with  a  velocity  r  represented  in  magnitude  and  diu- 

tion  enter  the  element  of  the  path  i/y,  and  re-  equilibrium 

within   the  same  the  velocity  component  BF  = 
—  BD,  the  body  will  proceed  on- 
ward with   the  velocity  v'  =  BC. 
I.i-t    Q  be    an  accelerating  force 
whose  action   is  directly 
to  that  (  \\  for  unit  of  time 

the  acceleration  of  this  force  will 
be   <J,    for   unit  of  length   of    th< 

:id   for  the  r 

of  the  string  t  (J  ,-,,/.».   The  body  will  move,  therefore, 
in  the  <  •///-,-<  •  <;/  '  tht  •.»•////:;-.  if  we  establish  between 
forces  P  and  the  tensions  .V,  in  the  case  ot  ng, 

and  the  accelerating  forces  Q  and  the  velocity 
case  of  tl.  the  relation 


Fig.  191. 


The  minus  sign  indicates  that  the  directions  of  P  and 
Q  are  oppos 

A  closed  circula;  equilibrium  when  be-  in- 

tension S  of  re  constant,  cio»ed 

and  the  force  P  falling  radially  outwards  on   unit  of 

on  f=S/r  obtains,  win  it-  /  is 
circle.     A  body  will  move  with  the  con- 
stant velocity  r  in  a  cin  !«-.  win  -n  !•«  -tut  •«  n  tl;<   velocity 
tii-1  the  accelerating  force  Q  acti  irds 

che  relation 


or 
V        r 


r 


\  body  will  move  wit:  '//  velocit; 

i   an  accelerating  force  Q  =  v2/r  constantly  acts 
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on  it  in  the  direction  of  the  centre  of  curvature  of  each 
element.  A  string  will  lie  under  a  constant  tension  S 
in  any  curve  if  a  force  P  =  S/r  acting  outwardly  from 
the  centre  of  curvature  of  the  element  is  impressed  on 
unit  of  length  of  the  string. 

The  deduc-  No  concept  analogous  to  that  of  force  is  applicable 
motion  of  to  the  motion  of  light.  Consequently,  the  deduction  of 
the  motions  the  motion  of  light  from  the  equilibrium  of  a  string  or 
and  the  the  motion  of  a  mass  must  be  differently  effected.  A 

equilibrium  .  .  -11  i        •  ,«  T-> 

of  strings,    mass,  let  us  say,  is  moving  with  the  velocity  AJ3  =  v. 

(Fig.  192.)  A  force  in  the  direction 
BD  is  impressed  on  the  mass  which 
produces  an  increase  of  velocity  BE, 
so  that  by  the  composition  of  the  ve- 
locities BC^AB  and  BE  the  new 
velocity  BF  =  v  is  produced.  If  we 
resolve  the  velocities  v,  v'  into  com- 
ponents parallel  and  perpendicular  to 
the  force  in  question,  we  shall  per- 
ceive that  the  parallel  components  alone 
are  changed  by  the  action  of  the  force. 
This  being  the  case,  we  get,  denoting 
by  k  the  perpendicular  component,  and  by  a  and  a' 
the  angles  v  and  v'  make  with  the  direction  of  the 
force, 

k  =  v  sin  a 

k  =  v'  sin  a'  or 

sin  a        v' 
sin  a'        v ' 

If,  now,  we  picture  to  ourselves  a  ray  of  light  that 
penetrates  in  the  direction  of  v  a  refracting  plane  at 
right  angles  to  the  direction  of  action  of  the  force,  and 
thus  passes  from  a  medium  having  the  index  of  refrac- 


Fig.  192. 
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tion  n  into  a  medium  having  the  index  of  refraction  //',  Deveiop- 

i  mem  of  this 

where  //  //  =f  •-  ,  this  ray  of  light  will  describe  the  illustration. 
>ame  path  as  the  body  in  the  (  ase  above.      If,  there- 
fore, we  ui>h   to  imitate  the  motion  « 
motion  c/  a  /<n    of  light  (in  the  same  curve),  we  must 
re  put  the  indices  of  refractio:  //<// 

to  the  velocities.     To  deduce  the  indices  of  refraction 
from  the  forces,  we  obtain  for  the  velocity 


*^-J=/v'/- aml 

for  the  index  of  refraction,  by  anal« 

where  P  denotes  the  force  and  //y  a  distance-element 
n  the  direction  of  the  force.  If  ds  is  the  element  of 
:he  path  and  a  the  angle  made  by  it  with  •  tion 

force,  we  have  t 


tie  pat 


ic  path  of  a  projectile,  under  the  conditio: 

iSSiimcd.  we  obtained  tin-  This 

anie  parabolic  path  will  be  described  by  a  ray  of  li^ht. 
f  t:  =1/2^  index  of 

efraction  of  the  medium  in  which  it  tra\« 

9.  We   will   now  more  accurately  investigate  the  Rei 

.    . 

lanner  in  which    this  minimum  prop-  prop- 

he  /  !  Jm'ol  * 

•/>'£",  whi' 


t  iat  makes  pj        ;•'*'  a  minimum  for  the  line  that  p.: 
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First,  de-     through  the  fixed  points  A  and  B>  where  v  and  v  are 

duction  of 

the  mini-     supposed  to  have  different,    though   constant,  values 
tion.  above  and  below  MN.      If  we  displace  the  point  B  an 

infinitely  small  distance  to  D,  the  new  line  through  A 
and  C  will  remain  parallel  to  the  original  one,  as  the 
drawing  symbolically  shows.  The  expression  vs  +  v's' 
is  increased  hereby  by  an  amount 

—  v  m  sin  a  -\-  v'  m  sin  a', 

where  m  —  D£.  The  alteration  is  accordingly  propor- 
tional to  — z>sinor-|-z;'siiiar',  and  the  condition  of 
minimum  is  that 

sin  a        v' 
sin  a'       v ' 


—  ysinor-f-  z/sinor'  =  0,  or 


Fig.  193- 


Fig.  194- 


If  the  expression  s/v  -j-  s  /v  is  to  be  made  a  minimum, 
we  have,  in  a  similar  way, 

sin  a        v 
sin  a'       v'' 

Second,  the        If,  next,  we  consider  the  case  of  a  string  stretched 

oF?hisacon"  in  the  direction  ABC,  the  tensions  of  which  »S  and  S' 

equilibrium  are  different  above  and  below  MN,  in  this  case  it  is 

'''   the  minimum  oi  Ss  -\-  S's'  that  is  to  be  dealt  with.   To 

obtain  a  distinct  idea  of  this  case,  we  may  imagine  the 
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to  the 

motion  of  a 
ray  of  light. 


string  stretched  once  between  A  and  B  and  thrice  De- 
ri B  and  C,  and  finally  a  weight  /*  attached.  Then 
S=  P  and  »S"  =  3  P.  If  we  displace  the  point  B  a  dis- 
tance m,  any  diminution  of  the  expression  Ss  -(-  5V 
thus  effected,  will  express  the  increase  of  work  which 
the  attached  weight  P  performs.  If  — .S/// sinor -|- 
-in  a'  =  0,  no  work  is  performed.  Hence,  the  mini- 
mum of  Ss  -f-  S's'  corresponds  to  a  maximum  of  work. 
In  the  present  case  the  principle  of  least  action  is  sim- 
ply a  <////'•>  - 'nt  form  of  the  principle  of  virtual  displa 

ht.  whose  VC- Third,  the 

loci'ies  :  and  v  above  and  below  to  each  other  of  thu  con- 

as  3  to  i.  The  motion  of  light  be- 
twe  m  two  points  A  and  B  is  such 
tha  the  light  reaches  B  in  a  mini- 
mu  i  of  time.  The  physical  reason 
of  •  lis  is  simple.  The  li^lit  travels 

K^i  i  A  to  />'.    in    the  form    of  ele- 

?me;  tan  by  different  rout 

Ov.  ng  to  the  periodicity  of  the  light. 
the    waves    generally   destroy   each 
Oth  r,  and  only  those  that   n-ac  h  I 
des  jnated  point  in  equal  ' 

pro   uce  a  result.      But  tl  ie  only  of  the  waves 

th.'i    arrive  by  the  minimum  /<////  and  its  adjacent  ne 
bor  ig  paths.      Hence,  for  the  path  actually  taken  by 
the    ight  s/v  •}-  s'/v'  is  a  minimum.      And  sine  - 
die      of  ri  fraction  //  are  inversely  proportional  to  the 

refore  also  ns  +  n's'  is  a 

"i  the  consideration  of  th-  the  con- 

,i  minimum, 
thir  ,age 
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Fourth,  its  through  a  plane  MN,  receive,  as  the  result  of  the  action 

application      .       .  .  ,.,... 

to  the  mo-    of  a  force  impressed  in  the  direction  DB,  an  increase  of 
velocity,  by  which  v,  its  original  velocity,  is  made  v',  we 


have  for  the  path  actually  taken  by  the  mass  the  equa- 
tion v  sin  a  =  v'  sin  a'  =  k.  This  equation,  which  is  also 
the  condition  of  minimum,  simply  states  t]iat  only  the  ve- 
locity-component parallel  to  the  direction  of  the  force  is 
altered,  but  that  the  component  k  at  right  angles  thereto  re- 
mains unchanged.  Thus,  here  also,  Euler's  principle 
simply  states  a  familiar  fact  in  a  new  form.  (See  p.  575.) 
Formofthe  io.  The  minimum  condition  —  v  sin  a  -\-  v'  sin  a'=  0 

minimum  •*.*.•*  x  r     •         i        i 

condition    may  also  be  written,  if  we  pass  from  a  finite  broken 
to  curves,    straight  line  to .  the  elements  of  curves,   in  the  form 

—  v  sin  a  -j-  (v  -f-  dv)  sin(«  -\-  dot}  =  0 
or 

d(v  sin  or)  =  0 

or,  finally, 

v  sin  a  =  const. 

In  agreement  with  this,  we  obtain  for  the  motion 

of  light 

d  (n  sin  or)  —  0,  n  sin  a  =  const, 

,/sinff\        ~   sin« 

'(—)=<>.—=«»«". 

and  for  the  equilibrium  of  a  string 

d  (S  sin  of)  =  0,  6"  sin  a  =  <:#  #j/. 

To  illustrate  the  preceding  remarks  by  an 
ample,  let  us  take  the  parabolic  path  of  a  projectile, 
where  a  always  denotes  the  angle  that  the  element  of 
the  path  makes  with  the  perpendicular.  Let  the  ve- 
locity be  v  =  l/2g(a  -j-  •*)>  and  let  the  axis  of  thejy-or- 
dinates  be  horizontal.  The  condition  v .  sin  a  =  const, 
or  V  2g(a  -f-  •#)  •  dy/ds  =  const,  is  identical  with  that 
which  the  calculus  of  variation  gives,  and  we  now  know 
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its  simple  />/m-/f<//significance.   If  we  picture  to  ourselves  illustration 

ofth< 
a  string  whose  tension  is  S       \    24    a        \   .  an  arraiu 

ment   which   might  be  effected  by  fixing   frictionless  curvilinear 

motions. 

:i  horizontal  parallel  rods  placed  in  a  vertical 
plane,  then  passing  the  string  through  these  a  suffici 
number  of  times,  and  finally  attaching 

:^rht  to  the  extremity  of  the  string, 

•;all  obtain  again,  for  equilibrium, 
the    preceding    condition,    the    pi 
ical   significance  of  which  ob- 

^tances  1 

the  rods  an-  made  in: 
string    a  .bolic   form. 

In  a  medium,  the  refractive  index  of 
wHcl  in  the  vertical  direction 

by  the  law  n  =  \/2g  or  the  velocity  of  light  in 

wl  ich  similarly  varies   by  the  law  v  =  \/V  2g(a  -f-  *)» 


FIR.  196. 


a  :  t  will  describe  a  path  wh 

!  in  in 
path, 

i  I  ft,  but  ti  ssion 

I         I  •  minimum. 

ii.  In  comparing  the  equilibrium  oi  a  string  with 
th    motion  of  a  mass,  \  [qy   in  place  of  a 

Sti  ng  wound   round    pu, 
a     imple  homogeneous  cord, 
pr   .  cord 

to   in  appro  :n    of 

foi 

thr  .     the     systems    of     forces 
th;  ion,    or, 

Hs    he  < 

I 


380  THE  SCIENCE  OF  MECHANICS. 


The  condi-  v  =  1/2  g(a  4-  #).      A  string,  however,  subjected  to  the 

tions  and  ....  . 

conse-         action   of   gravity,   forms   a  catenary,   the   tension    of 

Siences  of        ,  .    ,     .  .  10  i 

epreced-  which  is  given  by  the  formula  o  =  m  —  nx,  where  m 

ing  analo- 

gies. and  11  are  constants.      The  analogy  subsisting  between 

the  equilibrium  of  a  string  and  the  motion  of  a  mass  is 
substantially  conditioned  by  the  fact  that  for  a  string 
subjected  to  the  action  of  forces  possessing  a  force- 
function  U,  there  obtains  in  the  case  of  equilibrium 
the  easily  demonstrable  equation  U  -\-  S=  const.    This 
physical  interpretation  of  the  principle  of  least  action 
is  here  illustrated  only  f.or  simple  cases  ;  but  it  may 
also  be   applied   to   cases   of   greater  complexity,    by 
imagining  groups  of  surfaces  of  equal  tension,  of  equj 
velocity,  or  equally  refractive  indices  constructed  whid 
divide  the  string,  the  path  of  the  motion,  or  the  pal 
of  the  light  into  elements,  and  by  making  a  in  such 
case  represent  the  angle  which  these  elements  make 
with  the  respective  surface-normals.    The  principle  ol 
least  action  was  extended  to  systems  of  masses  by  La- 
grange,  who  presented  it  in  the  form 


If  we  reflect  that  the  principle  of  vis  viva,  which  is  the 
real  foundation  of  the  principle  of  least   action,  is  m 
annulled  by  the  connection   of   the  masses,   we  sha] 
comprehend  that  the  latter  principle  is  in  this  case  ali 
valid  and  physically  intelligible. 

IX. 

HAMILTON'S  PRINCIPLE. 

i.  It  was  above  remarked  that  various  expressions 
can  be  devised  whose  variations  equated  to  zero  give 
the  ordinary  equations  of  motion.  An  expression  of 
this  kind  is  contained  in  Hamilton's  principle 
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=      or 


The  points 
of  identity 
of  Hainil- 

•nd 

ben's  prin- 


'o 

./' 

where  6  [/and  6  T  denote  the  variations  of  the  work 
and  the  ris  rira,  vanishing  for  the  initial  and  terminal 
epochs.  Hamilton's  principle  is  easily  deduced  from 
ert's,  and,  conversely,  D'Alembert's  from 
Hamilton's;  the  two  are  in  f.  deal,  their  di: 

enc<  -rely  that  of  form.* 

2.   \Ve  shall  not  eir  •  any  extended  ii 

IT  i  iiriplo 

ieration  of  this  subject,  but  simply  exhibit  the  iden 
tit}  of  tl  inciples  1  .•/////*• —  of  a 

the  same  that  served  to  illustrat 
cipleofD'  t :  the  motion  of  a  \ 

and  axle  by  the  over -weight  of  one  of  its 
pa  ts.  In  place  of  the  actual  motion.  \se 
m.'  /ima^: 

va  of  time,  a  Jifft-rt-nt  moti  ng  in- 

fin  :ely  little  from  :  .1  motion,  but 

co  iciding  exactly  with  it  at  the  beginning 
an  end.  There  are  thus  produ  very  elen 

of 


ud< 


Fix.  198. 


ime  ///.  >£/)  and  of  t! 

vn  '  (6  /  s,  of  th«  6/and  T 

sed  in  the  actual  motion.     But  for  the  actual  mo- 
tif   ,  the  intrx'r.  ^ion,  above  s1 
ma  rbe  employ-  fore,  to  determ  (  tual 
ni-    ion.      If 

•  from  the  angle  of 
actual  orre- 


,       tcka  rs 


Kirrhhriff.  I'urlttttHgtm  Abtr  matkfmatitckf  Pky- 
,  "Hgf*  fibtr  f>y*amik,  p.  )8. 
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Mathemat-  The  vis  viva,  for  any  given  angular  velocity  GO,  is 

ical  devel- 


<b 

and  for  a  variation  dco  of  this  velocity  the  variation  of 
the  vis  viva  is 


g 

But  if  the  angle  of  rotation  varies  in  the  element  dt  an 
amount  a, 

x  aoi        j 

o  GO  =  -r-  and 
dt 


The  form  of  the  integral  expression,  accordingly,  is 


Ma  4-  N—  |  <//  =  0. 

to    " 
But  as 

d  .  dN  ^da 


therefore, 

*i 

c(M- 

J  \  dt 

'o 

The  second  term  of  the  left-hand  member,   thoug] 
drops  out,  because,  by  hypothesis,   at  the  beginninj 
and  end  of  the  motion  a  =  0.     Accordingly,  we  have 


an  expression  which,  since  a  in  every  element  of  time 
is  arbitrary,  cannot  subsist  unless  generally 


dt 
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lituting  for  the  symbols  the  values  they  represent, 
we  obtain  the  familiar  equation 

PR        ( 
~         -  g' 


D'Alembert's  principle  gives  the  equation  The  same 

.f  V  tained  by 

•a=0' 


bert 

which  holds  for  every  /V.o//>/V  displacement.    \\Y  mi^ht,  Clple 
in  the  converse  order,  have  started  from  this  equation, 
thence  passed  to  the  expression 


a  id,  finally,  from  the  latter  proceeded  to  the  sarm 


Ma  +  N\  dt  —  (Na) '  = 


s  a  second  and   more  simple  example   let  \\ 
c  >nsider  the  motion  of  vertical  descent.      For  t 
i   tr  mall  displacement  s  the  equation  subsists  t!cai°d^er 

[  >ig  —  w(^/r/<//)]j  —  0,   in   which    the    letters   retain 
t  eir   conventional    significance.     Consequently, 
e   uation  obt 


as  the 


result  of  the  relations 

dv  ds       . 

-'"t/ts-        ind 
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Cd(mvs^ 
J        dt 


(mvs}    =  0, 

'o 


provided  s  vanishes  at  both  limits,  passes  into  the  form 


dt 
that  is,  into  the  form  of  Hamilton's  principle. 

Thus,  through  all  the  apparent  differences  of  the 
mechanical  principles  a  common  fundamental  same- 
ness is  seen.  These  principles  are  not  the  expression 
of  different  facts,  but,  in  a  measure,  are  simply  views 
of  different  aspects  of  the  same  fact. 


SOME  APPLICATIONS  OF  THE  PRINCIPLES  OF  MECHANICS  TO 
HYDROSTATIC  AND  HYDRODYNAMIC  QUESTIONS. 

Method  of          i.   We  will  now  supplement  the  examples  which 

eliminating  ,  .  ri  «• '        •  ri  •        •    i 

the  action    we  have  given  oi  the  application  or   the  principles 

of  gravity         .  , .      ,  ..-.,., 

on  liquid  of  mechanics,  as  they  applied  to  rigid  bodies,  by  a 
few  hydrostatic  and  hydrodynamic  illustrations.  We 
shall  first  discuss  the  laws  of  equilibrium  of  a  weightless 
liquid  subjected  exclusively  to  the  action  of  so-called 
molecular  forces.  The  forces  of  gravity  we  neglect  in 
our  considerations.  A  liquid  may,  in  fact,  be  placed 
in  circumstances  in  which  it  will  behave  as  if  no  forces 
of  gravity  acted.  The  method  of  this  is  due  to  PLA- 
TEAU.* It  is  effected  by  immersing  olive  oil  in  a  mix- 
ture of  water  and  alcohol  of  the  same  density  as  the 
oil.  By  the  principle  of  Archimedes  the  gravity  of  the 
masses  of  oil  in  such  a  mixture  is  exactly  counterbal- 
anced, and  the  liquid  really  acts  as  if  it  were  devoid  of 
weight. 

*  Statique  experimental  et  theorique  des  liquides,  1873. 
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2.    First,  let  us   imagine  a  weightless  liquid  mass  The  work  ot 

molecular 

free  in  space.      Its  molecular  forces,  \vc  know,  act  onlyfoccM 

pendent  on 

at  verv  small  distances.    Taking  as  our  radius  the  dis-  a  chai 

thel: 

tance  at  which  the  molecular  forces  cease  to  exert  a  superficial 

.1 1  C  a 

measurable  influence,  let  us  describe  about  a  particle 
<•  in   the  interior  of  the  mass  a  sphere — the  so- 
called  sphere  of  action.    This  sphere  of  action  is  iv. 
and  uniformly  filled   with  other  particles.      The 
Itant  force  on  the  central  par:  ore- 

fore  zero.  Those  parts  only  that  lie  at  a  distance  from 
the  bounding  surface  less  than  the  radius  of  the  sphere 
of  action  are  in  differ.  :nic  conditions  from  the 

.(.  les  in  the   interior.      If  the  radii   uf  •  •«•  of 


Fi({.  199.  Fin.  200, 

t   e  surface-elements  of  the  liquid  mass  be  all  regarded 
a    v-  t  compared  with  :is  of  tin 

o   ai  '  may  cut  off  from  the  mass  a  super! 

s  rat  urn  ;>h»-re  of 

a  tion  in  wl,  -ical 

c  nditions  from  those  in  convey 

a  particle  «/  in  t!  liquid  fi 

ti  >n  u  to   the   position/'  or   f,   the  physical  condition 
^O     tl.  ••!!  as  that   of    the    parti,  lei  v.  : 

tike  u  unchanged.     No  work  can 

b    done  in  ti  Work  can  be  done  only 

p  rticle  :  from  tin:  superficial  stratum  into 

tl       interior,  or,  from  the  interior  int-  :cial 

st  aturn.     That  is  to  say,  work  can  be  done  only  by  a 
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change  of  size  of  the  surface.  The  consideration  whether 
the  density  of  the  superficial  stratum  is  the  same  as 
that  of  the  interior,  or  whether  it  is  constant  through- 
out the  entire  thickness  of  the  stratum,  is  not  primarily 
essential.  As  will  readily  be  seen,  the  variation  of  the 
surface-area  is  equally  the  condition  oi  the  perform- 
ance of  work  when  the  liquid  mass  is  immersed  in  a 
second  liquid,  as  in  Plateau's  experiments. 
Diminution  We  now  inquire  whether  the  work  which  bv  the 

of  super-  .      . 

ficiai  area    transportation   of  particles  into  the  interior  effects  a 

due  to  posi- 

tive work.    diminution  of  the  surface-area  is  positive  or  negative, 
that   is,  whether  work   is   performed   or  work   is   ex- 
pended.     If  we  put  two  fluid  drops  in  contact,  they 
will  coalesce  of  their  own  accord  ; 
and   as   by  this    action   the    area 
of    the  surface  is    diminished,    it 
follows  that    the  work    that  pro- 
duces   a    diminution    of    superfi- 
c*al  area  in  a  liquid  mass  is  posi- 
tive.    Van  der  Mensbrugghe  has 

demonstrated  this  by  a  very  pretty  experiment.  A 
square  wire  frame  is  dipped  into  a  solution  of  soap  and 
water,  and  on  the  soap-film  formed  a  loop  of  moistened 
thread  is  placed.  If  the  film  within  the  loop  be  punc- 
tured, the  film  outside  the  loop  will  contract  till  the 
thread  bounds  a  circle  in  the  middle  of  the  liquid  sur- 
face. But  the  circle,  of  all  plane  figures  of  the  same 
circumference,  has  the  greatest  area  ;  consequently, 
the  liquid  film  has  contracted  to  a  minimum. 
Consequent  The  following  will  now  be  clear.  A  weightless 

condition        .        . 

of  liquid      liquid,  the  forces  acting  on  which  are  molecular  forces, 

equilibrium  .  .          .  . 

will  be  in  equilibrium  in  all  forms  in  which  a  system  ot 
virtual  displacements  produces  no  alteration  of  the 
liquid's  superficial  area.  But  all  infinitely  small  changes 


Fig.  201. 
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rm  may  be  regarded  as  virtual  which  the  liquid 
admits  without  alteration  of  its  volume.  Consequently, 
equilibrium  subsists  for  all  liquid  forms  for  which  an 
infinitely  small  deformation  produces  a  superficial  va- 
riation =  0.  For  a  given  volume  a  minimum  of  super- 
ficial area  gives  stable  equilibrium;  a  maximum  un- 
stable equilibrium. 

•:iong  all  solids  of  the  same  volume,  the  sphere 
the  least  superficial  area.      Hence,  the  form  \vhi.-h 
e  liquid  mass  will  assume,  the  form  of  stable  equi- 
ic  sphere.     For  this  form  a  maximum  of 
is  done  ;  for  it,  no  more  can  be  done      If  the 
heres  to  rigid  bodies,  the  form  ass  de- 

pendent on  various  collateral  condition  !»  render 

th<    problem  more  complicated. 

3.   The  connection  between  the  s/sf  and  the/orw  of  Modeofdc- 

th    liquid  surface  may  be  investigated  as  follows.    WeihTconnec- 

. 
:ne  the  closed  outer  sur-  and 

......  —  —  form  of  a 

•»<  e  of    t!  1  to  receive     sfflb  ^^//l   liliuidtur- 

wi  hout   alteration  of    the   li- 


"lurne     an      : 
Sli    ill  va:  .0  sets  of 

lally    p«-: 
of    :urvar 

nail  rectangular  ele- 
\t  the  angles 
sui  ace,  we  erect  normals  rface,  and  d« 

>  the  angles  of  the  corresponding  elements  of  the 

To  every  element  dO  of  the  orii: 
ice  there  now  corresponds  an  element  dO'  of  the 
ir  ed  s  ly  small  d  it,  6n, 

)i  v?th-  r«ls  or  in  ()  passes  into 

:  into  a  c  :   magnitude. 

^et  dp,  ,/</  be  the  sides  of  the  element  dO.   Foi 
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The  mathe-  sides  dp'    dq  of  the  element  dO'    then,  these  relations 

matical  de- 
velopment   obtain 
of  this 
method.  H 


dq'=dq\\  +  "-^}, 

where  *r  and  r  are  the  radii  of  curvature  of  the  princi- 
pal sections  touching  the  elements  of  the  lines  of  cur- 
vature/, q,  or  the  so-called  principal  radii  of  curva- 
ture.* The  radius  of  curvature  of  an  outwardly  convex 
element  is  reckoned  as  positive,  that  of  an  outwardly 
concave  element  as  negative,  in  the  usual  manner.  For 
the  variation  of  the  element  we  obtain,  accordingly, 


Neglecting  the  higher  powers  of  dn  we 
get 

/I         1  \ 

dn.dO. 


r        r 

The    variation    of    the    whole    surface, 
then,  is  expressed  by 

dn.dO 


Fig.  203. 


dO  = 


Furthermore,  the  normal  displacements 
must  be  so  chosen  that 

Cdn.dO  =  0 .    (2) 

that  is,  they  must  be  such  that  the  sum  of  the  spaces 
produced  by  the  outward  and  inward  displacements  of 

*  The  normal  at  any  point  of  a  surface  is  cut  by  normals  at  infinitely  neigh- 
boring points  that  lie  in  two  directions  on  the  surface  from  the  original  point, 
these  two  directions  being  at  right  angles  to  each  other ;  and  the  distances 
from  the  surface  at  which  these  normals  cut  are  the  two  principal,  or  extreme, 
radii  of  curvature  of  the  surface. — Trans. 
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the  superficial  elements  (in  the  latter  case  reckoned  as 
negative)  shall  be  equal  to  zero,  or  the  :•<>//////<•  remain 
constant. 

Accordingly,   expressions  (i)  and  (2)  can  he  put  A  condition 
simultaneously  =  0  only  if  i/r  -f  i/r  has  the  same  ralnc  the generai- 
for  all  points  of  the  surface.     This  will  be  readily  seenpres- 
from  the  following  consideration.     Let  the  elements  dep< 
dO  of  the  original  surface  be  symbolically  represented 
by  the  elements  of  the  line  AX  (Fig.  204)  and  let  the 
normal    displacements    dn    be   erected    as    ordinates 
thereon  in  the  plane  £,  the  outward  displacements  up- 
1s  as  positive  and  the  inward  displacements  down- 
wards  as    negat: 
Join  the  extremities  £ 

of  these  ordinates  so 
as  to  form  a  cuj 
an  ! 

re*  koning    the    sur- 

fa<  i  above  ^/A'as  positive  and  that  below  it  as  nega- 
ti\  .  For  all  systems  of  dn  for  which  this  quadra- 
tu;  •  <>,  the  expression  (2)  also  =  0,  and  all  I 

of  displacements  are  admissible,  that  is,  are 
vii  ual  di>placements. 

Now  let  us  erect  as  ordinates,  in  the  plane  £',  the 
val  ics  of  i/r-h  i   >'  tliat  belong  to  the  ele  ().  A 

ca-  •  may  be   easily  imagined  in  uhi(  h  tin-  expressions 
md  .  2    assume  coincidently  the  value  zero.   Should, 
Be"  ever,  ijr-\-  i//  have  ,////,/  different 

elei  jents,  it  will   always  be  possible  \\itlmut    alt- 
th-    zei  ^sion  (2),  so  to  disti 

the   displacements  <J«  that   the  «  shall  be 

I  ro.    Only  on  the  condition  that  i  /r  -{- 

has  thf  <e-  for  all  the  elements,  is  expres- 
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sion  (i)  necessarily  and   universally  equated   to   zero 

with  expression  (2). 

The  sum  Accordingly,  from  the  two  conditions  (i)  and  (2)  it 

Equilibrium  follows  that  1/r  -\-  l/r'=  const  ;  that  is  to  say,  the  sum 

must  be  .     ,  .          '  '  P     ,  ...          .  ..       . 

constant  for  of  the  reciprocal  values  of  the  principal  radii  of  curva- 

the  whole  ...       ,  ,      , 

surface.  ture,  or  of  the  radii  of  curvature  of  the  principal  nor- 
mal sections,  is,  in  the  case  of  equilibrium,  constant 
for  the  whole  surface.  By  this  theorem  the  dependence 
of  the  area  of  a  liquid  surface  on  its  superficial  form  is 
defined.  The  train  of  reasoning  here  pursued  was 
first  developed  by  GAUSS,*  in  a  much  fuller  and  more 
special  form.  It  is  not  difficult,  however,  to  present 
its  essential  points  in  the  foregoing  simple  manner. 

Application        4.   A  liquid  mass,  left  wholly  to  itself,  assumes,  as 

ol  this  gen-  . 

erai  condi-  we  have  seen,  the  spherical  iorm,  and  presents  an  ab- 

tion  to  .     .  . 

interrupted  solute  minimum  of  superficial  area.  The  equation 
ses.  3  1/r  -j-  1/r'  =  const  is  here  visibly  fulfilled  in  the  form 
Q.JR  =  const,  Jt  being  the  radius  of  the  sphere.  If  the 
free  surface  of  the  liquid  mass  be  bounded  by  two  solid 
circular  rings,  the  planes  of  which  are  parallel  to  each 
other  and  perpendicular  to  the  line  joining  their  mid- 
dle points,  the  surface  of  the  liquid  mass  will  assume 
the  form  of  a  surface  of  revolution.  The  nature  of  the 
meridian  curve  and  the  volume  of  the  enclosed  mass 
are  determined  by  the  radius  of  the  rings  ft,  by  the 
distance  between  the  circular  planes,  and  by  the  value 
of  the  expression  1/r  -j-  1/r'  for  the  surface  of  revolu- 
tion. When 


the  surface  of  revolution  becomes  a  cylindrical  surface. 
For  1/r  -f-  1/r'—  0,  where  one  normal  section  is  con- 

*  Principia   Generalia   Theoriee  Figurce  Fluidorum  in   Statu  sEquilibrii 
GOttingen,  1830  ;   IVerke,  Vol.  V,  29,  Gottingen,  1867. 
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md  the  other  concave,  the  meridian  curve  assumes 
the  form  of  the  catenary.  Plateau  visibly  demonstrated 
these  cases  by  pouring  oil  on  two  circular  rings  of  wire 

:  in  the  mixture  of  alcohol  and  water  above  men- 
tior. 

let  us  picture  to  ourselves  a  liquid  mass  Liquid  mas- 
bounded  by  surface-parts  for  which  the  expression  surfacesare 
1  r  4-  \/r'  has  a  positive  value,  and  by  other  partscaveand 

partly  con- 

for  which  the  same  expression  has  a  negative  value,  v« 
or,  more  bri-  and  cone 

faces.      It   will  be  readily  seen  that  any  displaces 
of  the  superficial  elements  outwards  along  the  normal 
will  produce  in  the  concave  parts  a  diminution  of 
superficial  area  and  in  the  convex  parts  an  increase. 
Cor  sequently,  work  i^  ave  surfaces 

mo  e  outwards  and  -urfaces  .  Work 

als<    is  performed  when  a  superficial  portion  mo 
out  vards  for  which    \fr  +  l/r'=  -f-  a,  while   simulta- 
nec  i  :<>r  which  1   r  -j- 

•1/r  >  a  mo\  <  ids. 

v.hen  tiiffcrfn:  irfaces   bound   a 

liqi   d  rdl  and 

the  concave  outwar<ls  till  the  condition  \/r  -f  l/r'  = 
Hilled  for  the  en:  iarlv.  when 

1    mass   1:  ice- 

par    ;,  bounded    by    ri^id  :he    value  of 

pre    ,ion  1   /    r    1   /  '  must,  for  the  state  of  e<iuilibriuni 
be  t  ie  same  for  all  free  portions  of  the  surface. 

]  or  exampl  ^pace  between  tin    two  circular  Eipcri 

ntal 

in  the  mixture  of  alcohol  and  water  abov<  uion 

ferr<   1  t<>.  be   hllcil   with   oil,  it   is  po-  uon«. 

rat   quantity  of  oil,   to  obtain  a  cylindi i<  al 

i'hcric  al  se^nu-Mts.      'l'li«- 
curv    tur  :,d  basal  will  at  < -«»i.l 
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ingly  fulfil  the  condition  l/R  -f-  l/oo  =  1/p  -f  1/p,   or 
p  =  2^?,  where  p  is  the  radius  of  the  sphere  and  R  that 
of  the  circular  rings.      Plateau  verified  this  conclusion 
by  experiment. 
Liquidmas-        5.    Let  us  now  study  a  weightless  liquid  mass  which 

ses  enclos-  . 

ing  a  hoi-    encloses  a  hollow  space.   The  condition  that  1/r -4-  1/r 

low  space.  -  - 

shall  have  the  same  value  tor  the  interior  and  exterior 
surfaces,  is  here  not  realisable.  On  the  contrary,  as 
this  sum  has  always  a  greater  positive  value  for  the 
closed  exterior  surface  than  for  the  closed  interior  sur- 
face, the  liquid  will  perform  work,  and,  flowing  from 
the  outer  to  the  inner  surface,  cause  the  hollow  space 
to  disappear.  If,  however,  the  hollow  space  be  occu- 
pied by  a  fluid  or  gaseous  substance  subjected  to  a  de- 
terminate pressure,  the  work  done  in  the  last-men- 
tioned process  can  be  counteracted  by  the  work  ex- 
pended to  produce  the  compression,  and  thus  equilib- 
rium may  be  produced. 

The  me-  Let  us  picture  to  ourselves  a  liquid  mass  confined 

properties   between   two   similar   and   similarly  situated  surfaces 

of  bubbles.  J  . 

very  near  each  other.      A  bubble  is  such 
a  system.    Its  primary  condition  of  equi- 
librium is  the   exertion  of  an  excess  of 
pressure  by   the  inclosed    gaseous    con- 
tents.     If   the  sum    1/r  -f-  1/r'   has   the 
value  -f-  a  for  the  exterior  surface,  it  will 
have  for  the  interior  surface  very  nearly 
the  value  —  a.     A  bubble,  left  wholly  to  itself,  will  al- 
ways assume  the  spherical  form.     If  we  conceive  such 
a  spherical  bubble,  the  thickness  of  which  we  neglect, 
the   total    diminution   of   its   superficial   area,    on   the 
shortening  of  the  radius  r  by  dr,  will  be  ibrndr.     If, 
therefore,    in   the  diminution  of  the   surface   by   unit 
of  area  the  work  A  is  performed,  then  A .  i6r?rJr  will 
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be  the  total  amount  of  work  to  be  compensated  for 
by  the  work  of  compression  /.  4  r-xJr  expended  by 
the  pressure  /  on  the  inclosed  contents.  From  this 
follows  4.7  /•  — /  ;  from  which  .7  may  be  easily  calcu- 
lated if  the  measure  of  r  is  obtain  >uiul  by 
ins  of  a  manometer  introduced  in  the  bubble. 

*herical  bubble   cannot   subsist.       If   an  <• 

.  ,      bubbles. 

open  bubble  is  to  become  a  figure  of  equilibrium,  the 

I  / •  4-  1   r'  must  not  only  be  constant  for  each  of 
wo  bounding  surfaces,  but  must  also  be  equal  for 

to   the  opposite  curvaturrs  of   the  sur- 
\/r  -{-  1/r'  =  0.     Consequently,  r  =  —  r' 

II  points.     Such  a  surface  is  called  a  minimal  sur- 
;    face  ;  tl  has  the  smallest  area  co:  vith 
,    its  :ontaining  certain  closed  contours     It  is  aK<>  a 

fac  j  of  zero-sum  of  principal  cu:  I  ele- 

me  its,  as  we  readily  see,  are  saddle-shaped.     Surfaces 

E  of    iis  kind  are  obtained  by  const:  >ace- 

jcur  -es  of  wire  and  dipping  t!  into  a  solution  of 

so.i  )  and  water.*     The  soap-tiln  own 

ac<   >rd  the  form  of  the  c  ntioned. 

;    i.   Li(piid   figures  of  equilibrium,  made  up  of   thin  Plateau1* 
filn  >,  possess  a  peculiar  property.     The  work  of   th« 
:  ass  of  a  li«j 

tha     of   the   molecular   f 

fie:   1  film.     <  ic  forces  of  ^: 

ity  in    thin    tilu  lolecular 

fon  ;s  come  into  vt-i  tble  conditi  it  is 

p«     ible  to  produce  th«  tion   wit! 

ulty  in  t  i   by 

,tml 
Wat  ;uid  films  are  tin: 


.1  surface,  u . 
'•<>bUm. —  T>  • 
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one  another  at  the  edges  of  the  framework.  When 
thin  plane  films  are  so  joined  that  they  meet  at  a  hol- 
low edge,  the  law  l/r  -f-  1/r'  =  const  no  longer  holds 
for  the  liquid  surface,  as  this  sum  has  the  value  zero 
for  plane  surfaces  and  for  the  hollow  edge  a  very  large 
negative  value.  Conformably,  therefore,  to  the  views 
above  reached,  the  liquid  should  run  out  of  the  films, 
the  thickness  of  which  would  constantly  decrease,  and 
escape  at  the  edges.  This  is,  in  fact,  what  happens. 
But  when  the  thickness  of  the  films  has  decreased  to  a 
certain  point,  then,  for  physical  reasons,  which  are,  as 
it  appears,  not  yet  perfectly  known,  a  state  of  equilib- 
rium is  effected. 

Yet,  notwithstanding  the  fact  that  the  fundamental 
equation  \/r-\-\/r'  =  const  is  not  fulfilled  in  these  fig- 
ures, because  very  thin  liquid  films,  especially  films  of 
viscous  liquids,  present  physical  conditions  somewhat 
different  from  those  on  which  our  original  suppositions 
were  based,  these  figures  present,  nevertheless,  in  all 
cases  a  minimum  of  superficial  area.  The  liquid  films, 
connected  with  the  wire  edges  and  with  one  another, 
always  meet  at  the  edges  by  threes  at  approximately 
equal  angles  of  120°,  and  by  fours  in  corners  at  approxi- 
mately equal  angles.  And  it  is  geometrically  demon- 
strable that  these  relations  correspond  to  a  minimum 
of  superficial  area.  In  the  great  diversity  of  phenom- 
ena here  discussed  but  one  fact  is  expressed,  namely 
that  the  molecular  forces  do  work,  positive  work,  when 
the  superficial  area  is  diminished. 

The  reason         7-   The  figures  of  equilibrium  which   Plateau  ob- 
equiSbTfum  tained   by  dipping   wire   polyhedrons   in   solutions  of 
metrical,      soap,   form  systems  of   liquid  films    presenting  a  re- 
markable symmetry.      The  question  accordingly  forces 
itself  upon  us,  What  has  equilibrium  to  do  with  sym- 
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metry  and  regularity  ?  The  explanation  is  obvious. 
In  every  symmetrical  system  every  deformation  that 
tends  to  destroy  the  symmetry  is  complemented  by  an 
equal  and  opposite  deformation  that  tends  to  restore  it. 
In  each  deformation  positive  or  negative  work  is  done. 
One  condition,  therefore,  though  not  an  absolutely 
sufficient  one,  that  a  maximum  or  minimum  of  work 
corresponds  to  the  form  of  equilibrium,  is  thus  sup- 
plied by  symmetry.  Regularity  is  successive  sym: 
try.  There  is  no  reason,  therefore,  to  be  astonished 
that  the  forms  of  equilibrium  are  often  symmetrical 
and  regular. 

8.   The  science  of  mathematical  hydrostatics  arose  The  figure 
in  connection  with  a  special  problem — that  of  the  figure 


of  t  e  earth.  Physical  and  astronomical  data  had  led 
Ne\  ton  and  Huygens  to  the  view  that  the  earth  is  an 
obi.  :e  ellipsoid  of  revolution.  N  1  to 

cal<    late   this  oblateness  by  conceiving  the 
eart     as  a  fluid  mass,  and  assuming  that  all  fluid  fila- 
mei    s  drawn   from   the  surface  t<>  i  the 

san     pressure  on  the  centre.      II  assumption 

was    hat  the  directions  of  the  forces  are  perpendicular 
to  t!   .-  superficial  elements.      BOUGUKK  combined  1 
ass  11  options.     C  ,  finally  (Th< 

de  la  terre,  Paris,  1743),  pointed  out  that  the  fulfill; 
of  /'        conditioi.  not  assure  the  subsi 

•li  .hrinm. 
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Clairaut's 
point  of 
view. 


Conditions 
of  equilib- 
rium of 
Clairaut's 
canals. 


Clairaut's  starting-point  is  this.  If  the  fluid  earth 
is  in  equilibrium,  we  may,  without  disturbing  its  equi- 
librium, imagine  any  portion  of  it  solidified.  Accord- 
ingly, let  all  of  it  be  solidified  but  a  canal  AB>  of  any 
form.  The  liquid  in  this  canal  must  also  be  in  equilib- 
rium. But  now  the  conditions  which  control  equilib- 
rium are  more  easily  investigated.  If  equilibrium  exists 
in  every  imaginable  canal  of  this  kind,  then  the  entire 
mass  will  be  in  equilibrium.  Incidentally  Clairaut  re- 
marks, that  the  Newtonian  assumption  is  realised  when 
the  canal  passes  through  the  centre  (illustrated  in  Fig. 
206,  cut  2),  and  the  Huygenian  when  the  canal  passes 
along  the  surface  (Fig.  206,  cut  3). 

But  the  kernel  of  the  problem,  according  to  Clai- 
raut, lies  in  a  different  view.  In  all  imaginable  canals, 

Z 


Fig.  207.  Fig.  208. 

even  in  one  which  returns  into  itself,  the  fluid  must  be 
in  equilibrium.  Hence,  if  cross-sections  be  made  at 
any  two  points  M  and  N  of  the  canal  of  Fig.  207,  the 
two  fluid  columns  MPN  and  MQN  must  exert  on  the 
surfaces  of  section  at  M  and  N  equal  pressures.  The 
terminal  pressure  of  a  fluid  column  of  any  such  canal 
cannot,  therefore,  depend  on  the  length  and  the  form 
of  the  fluid  column,  but  must  depend  solely  on  the  po- 
sition of  its  terminal  points. 

Imagine  in  the  fluid  in  question  a  canal  MN  of  any 
form  (Fig.  208)  referred  to  a  system  of  rectangular  co- 
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ordinates.      Let  the  fluid  have  the  constant  density  /oMathemat- 
and  let  the  force-components  A'.    )",  Z  acting  on  unit  of  sionof 
^  of  the  fluid  in  the  coordinate  directions,  be  func- ditions.  and 

f     i  i-  r      i   •  i       the  conse- 

tions  of  the  coordmat  :  of  this  mass.      Let   the  quern  gen- 

element  of  length  of  the  canal  be  called  ds>  and  let  its  tjon  of 

»vi       t  liquid  equi- 

projections  on  the  axes  be  0jr,  1  he  force-corn- 

ponents  acting  on  unit  of  mass  in  the  direction  of  the 
canal  are  then  X(dxjds\  Y(dy/ds),   Z(dz/ds}.      > 
q  be  the  cross-section  ;  then,  the  total  force  impelling 
the  element  of  mass  pqds  in  the  direction 

dx 
ds 

must  be  balanced  by  the  increment  of  pres- 
sure through  the  element  of  length,  and  consequently 
mu  t  be  put  e-jual  to  ,/  .  ,:\  \\'e  obtain,  accordingly, 
dp  -  p  (Xdx  -h  Ydy  -f  /  <  nee  of  pres- 

sur    (/)  '1  jVis  found 

by   itegrating  this  expression  from  AflQ  A 
diff  rence  is  not  dependent  on  the  form  of  the  c 
bui  solely  on  the  position  of  t  nities  M  and  Nt 

it  f  Hows  th  -h  Zdz\  or,  thfe  den 

bei  g  constant,  Xdx  -f-  Ydy  -}-  Zd*t  \  a  com- 

ple  2  differential.      For  this  it  is  necessary  that 

..    to  . 

wh«   e  U  is  a  function  of  coordinates.  According 

to  (.  'airaut,  the  ^  ndition  of  liquid  tquili 

Wko'   the  liquid  be  controlled  by  forces  which  can  be  ex- 

fd  as  //':  7  differential  coefficients  of 

the    / 

NTewtonian  forces  of  L  n  fact  all 

>rces, — forces  that  masses  exert  in  the  direc- 
tion   of  their  lines  of  junction  and  which  arc  functions 
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character  of  the  distances  between  these  masses,  —  possess  this 
forces.  property.  Under  the  action  of  forces  of  this  character 
produce6  10  the  equilibrium  of  fluids  is  possible.  If  we  know  U, 

equilibrium  ,  ..        _  .         , 

we  may  replace  the  first  equation  by 

IdU  .      .   dU        .   dU 


or 

dp  =  pdU  'and  /  =  pU~\-  const. 

The  totality  of  all  the  points  for  which  U=  const 
is  a  surface,  a  so-called  level  surface.  For  this  surface 
s\sop  =  const.  As  all  the  force-relations,  and,  as  we 
now  see,  all  the  pressure-relations,  are  determined  by 
the  nature  of  the  function  U,  the  pressure-relations, 
accordingly,  supply  a  diagram  of  the  force-relations, 
as  was  before  remarked  in  page  98. 

ciairaut's  In  the  theory  of  Clairaut,  here  presented,  is  con- 
germpf  the  tained,  beyond  all  doubt,  the  idea  that  underlies  the 
potential,  doctrine  of  force-function  or  potential,  which  was  after- 
wards developed  with  such  splendid  results  by  La- 
place, Poisson,  Green,  Gauss,  and  others.  As  soon 
as  our  attention  has  been  directed  to  this  property  of 
certain  forces,  namely,  that  they  can  be  expressed  as 
derivatives  of  the  same  function  U,  it  is  at  once  recog- 
nised as  a  highly  convenient  and  economical  course  to 
investigate  in  the  place  of  the  forces  themselves  the 
function  U. 

If  the  equation 

dp  =  p  (Xdx  +  Ydy  +  Zdz]  =  pdU 

be  examined,  it  will  be  seen  that  Xdx-\-  Ydy  -f  Zdz 
is  the  element  of  the  work  performed  by  the  forces  on 
unit  of  mass  of  the  fluid  in  the  displacement  ds,  whose 
projections  are  dx,  dy,  dz.  Consequently,  if  we  trans- 
port unit  mass  from  a  point  for  which  £/=  Cl  to  an- 
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other  point,   indifferently  chosen,   for  which  I '  =  C2 ,  character- 
or,   more  generally,   from   the  surface  f/=C^  to  the  fprce-func- 
surface  (/=  C2,  we  perform,  no  matter  by  what  path 
the  conveyance  has  been  effected,  the  same  amount  of 
work.      All  the  points  of  the  first  surface  present,  with 
respect  to  those  of  the  second,  the  same  difference  of 
pressure ;  the  relation  always  being  such,  that 

A-/,  =P(Ct-cl\ 

where  the  quantities  designated  by  the  same  indices 
ng  to  the  same  surface. 

10.   Let  us  picture  to  ourselves  a  group  of  such  character 

11  t     u-  i_  sof 

adjacent  surfaces,  of  which  every  two  sue-  u-ve-1.  or 

cessive  ones  differ  from  each  other  by  «-rySS!iur*n 

sm  ill,  amount  of  work  required  to  transfer  a  mass  from 
on-;  to  the  other;  in  other  words,  imagine  i  tees 

U  =  Ct  U=C+dCt  C/=C+*</C,  and  so  forth. 

A  mass  moving  on  a  level  surface  evidently  per- 
foi  us  no  work.     Hence,  every  component  force  in  a 
di:  action  tangential  to  the 
su  face  is  =  0;  and  the 
re<  tion    of     the    resultant 
fo,  te\  PC  normal 

to  he  surf  ace.  If  we  call //// 
th    element  of  the  normal 

•  <1     lu-tv. 

co   s«  iiidy 

th-    force  rccjuisite  to  con- 
unit      111.: 

on     surface  to   t  r 

thi  nigh  this  element,  the 

As  f/Cis  by  hypothes 

wh  ic  constant,  the  force  /=</C/////  pro- 

po  tional  to  the  distance  between  the  surfaces  consid- 
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ered.  If,  therefore,  the  surfaces  U  are  known,  the 
directions  of  the  forces  are  given  by  the  elements  of  a 
system  of  curves  everywhere  at  right  angles  to  these 
surfaces,  and  the  inverse  distances  between  the  sur- 
faces measure  the  magnitude  of  the  forces.  *  These  sur- 
faces and  curves  also  confront  us  in  the  other  depart- 
ments of  physics.  We  meet  them  as  equipotential 
surfaces  and  lines  of  force  in  electrostatics  and  mag- 
netism, as  isothermal  surfaces  and  lines  of  flow  in  the 
theory  of  the  conduction  of  heat,  and  as  equipotential 
surfaces  and  lines  of  flow  in  the  treatment  of  electrical 
and  liquid  currents. 

illustration        ii.  We  will  now  illustrate  the  fundamental  idea  of 
raut'sdoc-  Clairaut's  doctrine  by  another,  very  simple  example. 

trine  by  a  . . 

simple  Imagine  two  mutually  perpendicular  planes  to  cut  the 
paper  at  right  angles  in  the  straight  lines  OX  and  OY 
(Fig.  210).  We  assume  that  a  force-function  exists 
(7=  —  xy,  where  x  andjy  are  the  distances  from  the 
two  planes.  The  force-components  parallel  to  OX  and 
O Fare  then  respectively 


=  -r-  =—y 

dx 


and 

Y  =  dy 


*  The  same  conclusion  may  be  reached  as  follows.  Imagine  a  water  pipe 
laid  from  New  York  to  Key  West,  with  its  ends  turning  up  vertically,  and  of 
glass.  Let  a  quantity  of  water  be  poured  into  it,  and  when  equilibrium  is 
attained,  let  its  height  be  marked  on  the  glass  at  both  ends.  These  two  marks 
will  be  on  one  level  surface.  Now  pour  in  a  little  more  water  and  again  mark 
the  heights  at  both  ends.  The  additional  water  in  New  York  balances  the 
additional  water  in  Key  West.  The  gravities  of  the  two  are  equal.  But  their 
quantities  are  proportional  to  the  vertical  distances  between  the  marks. 
Hence,  the  force  of  gravity  on  a  fixed  quantity  of  water  is  inversely  as  those 
vertical  distances,  that  is,  inversely  as  the  distances  between  consecutive 
level  surfaces.—  Trans. 
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The  level  surfaces  are  cylindrical  surfaces,  whose 
generating  lines  are  at  right  angles  to  the  plane  of  the 
paper,    and   whose  directrices,    xy  =  const,   are   equi- 
lateral hyperbolas.     The  lines  of  force  are  obtained  by 
turning  the  first  mentioned  system  of  curves  through 
an  angle  of  45 D  in  the  plane  of  the  paper  about  O.      If 
a  unit  of  mass  pass 
from  the  point  r  to  O 
by  the  route  rpO,  or 
rqO,  or  by  any  other 
route,  the  work  done 
is  always  Op  X  Oq. 
If     we     imagine     a 
closed  canal  OprqO 
filled  with  a  liquid. 
tl  e  liquid  in  the  ca- 
n  1  will  be  in  equi- 
li  >rium.  If  transverse 
s<  :tions  be  made  at 
a  y  two  points,  each 
s«  ztion   will    sustain    at    both    its   surfaces    the   same 
p  ess 

We  will  now  modify  the  example  slightly.    Lt-t  tl  - 
•  I  . 

f(  rces  be  X  =  — y,  Y=  —  a,  where  a  has  a  constant  eum; 

v  lue.    T  sow  no  function  £/so  constiti. 

\\\tX=dU  for  in  such  a  cas 

\\ml-  ssary  that  dXjdy  -=.dY  ob- 

v  nisly  not  true.    There  is  therefore  no  force-function, 
ai  d  consequently  no  level  surfaces.      If  unit  of  m 
b«  transported  from  r  to  O  by  the  way  of 
d«  ne  is  a  X  Oq.     If  the  transportation  be  effected  by 
tl     route  /•</(>,  the  work  done  is  a  X  Oq  -f-  Op  X  Oq. 
(li  :ae  canal  OprqO  were  filled  with  a  liquid,  the  liquid 
cc  uld  not  be  in  equilibrium,  but  would  be  forced  to 
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rotate  constantly  in  the  direction  OprqO.  Currents  of 
this  character,  which  revert  into  themselves  but  con- 
tinue their  motion  indefinitely,  strike  us  as  something 
quite  foreign  to  our  experience.  Our  attention,  how- 
ever, is  directed  by  this  to  an  important  property  of 
the  forces  of  nature,  to  the  property,  namely,  that  the 
work  of  such  forces  may  be  expressed  as  a  function  of 
coordinates.  Whenever  exceptions  to  this  principle 
are  observed,  we  are  disposed  to  regard  them  as  appa- 
rent, and  seek  to  clear  up  the  difficulties  involved. 
Torriceiii's  i2.  We  shall  now  examine  a  few  problems  of  liquid 

researches 

on  the  veio-  motion.  The  founder  of  the  theory  of  hydrodynamics  is 
quid  efflux.  TORRICELLI.  Torricclli,*  by  observations  on  liquids  dis- 
charged through  orifices  in  the  bottom  of  vessels,  dis- 
covered the  following  law.  If  the  time  occupied  in  the 
complete  discharge  of  a  vessel  be  divided  into  n  equal 
intervals,  and  the  quantity  discharged  in  the  last,  the 
#th,  interval  be  taken  as  the  unit,  there  will  be  dis- 
charged in  the  (n—  l)th,  the  (n — 2)th,  the(«  —  3)th 

interval,  respectively,  the  quantities  3,  5,  7  ....  and 
so  forth.  An  analogy  between  the  motion  of  falling 
bodies  and  the  motion  of  liquids  is  thus  clearly  sug- 
gested. Further,  the  perception  is  an  immediate  one, 
that  the  most  curious  consequences  would  ensue  if  the 
liquid,  by  its  reversed  velocity  of  efflux,  could  rise 
higher  than  its  original  level.  Torricelli  remarked, 
in  fact,  that  it  can  rise  at  the  utmost  to  this  height, 
and  assumed  that  it  would  rise  exactly  as  high  if  all 
resistances  could  be  removed.  Hence,  neglecting  all 
resistances,  the  velocity  of  efflux,  v,  of  a  liquid  dis- 
charged through  an  orifice  in  the  bottom  of  a  vessel  is 
connected  with  the  height  h  of  the  surface  of  the  liquid 
by  the  equation  v  =  1/2 gh  ;  that  is  to  say,  the  velocity 

*  De  Motu  Gravium  Frojectorvm,  1643. 
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of  efflux  is  the  final  velocity  of  a  body  freely  falling 
through  the  height  //,  or  liquid-head  ;  for  only  with 
this  velocity  can  the  liquid  just  rise  again  to  the  sur- 
face.* 

Torricelli's  theorem  consorts  excellentlv  with  the  v 

deduction 

rest  of  our  knowledge  of  natural  processes;    but  weof the\«-io- 
feel,  nevertheless,  the  need  of  a  more  exact  insight,  efflux. 
VARIGNON  attempted  to  deduce  the  principle  from  tin- 
relation  between  force  and  the  momentum  generated  by 
force.     The  familiar  equation  //  =  mr  gives,  if  by  a 
we  designate  the  area  of  the  basal  orifice,  l> 
pressure-head  of  the  liquid,  by  .>  ific  gravity, 

the  acceleration  of  a  freely  falling  body,  by  ;•  th< 
velDcity  of  efflux,  and  by  r  a  small  interval  of  time, 
thi  j  result 

aAs.T  =  -     -  .  r  or  p*  = 

Ht  re  ahs  represents  the  pressure  acting  during 

tin  e  T  on  the  liquid  mass  tr  rrs/g.    Rt :  :ng  that 

p  i    a  final  velocity,  we  get,  more  exactly, 


an    thence  tin  formula 

-  *g*. 

13.    1  \ori. 1. 1  investigated  the  motions  of 

flu:  Is  by  tin-  principle  of  We  w'll  now  treat 

th'    pn-i  •  this  point  of  view,  only  ren- 

der n^  t:  nore  modern.    The  equation  which  we 

em  >'.  =wz>a/2.      I  M-l  of  transverse  sec- 

tioi    q  (Fig.   2ii),  into  which  a  liquid   of  the  specific 

*  rhe  early  inquirers  deduce  iheir  proposition*  in  the  incomplete  form  of 
prop  rtions,  and  therefore  usually  put  v  proportional  to  I  /  k 
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Daniel  Ber-  gravity  s  is  poured  till  the  head  h  is  reached,  the  surface 
treatment    sinks,  say,  the  small  distance  dh,  and  the  liquid  mass 
problem,     q .  dh  .  s/g  is  discharged  with  the  velocity  v.   The  work 
done  is  the  same  as  though  the  weight  q .  dh .  s  had 
descended  the  distance  h.     The  path  of  the  motion  in 
the  vessel  is  not  of  consequence  here.     It  makes  no 
difference  whether  the  stratum  Q  .  dh 
is    discharged 

basal   orifice,    or    passes,    say,    to    a 
position   a,   while   the  liquid    at  a  is 
displaced  to  b,  that  at  b  displaced  to 
c,  and  that  at  c  discharged.    The  work 
done    is    in    each     case    q  .  dh  .  s  .  h. 
Equating  this  work  to  the  vis  viva  of  the  discharged 
liquid,  we  get 

q  .  dh  .  s  VT 


dh 


stratum  q 
directly   through    the 
passes,    say,    to 


Fig.  211. 


q  .  dh  .  s  .  h  = 


T'or 


The  sole  assumption  of  this  argument  is  that  all 
the  work  done  in  the  vessel  appears  as  vis  viva  in  the 
liquid  discharged,  that  is  to  say,  that  the  velocities 
within  the  vessel  and  the  work  spent  in  overcoming 
friction  therein  may  be  neglected.  This  assumption  is 
not  very  far  from  the  truth  if  vessels  of  sufficient  width 
are  employed,  and  no  violent  rotatory  motion  is  set  up. 
The  law  of  Let  us  neglect  the  gravity  of  the  liquid  in  the  ves- 

liquid  efflux        ,  ,.  .  •       1         j     j     i  11  •- 

when  pro-    sel,   and  imagine  it  loaded  by  a  movable  piston,  on 

thecpres^     whose  surface-unit  the  pressure  /  falls.      If  the  piston 

pistons.       be  displaced   a  distance  dh,  the  liquid  volume  q .  dh 

will  be  discharged.    Denoting  the  density  of  the  liquid 

by  p  and  its  velocity  by  v,  we  then  shall  have 


q  .  p  .  dh  =  q  .  dh  .  p  -       or  v  = 
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Wherefore,  under  the  same  pressure,  different  liquids 
arc  discharged  with  velocities  inversely  proportional  to 
the  square  root  of  their  density.  It  is  generally  sup 
1  that  this  theorem  is  directly  applicable  to  gases. 
Its  form,  indeed,  is  correct ;  but  the  deduction  fre- 
quently employed  involves  an  error,  which  we  shall 
now  expose. 

14.   Two  vessels  (Fig.  212)  of  equal  cross-  sect  ions  The  aPPH- 
are  placed  s:  le  and  connected  with  each  other  iiu<  last  re- 

-mall  aperture  in  the  base  of  their  dividing  -wof 

he  velocity  of  How  through  this  aperture  we  ob-8" 
tain,  under  the  same  suppositions  as  before, 


q.dh.  s(hl~  h2)  =  q-^  I    _\       ,—//,). 

It   w<-  neglect  the  gravity  of  the  liquid  and  imagine 
th  •  i  :  /j  and  /a  produced  by  pisto:  i.all 

sii  li!  I  ...   For  example,  if  the 

pi  tons  employed  be  loaded  with  the  weights  P  ami 
il  sink   the  distance  h  and  />/2. 
listance  //.      1  k  (P/2)h  is  thus  left, 

to  generate  tin  I  I       •  ttluent  fluid. 

A  n-  h  circumstances  would  behave  dif-Thebehav. 

fei  mtly.     Supposing  the  gas  to  flow  from  the  vessel m  under 
co  itaining  the  load  /'into  that  contain-  turned  con- 

the  load  r  .vei-ht  will       *" 


a  distance  //,  the  second,  however, 
sii  :e  under  half  tin-  pressure  a  gasdou- 
olume,  will  rise  a  distance  2//, 
so  that  the  work  Ph  —  (/*/2)  2^  =  0 
lire  ild  !»«•  ., -d.      In  the  case  of 

//(// 

i>roduce  the  flow  between  the  vessels 
mi:  i  be  performed  .ork  the  gas  itself 

by  ;xpanding,  and  by  overcoming  by  its  for c€  of  expan- 
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The  result  sion  a.  pressure.   The  expansive  force/  and  the  volume 

the  same  in  .  ,          .        , 

form  but     w  of  a  gas  stand  to  each  other  in  the  familiar  relation 

different  in  ,  . 

magnitude,  p  w  =  k,  where  k,  so  long  as  the  temperature  of  the 
gas  remains  unchanged,  is  a  constant.  Supposing  the 
volume  of  the  gas  to  expand  under  the  pressure  /  by 
an  amount  dw,  the  work  done  is 


For  an  expansion  from  WQ  to  w,  or  for  an  increase  of 
pressure  from  pQ  to  /,  we  get  for  the  work 


k  log  1  — )  =  ^log 

Conceiving  by  this  work   a  volume  of  gas  WQ  of 
density  p,  moved  with  the  velocity  v,  we  obtain 

72Alo 


The  velocity  of  efflux  is,  accordingly,  in  this  case  also 
inversely  proportional  to  the  square  root  of  the  density; 
Its  magnitude,  however,  is  not  the  same  as  in  the  case 
of  a  liquid. 

incom-  But  even  this  last  view  is  very  defective.      Rapid 

changes  of  the  volumes  of  gases  are  always  accom- 
panied with  changes  of  temperature,  and,  consequently 
also  with  changes  of  expansive  force.  For  this  reason, 
questions  concerning  the  motion  of  gases  cannot  be 
dealt  with  as  questions  of  pure  mechanics,  but  always 
involve  questions  of  heat.  [Nor  can  even  a  thermo- 
dynamical  treatment  always  suffice  :  it  is  sometimes 
necessary  to  go  back  to  the  consideration  of  molecular 
motions.] 

15.   The  knowledge  that  a  compressed  gas  contains 
stored-up  work,  naturally  suggests  the  inquiry,  whether 
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this  is  not  also  true  of  compressed  liquids.     As  a  mat-  Relative 

,  ,  i-        •  i  ,    volumes  of 

ter  of  fact,  every  liquid  under  pressure  ts  compressed,  compressed 

,  .    .  gases  and 

To  effect  compression  work  is  requisite,  which  reap-  fiquids. 
pears  the  moment  the  liquid  expands.  But  this  work, 
in  the  case  of  the  mobile  liquids,  is  very  small.  Imag- 
ine, in  Fig.  213,  a  gas  and  a  mobile  liquid  of  the  same 
volume,  measured  by  OA,  subjected  to  the  same  pres- 
sure, a  pressure  of  one  atmosphere,  designated  by  .-//>. 
If  the  pressure  be  reduced  to  one-half  an  atmosphere, 
the  volume  of  the  gas  will  be  doubled,  while  that  of 
the  liquid  will  be  increased  by  only  about  25  millionths. 
The  expa  >rk  of  the  gas  is  represented  by  the 

surface  ABDC,  that  of  the  liquid  by.AfiLK,   \si. 


Pi*.  213 

A.  '=0-00002 5 OA.      If  the  decrease  till   it 

be  omezero,  the  total  work  of  the  liquid  is  represented 
by  the  surface  ABf,  where  A/  =  O'OOoo$OA,  and  the 
to'  il  work  of  the  gas  by  the  surface  contained 

the  in1  li^ht   line  ACEG and  the 

hyperbola    branch    BDFIf  .  .  .  .      O< 
th<  'efort  ork  of  expansion  of  liquids  may  be 

ne  lected.  There  are  however  phenomena,  for  ex- 
an  >le,  the  soniferous  vibrations  of  liquids,  in  which 
wo  k  of  this  very  order  p!  incipal  part.  In  I 

ca^  is,  the  changes  of  temperature  the  liquids  undergo 
mu  f  also  be  considered.     We  thus  see  that  it  is  only 
by     lortunate  concatenation  of  circumstances  that 
are  at  liberty  to  consider  a  phenomenon  with  any  close 
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approximation  to  the  truth  as  a  mere  matter  of  molar 
mechanics. 
The  hydro-         1 6.   We  now  come  to  the  idea  which  DANIEL  BER- 

dynamic  . 

principle     NOULLi  sought  to  apply  in  his  work  Hydrodynamica,  sive 
Bernoulli,    de    Viribus  et  Motibus  Fluidorum    Commentarii  (1738). 
When  a  liquid  sinks,  the  space  through  which  its  cen- 
tre of  gravity  actually  descends  (descensus  actuates)  is 
equal  to  the  space  through  which  the  centre  of  gravity 
of  the  separated  parts  affected  with  the  velocities  ac- 
quired in  the  fall  can  ascend  (as  census  potentialis}.   This 
idea,  we  see  at  once,  is  identical  with  that  employed 
by  Huygens.      Imagine  a  vessel  filled  with  a  liquid 
(Fig.  214)  ;  and  let  its  horizontal  cross- 
section  at  the  distance  x  from  the  plane 
of  the  basal  orifice,  be  called  f(x).     Let 
the  liquid  move  and  its  surface  descend 
a  distance  dx.     The  centre  of  gravity, 
then,  descends  the  distance  xf(x)  .  dx/M, 
where  M—  Cf(x)  dx.    If  k  is  the  space  of 
potential  ascent  of  the  liquid  in  a  cross- 
section  equal  to  unity,  the  space  of  po- 
tential ascent  in  the  cross-section  f(x}  will  be&/f(x)2, 
and    the  space   of  potential  ascent  of  the   centre  of 
gravity  will  be 

dx 

7^\          tf 
=  k-r*-> 


M  M 

where 

N=  l^L 


For  the  displacement  of  the  liquid's  surface  through  a 
distance  dx,  we  get,  by  the  principle  assumed,  both 
N  and  k  changing,  the  equation 

—  xf(x)  dx  =  Ndk  +  kdN, 
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This  equation  was  employed  by  Bernoulli  in  the  solu-  The  parai- 
tion  of  various  problems.      It  will  be  easily  seen,  thatstr.ua. 
Bernoulli's   principle   can  be  employed   with   success 
when   the  relative  velocities  of  the  single  parts  of 
the  liquid  are  known.    Bernoulli  assumes, — an  assump- 
tion apparent  in  the  formulae, — that  all  particles  once 
situated  in  a  horizontal  plane,  continue  their  motion 
in  a  horizontal  plane,  and  that  the  velocities  in  the 
different  horizontal  planes  are  to  each  other  in  the  in- 

ratio  of  the  sections  of  the  planes.     This  is 
assumption  of  the  parallelism  of  strata.      It  does  not,  in 
many  cases,  agree  with   the  facts,  and   in  others   its 
agreement  is  incidental.   When  the  vessel  as  compa 
with  the  orifice  of  efflux  .  no  assumption 

concerning  the  motions  within  the  vessel  is  necess. 
as  we  saw  in  the  development  of  Torricelli's  theorem. 

17.    A   few  isolated  cases  of  liquid  motion  were  Th«  water- 
tn  ited  ON  and  JOHN  Bi  i.     We  shall  of  N< 

co  si  :c  one    t  h    a 

fai  liliar   law   is   directly  applic- 
ab  2.    A  cylindrical  U-tube  with 
I  filled  with 
Fig.  215).     The  length 
of    1  liquid  column  i 

If    n  one  of   the    branches 

:<>rced   a  distanc* 
w   the   I-  column    in 

the    other   branch   will  rise  the  distance  *,   and 

e  of  level  corresponding  to  the  excursion  x 
wil  be  2.r.  If  a  is  the  transverse  section  of  the  tube 
anc  s  the  liquid's  specific  gi  ie  force  brought 

int-   pla\  he  excursion  x  is  made,  will  be  2  <> 

wh      ,,  since  it  must  move  a  mass  als/gvf\\\  determine 
the  Acceleration  (2  asx)/(afs/g)  =  (a^//)  x,  or,  for  unit 


Fin.  115. 
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excursion,    the  acceleration  2g//.     We  perceive  thai 
pendulum  vibrations  of  the  duration 

T=7t       \T 


will  take  place.  The  liquid  column,  accordingly,  vi- 
brates the  same  as  a  simple  pendulum  of  half  the  length 
of  the  column. 

The  liquid         A  similar,  but  somewhat  more  general,  problem  was 
of  John       treated  bv   John  Bernoulli.     The  two  branches  of  a 

Bernoulli.  ,     J 

cylindrical  tube  (Fig.  210),  curved  in  any  manner,  make 

with  the  horizon,  at  the 
points  at  which  the 
surfaces  of  the  liquid 
move,  the  angles  a 
and  ft.  Displacing  one 
of  the  surfaces  the  dis- 
tance x,  the  other  sur- 
face suffers  an  equal 

displacement.  A  difference  of  level  is  thus  produced 
x  (sin  a  -f  sin/?),  and  we  obtain,  by  a  course  of  reason- 
ing similar  to  that  of  the  preceding  case,  employing 
the  same  symbols,  the  formula 


T  = 


I g (sin a  -f-  sin/?)' 
The  laws  of  the  pendulum  hold  true  exactly  for  the 
liquid  pendulum  of  Fig.  215  (viscosity  neglected),  even 
for  vibrations  of  great  amplitude  ;  while  for  the  filar 
pendulum  the  law  holds  only  approximately  true  for 
small  excursions. 

1 8.  The  centre  of  gravity  of  a  liquid  as  a  whole  can 
rise  only  as  high  as  it  would  have  to  fall  to  produce  its 
velocities.  In  every  case  in  which  this  principle  appears 
to  present  an  exception,  it  can  be  shown  that  the  excep- 
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tion  is  only  apparent.     One  example  is  Hero  s  fountain.  Hero's 

,       fountain 

apparatus,  as  we  know,  consists  of  three  vessels, 
which  may  be  designated  in  the  descending  order  as 

ter  in  the  open  vessel  A 
through  a  tube  into  the  closed  vessel 
C ';  the  air  displaced  in  C  exerts  a  pressure 
on  the  water  in  the  closed  vessel  B,  and 
^sure  forces  the  water  in  B  in   a 
r  .-/   whence   it   falls  bac 
nal  level.      The  water  in  B  rises,  it  is 
considerably  above  the  level  of  /?, 
but   in    actuality   it    :  lows   by 

;itous  route  of  the  fountain  ami 
vessel  A  to  the  much  lower  level  of  C. 

Vnother    ap- 
par  -r'.t  exception 
to     :ie    principle 
in     question     is 
of  Montgol- 

IZ  I_!A  *     *] 

rat)  inwl. 
liqi    d  t> 

gr.   fitationnl 
:  s  to 

eitsor 

217) 

a  cistern  .-/ 
a    long 

:id  a  valve  I7,  which  opens  inwards,  into  a 
the  current  becomes  rapid  enough,  the 
»' is  forced  shut,  and  a  liquid  mass  ///  affected  with 
elocity  r  is  suddenly  a:  :»i<  h  must 


tha 


abn 
lev. 
flov* 
iron 

thr- 
pip< 
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be  deprived  of  its  momentum.  If  this  be  done  in  the 
time  /,  the  liquid  can  exert  during  this  time  a  pressure 
q-=.m  vjtt  to  which  must  be  added  its  hydrostatical 
pressure  /.  The  liquid,  therefore,  will  be  able,  during 
this  interval  of  time,  to  penetrate  with  a  pressure/  +  q 
through  a  second  valve  into  a  pila  Heronis,  If,  and  in 
consequence  of  the  circumstances  there  existing  will 
rise  to  a  higher  level  in  the  ascension-tube  AS  than 
that  corresponding  to  its  simple  pressure  /.  It  is 
to  be  observed  here,  that  a  considerable  portion  of  the 
liquid  must  first  flow  off  into  B,  before  a  velocity  requi- 
site to  close  Fis  produced  by  the  liquid's  work  in  RR. 
A  small  portion  only  rises  above  the  original  level ; 
the  greater  portion  flows  from  A  into  B.  If  the  liquid 
discharged  from  SS  were  collected,  it  could  be  easily 
proved  that  the  centre  of  gravity  of  the  quantity  thus 
discharged  and  of  that  received  in  B  lay,  as  the  result 
of  various  losses,  actually  below  the  level  of  A. 
An  niustra-  The  principle  of  the  hydraulic  ram,  that  of  the 

tion,  which  ,  . 

elucidates   transference  ot  work  done  by  a  large  liquid  mass  to  a 

the  action 

ofthehy-  smaller     one,    which 

draulicram  , — , 

thus  acquires  a  great 
vis  viva,  may  be  illus- 
trated in  the  following 
very  simple  manner. 
Close  the  narrow 
opening  O  of  a  funnel 
and  plunge  it,  with  its 
"Fi  2ig  wide  opening  down- 

wards,   deep    into    a 

large  vessel  of  water.  If  the  finger  closing  the  upper 
opening  be  quickly  removed,  the  space  inside  the 
funnel  will  rapidly  fill  with  water,  and  the  surface  of  the 
water  outside  the  funnel  will  sink.  The  work  performed 
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is  equivalent  to  the  descent  of  the  contents  of  the  funnel 
from  the  centre  of  gravity  S  of  the  superficial  stratum 
to  the  centre  of  gravity  S'  of  the  contents  of  the  fun- 
nel. If  the  vessel  is  sufficiently  wide  the  velocities  in 
it  are  all  very  small,  and  almost  the  entire  ris  viva  is 
concentrated  in  the  contents  of  the  funnel.  If  all  the 
parts  of  the  contents  had  the  same  velocities,  they 
could  all  rise  to  the  original  level,  or  the  mass  as  a 
whole  could  rise  to  the  height  at  which  its  centre  of 
gravity  was  coincident  with  S.  But  in  the  narrower 
sections  of  the  funnel  the  velocity  of  the  parts  is 
greater  than  in  the  wider  sections,  and  the  former 
therefore  contain  by  far  the  greater  part  of  the 
viva.  Consequently,  the  liquid  parts  above  are  \ 
lentiy  separated  from  the  parts  below  and  thrown 
out  through  the  neck  of  the  funnel  high  above  tin 
orig  inal  surface.  The  remainder,  however,  are  left 
cor.  -iderably  below  that  point,  and  the  centre  of  gr 
ity  f  the  whole  never  as  much  as  reaches  the  original 


9.   One  of  the  most   in  rnents  ofHyi: 

Dai  iel    Bernoulli    is  1;  .ction  of  hydrostatic  and  5 

^L   ^^H  '»«i  pressure. 

I  he    i'- 

whi  h  liquids  exert  is  altered  by  motion  ; 
and  the  pressure  of  a  liquid   in   > 
ma^    according  to  the  circumstances,  be 

•iian  that  of  the  liquid 
witl   the  same  arrangement  of  parts.   We 
will   llustrate  this  by  a  :nj>le. 

The  .esseL-/,  which  has  the  form  of  a  body 
of  r  volution  with   vertical  a  --pt 

com  intly  filled  with  a  frictionless  liquid,  so  that  its 
sur:  at  mn  does  not  change  during  the  discharge 
at  X  \Ve  will  recko:  mce  of  a  particle 
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petermina-  from  the  surf  ace  m  n  downwards  as  positive  and  call 

tion  of  the    .  r  .  . 

pressures    it  z.   Let  us  follow  the  course  oi  a  prismatic  element  of 
fctingainyii-  volume,  whose  horizontal  base-area  is  a  and  height  /?, 

quids  in         ...  .  .  , 

motion.  in  its  downward  motion,  neglecting,  on  the  assump- 
tion of  the  parallelism  of  strata,  all  velocities  at  right 
angles  to  z.  Let  the  density  of  the  liquid  be  p,  the 
velocity  of  the  element  v,  and  the  pressure,  which  is 
dependent  on  zt  p.  If  the  particle  descend  the  dis- 
tance dzj  we  have  by  the  principle  of  vis  viva 

a0dz  ......  (1) 


that  is,  the  increase  of  the  vis  viva  of  the  element  is 
equal  to  the  work  of  gravity  for  the  displacement  in 
question,  less  the  work  of  the  forces  of  pressure  of  the 
liquid.  The  pressure  on  the  upper  surface  of  the  element 
is  apy  that  on  the  lower  surface  is  a  \_p  -f  (dp/dz)ft~\. 
The  element  sustains,  therefore,  if  the  pressure  in- 
crease downwards,  an  upward  pressure  a  (dp/dz)ft  ; 
and  for  any  displacement  dz  of  the  element,  the  work 
a(dp/dz}ftdz  must  be  deducted.  Reduced,  equation 
(i)  assumes  the  form 


and,  integrated,  gives 

..........   (2) 


If  we  express  the  velocities  in  two  different  hori- 
zontal cross-sections  a^  and  a2  at  the  depths  z^  and  z2 
below  the  surface,  by  vlt  v2,  and  the  corresponding 
pressures  by  /15  /2,  we  may  write  equation  (2)  in  the 
form 
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Taking  for  our  cross-section  </,    the  surface,  z^  =0,  Thehydro- 
/V=  °  J  and  as  the  same  quantity  of  liquid  flows  through  pressure 

varies  with 

all  cross-sections  in  the  same  interval  of  time,  a.  <•    =  the  circum- 

stances of 
£2  z>2.     Whence,  finally,  the  motion. 


The;  pressure  /2  of  the  liquid  in  motion  (the  hydro- 
dynamic  pressure)  consists  of  the  pressure  pg*^  of  tin- 
liquid  at  rest  (the  hydrostatic  pressure)  and  of  a  pres- 
sure (p/2)?'-[(a?  —  "l)/'7!!  dependent  on  the  density, 
the  velocity  of  flow,  and  the  cross-sectional  areas.  In 
cross-sections  larger  than  the  surface  of  the  liquid,  the 
hydrodynamic  pressure  is  greater  than  the  hydrostatic, 
and  r. 

A  clearer  idea  of  the  significance  of   Bernoulli' 


pri  icipl-  «  obtained  by  imagining  the  liquid  in  »uUs  > 

th«    vessel   A   unacted  on  by  gravity,  and   its  outflowquids 
pr   luccil  by  a  constant  pressure  /t  on  the  surface,  produced 
E(   lation  (3)  then  takes  the  form 


If  ve  follow  the  course  of  a  particle  thus  moving,  it 
wil  be  found  that  to  every  increase  of  the  velocity  of 
flo^  (in  the  narrower  ci  ions)  a  decrease  of 

corresponds,  and  to  every  decrease  of  the  ve- 
loc  y  of  flow  (in  the  wider  cross-sections)  an  increase 
Of  u-  :idcrd,  is  evident,  wlmL 

froi  i  mathematical  considerations  present  case 

eve  y  change  oi  the  velocity  of  a  liquid  element  must  be 

.y  produced  by  the  .  v  //<////,/  's  forces 

W  fore,  an  elen  into 

a  n.    .^wer  cross-section,  in  which  a  greater  velocity 

of  fl  )W  prevails,  it  can  acquire  this  higher  velocity  only 
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on  the  condition  that  a  greater  pressure  acts  on  its  rear 
surface  than  on  its  front  surface,  that  is  to  say,  only 
when  it  moves  from  points  of  higher  to  points  of  lower 
pressure,  or  when  the  pressure  decreases  in  the  direc- 
tion of  the  motion.  If  we  imagine  the  pressures  in 
a  wide  section  and  in  a  succeeding  narrower  section 
to  be  for  a  moment  equal,  the  acceleration  of  the  ele- 
ments in  the  narrower  section  will  not  take  place  ;  the 
elements  will  not  escape  fast  enough  ;  they  will  accumu- 
late before  the  narrower  section  ;  and  at  the  entrance 
to  it  the  requisite  augmentation  of  pressure  will  be  im- 
mediately produced.  The  converse  case  is  obvious 
Treatment  2o.  In  dealing  with  more  complicated  cases,  tl 

of  a  liquid  ......  .  , 

problem  in  problems  of  liquid  motion,  even  though  viscosity 

which  vis- 
cosity and 
friction  are 
considered. 


Fig.  220. 

neglected,  present  great  difficulties ;  and  when  the 
enormous  effects  of  viscosity  are  taken  into  account, 
anything  like  a  dynamical  solution  of  almost  every 
problem  is  out  of  the  question.  So  much  so,  that  al- 
though these  investigations  were  begun  by  Newton, 
we  have,  up  to  the  present  time,  only  been  able  to 
master  a  very  few  of  the  simplest  problems  of  this  class, 
and  that  but  imperfectly.  We  shall  content  ourselves 
with  a  simple  example.  If  we  cause  a  liquid  contained 
in  a  vessel  of  the  pressure-head  h  to  flow,  not  through 
an  orifice  in  its  base,  but  through  a  long  cylindrical 
tube  fixed  in  its  side  (Fig.  220),  the  velocity  of  efflux 


THE  EXTE.VSfO.V  OF  THE  PRINCIPLES.          417 

fr  will  be  less  than  that  deducible  from  Torricelli's  law, 
as  a  portion  of  the  work  is  consumed  by  resistances 
due  to  viscosity  and  perhaps  to  friction.  We  find,  in 
fact,  that  r  -  \  .  where  // 1  <  //.  Expressing  by  // , 

the  rv/,v//)'-head,  and  by/?,  the  resistanfe-head,  we  may 
put  h  =  ^,  -f-  &2'  H  *°  *ne  mam  cylindrical  tube  \M 
affix  vertical  lateral  tubes,  the  liquid  will  rise  in  the 
latter  tubes  to  the  heights  at  which  it  equilibrates  the 
pressures  in  the  main  tube,  and  will  thus  indicate  at  all 
points  the  pressures  of  the  main  tube.  The  noticeable 
fact  here  is,  that  the  liquid-height  at  the  point  of  influx 
of  the  tube  is  =  //2,  and  that  it  diminishes  in  the  direc- 
tion of  the  point  of  outflow,  by  the  law  of  a  strai 
lino,  to  zero.  The  elucidation  of  this  phenomenon 
tin  question  now  cd. 

Gravity  In -re  does  not  act  diredly  on  tin-  liquid  inThecondi- 
th<   horizontal  tube,  but  all  eff<  nitted  to  it  perform- 

by  the  pressure  of  \  -.Hiding  parts.       1 

in*  a  prismatic  liquid  element  of  basal  area  a  and 
lei  *th  ft  to  be  displaced  in  the  direction  <  igth 

,A<istam-'  work  done,  ;i  previous  case,  is 


P, 


tX     .      fidz  :  =  <  i 


ite  displacement  w«  have 


=  - 


wlu-n  the  element  of  volume  is  displaced 
a  place  of  higher  to  a  place  of  lower  p: 
amount  of  the  work  done  depends  on  the  size  of 
«-nt  of  volume  and  on  the  t/itTt-rt-ni-r-  of  pressure 
at     )  >.•  initial   and  terminal  point  motion,  and 

not  on  the  length  and  the  form  of  the  path  traversed. 
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The  conse- 
quences of 
these  con- 
ditions. 


If  the  diminution  ot  pressure  were  twice  as  rapid  in 
one  case  as  in  another,  the  difference  of  the  pressures 
on  the  front  and  rear  surfaces,  or  \h&  force  of  the  work, 
would  be  doubled,  but  the  space  through  which  the 
work  was  done  would  be  halved.  The  work  done  would 
remain  the  same,  whether  done  through  the  space  ab 
or  ac  of  Fig.  221. 

Through  every  cross-section  q  of  the  horizontal  tube 
the  liquid  flows  with  the  same  velocity  v.  If,  neglect- 
ing the  differences  of  velocity  in  the  same  cross-section, 
we  consider  a  liquid  element  which  exactly  fills  the 
section  q  and  has  the  length  ft,  the  vis  viva  ^/?p(?'2/2) 
of  such  an  element  will  persist  unchanged  throughout 
its  entire  course  in  the  tube. 
This  is  possible  only  provided 
the  vis  viva  consumed  by  friction 
is  replaced  by  the  work  of  the 
liquid's  forces  of  pressure.  Hence, 
in  the  direction  of  the  motion 
of  the  element  the  pressure 
must  diminish,  and  for  equal  distances,  to  which  the 
same  work  of  friction  corresponds,  by  equal  amounts. 
The  total  work  of  gravity  on  a  liquid  element  q  ft  p 
issuing  from  the  vessel,  is  q  fi  pgh.  Of  this  the  portion 
$/3p(v2/2)  is  the  vis  viva. oi  the  element  discharged 
with  the  velocity  v  into  the  mouth  of  the  tube,  or,  as 
v  =  ~V  ig h^  the  portion  q  /3  pgh^.  The  remainder  of 
the  work,  therefore,  q  fl pgh2>  is  consumed  in  the  tube, 
if  owing  to  the  slowness  of  the  motion  we  neglect  the 
losses  within  the  vessel. 

If  the  pressure-heads  respectively  obtaining  in  the 
vessel,  at  the  mouth,  and  at  the  extremity  of  the  tube, 
are/$,  h2,  0,  or  the  pressures  are/  =  hgp,  p2  =  /i2gp,Q, 
then  by  equation  (i)  of  page  417  the  work  requisite  to 
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generate  the  •  of  the  element  discharged  into 

the  mouth  of  the  tube  is 


and  the  work  transmitted  by  the  pressure  of  tin-  liquid 
to  the  element  traversing  the  length  of  the  tube,  is 


or  the  exact  amount  consumed  in  the  tube. 

L«-t  us  assume,  for  the  sake  of  argument,  that  the  in.' 

demonstra- 

pressure  does  not  decrease  from/2  at  the  mouth  totionof 
zero  at  t  ;iity  of  the  tube  by  the  law  of  a  straight  Mq» 

but  that  the-  distribution  of  the  pressure  is  differ- 
ent, say,   constant  throughout  the  entire   tube. 
par  s  in  advance  .1  at  once  suffer  a  loss  of  ve- 

loci:y  from  the  friction,  the  parts  which  follow  will 
cro  vd  upon  :  d  there  will  thus  be  produced  at 

the  mouth  of  the  tube  an  a 
cor  litioning  a  constant  velocity  throughout  i 
len   th.     The  pressure  at  the  end  of  the  tube  can  only 
be 
fro:  i  yielding  to  any  it. 

f  we   imagine  the  liquid  to  be  a  mass  of  smooth  A  timiie 
ela  :ic  1  ressed  at  theihi' 

bot  :>m  of  the  v<  i  be  in  a  state  mav  be 

Of    •   Oil: 

the   :ourse  of  thrir  motion.      \\Y  r  de- 

:«-r. 

t  is  evident,  :  :  --mark,  that  the  \ 

Stor  d  up  in  ' 
^•^a  1-     The  motion  <  :uid  is  due  to  the  work  of 

ty  in   tl  icans  of 

of  tl      Compressed  liquid  is  transmitted  to 
the    ube. 
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A  partial  An   interesting   modification   of  the  case  just  dis- 

exemplifi-  . 

cation  of     cussed  is  obtained  by  causing  the  liquid  to  now  through 

the  results  *,  .          . 

discussed,  a  tube  composed  of  a  number  ot  shorter  cylindrical 
tubes  of  varying  widths.  The  pressure  in  the  direction 
of  outflow  then  diminishes  (Fig.  222)  more  rapidly  in 
the  narrower  tubes,  in  which  a  greater  consumption  of 
work  by  friction  takes  place,  than  in  the  wider  ones. 
We  further  note,  in  every  passage  of  the  liquid  into  a 


Fig.  222. 

wider  tube,  that  is  to  a  smaller  velocity  of  flow,  an  in- 
crease of  pressure  (a  positive  congestion)  ;  in  every 
passage  into  a  narrower  tube,  that  is  to  a  greater  velo- 
city of  flow,  an  abrupt  diminution  of  pressure  (a  nega- 
tive congestion).  The  velocity  of  a  liquid  element  on 
which  no  direct  forces  act  can  be  diminished  or  in- 
creased only  by  its  passing  to  points  of  higher  or  lower 
pressure. 


CHAPTER  IV. 

THK  FORMAL  I>F.VI:L«H  >F  MECHANICS. 

THE  ISOPERIMETRICAL  PROBLK 

i.   When  the  chief  facts  of  a  physical  science  have  The  formal, 
once  been  fixed   l>\  tion,  a  new  period  of  itspUht 

development  begins — the  //<••///<•//,-•<•,  which  we  treated  dunive.de- 

•  • 

in  t  ic  previous  chapter.      In  this  period,  the  facts  are  or  physical 

,       .,  .  ,  .  science. 

rep  oducible  in  the  mind  \vthout  constant  recourse  to 
observation.     Facts  of  a  more  general  and  corni* 

tcter  are  mimicked  in  thought  on  >ry  that 

the  •  are  made  up  of  and  more  familiar  obser- 

vat  onal  «  .     But  even  after  we  have  dedu 

fro  i  our  expressions  for  the  most  elements: 
(th    principles)  c\  ;<•  common  and  more 

coi  plex  facts  (the  theorems)  and  have  discovered  in 
all    >hen<  .  thedevelopment.il 

pr<    ess  of  these  vet  completed.     The  de- 

du<   i  of  the  science  is  followed  by 

//  development.   Here  it  is  sought  to  put  in  a  clear 
con  pendious  form,  c-i  ,  the  facts  to  be  repro- 

due  :d,  so  that  ea  pic- 

;  with  the  /<•</>/  inttllntnal  cr  :o  our  rules 

for    he  i  construction  of  facts  we  strive  to  in 

cor    irate  the  greatest  possible  tt  these 

rult    ^hall  be  easy  of  acquisition.    It  is  to  be  remarked, 

;  i;uished  are  not  sharply 
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separated  from  one  another,  but  that  the  processes  oi 
development  referred  to  frequently  go  hand  in  hand, 
although  on  the  whole  the  order  designated  is  unmis- 
takable. 

2.   A  powerful  influence  was  exerted  on  the  formal 

metrical 

problems,    development   of   mechanics  by  a  particular  class  of 
tions  of       mathematical   problems,   which,    at   the  close  of   the 

maxima 

and  minima  seventeenth  and  the  beginning  of  the  eighteenth  cen- 
turies, engaged  the  deepest  attention  of  inquirers. 
These  problems,  the  so-called  isoperimetrical  problems, 
will  now  form  the  subject  of  our  remarks.  Certain 
questions  of  the  greatest  and  least  values  of  quanti- 
ties, questions  of  maxima  and  minima,  were  treated  by 

the    Greek    mathemati- 
cians.       Pythagoras     is 
said  to  have  taught  that 
_j?       the   circle,   of  all  plane 

M  '*•*.      •  r  e 

* -.!/?'  figures  oi  a  given  pen- 

Fig  223  meter,  has  the  greatest 

area.   The  idea,  too,  of  a 

certain  economy  in  the  processes  of  nature  was  not 
foreign  to  the  ancients.  Hero  deduced  the  law  of  the 
reflection  of  light  from  the  theory  that  light  emitted 
from  a  point  A  (Fig.  223)  and  reflected  at  M  will  travel 
to  B  by  the  shortest  route.  Making  the  plane  of  the 
paper  the  plane  of  reflection,  SS  the  intersection  of 
the  reflecting  surface,  A  the  point  of  departure,  B  the 
point  of  arrival,  and  M  the  point  of  reflection  of  the 
ray  of  light,  it  will  be  seen. at  once  that  the  line  A  MB' , 
where  B'  is  the  reflection  of  B,  is  a  straight  line.  The 
line  A  MB'  is  shorter  than  the  line  ANB',  and  there- 
fore also  AMB  is  shorter  than  ANB.  Pappus  held 
similar  notions  concerning 'organic  nature;  he  ex- 
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plained,  for  example,  the  form  of  the  cells  of  the  honey- 
comb by  the  bees'  efforts  to  economise  in  materials. 

These  ideas  fell,  at  the  time  of  the  revival  of  the  The  re- 

•  M        T>i  f  i          searches  of 

sciences,  on  not  unfruitful  soil,      iney  were  first  taken  Kepier.Fer- 
up  by  FF.RMAT  and  ROBERVAI.,  who  developed  a  method  Roberta!. 
applicable  to    such  problems.     These  inquirers    ob- 
served,— as  Kepler  had  already  done, — that  a  magni- 
tude y  which  depends  on  another  magnitude  xt  gen- 
erally possesses  in  the  vicinity  of  its  greatest  and  least 
values  a  peculiar  property.      Let  x  (Fig.  .  lote 

ssas  and  y  ordinates.    If,  while  x  increases,  y  pass 
through  a  maximum  value,   its  increase,  or  rise,  will 
be  changed  into  a  decrease,  or 
fall ;    and   if    it   pass   through   a 
mir  imum   value    its   fall  will  be 
changed  into  a  rise.    The  neigh- 
bor ng  values  of   th-  um 
or  :  linimum  value,  i  -                  :tly, 
wil   lie  very  near  each  other,  and 

th<  tangents  to  the  curve  at  the  points  in  question  will 
gei  orally  be  parallel  to  the  axis  of  abscissas.  Hence, 
to  nd  the  maximum  or  minimum  values  of  a  quan- 
ilit}  ,  we  seek  the  parallel  tangents  of  its  cm 

The  >ils  may  be  put  in  analytical  The 

for  i.      I  to  cut  off  from  aun«enu° 

£iv  ;n  line  a  a  pot-  product  of 

:id  a  —  x  shall  be  as  g 
t  x  (a  —  JT)  must  be  regarded 
qu;  itity  lent  on  x.    At  the  maximum  value  of 

y  small  variation  of  x9  say  a  variation 
wil   produce  no  change  in  y.  Accordingly,  the  required 
val   ?  of  x  will  be  found,  by  putting 

x  (a  —  x )  =  ( x  +  £)  (a  -  x  —  £) 
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ax  —  x2  =.ax  -f-  aB,  —  x2  —  x&,  —  xt 
or 


As  £  may  be  made  as  small  as  we  please,  we  also  get 


=  0  —     .* 


mal  effect. 


whence  x  =  a/2. 

In  this  way,  the  concrete  idea  of  the  method 
tangents  may  be  translated  into  the  language  of  alge- 
bra ;  the  procedure  also  contains,  as  we  see,  the  germ 
of  the  differential  calculus. 

The  refrac-        Fermat  sought  to  find  for  the  law  of  the  refractic 
as°aminf-    of  light  an  expression  analogous  to  that  of  Hero  foi 

law  of  reflection.  He  remarked 
that  light,  proceeding  from  a 
point  A,  and  refracted  at  a 
'  point  M,  travels  to  B,  not  by 
the  shortest  route,  but  in  the 
shortest  time.  If  the  path  AMB 


B 


M 


Fig.  225. 


is  performed  in  the  shortest 
time,  then  a  neighboring  path 
ANB,  infinitely  near  the  real 
path,  will  be  described  in  the 
same  time.  If  we  draw  from  N  on  AM  and  from  M  on 
NB  the  perpendiculars  NP  and  MQ,  then  the  second 
route,  before  refraction,  is  less  than  the  first  route  by  a 
distance  MP=NM  sin  a,  but  is  larger  than  it  after 
refraction  by  the  distance  NQ  =  NMsm  fi.  On  the 
supposition,  therefore,  that  the  velocities  in  the  first 
and  second  media  are  respectively  v1  and  v2,  the  time 
required  for  the  path  AMB  will  be  a  minimum  when 

JVAfs'ma      NAfs'mfi 


or 
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p, sin  a  _ 

^-sin/*- 

where  n  stands  for  the  index  of  refraction.    Hero's  law 
of  reflection,  remarks  Leibnitz,  is  thus  a  special  case 
of  the  law  of  refraction.   For  equal  velocities  (r,  = 
the  condition  of  a  minimum  of  time  is  identical  with 
the  condition  of  a  minimum  of  space. 

Huv^ens,  in  his  optical  investigations,  applied  and 

.  ,  ,  ,-,  .  ,  ,-letion 

further  perfected  the  ideas  of  ,  considering,  net    \  i-.-rmafs 

...  .   ..    .        reseat 

only  rectilinear,  but  also  curvilinear  motions  of  light, 
dia  in  which  the  velocity  of  the  light  varied  con- 
timrmsly  from  place  to  place.  For  these,  also,  he 
fourd  that  Format's  law  obtained.  Accordingly,  in  all 
motions  of  li^'ht,  an  endeavor,  so  to  speak,  to  produce 
resi  Its  in  a  minimum  of  time  appeared  to  be  tin- 
mei  tal  tend*-: 

,.   Similar    maximal  or    minimal   pro,  -  Theprob- 

, 
bro   ght  out  in  the  study  of  phenomena.  brachUio- 

As    /e  have  already  noticed,  John  Bernoulli  knew  that 
a  f  r  i  ' 

its    :entre  of  gravity  :<lea  was,  of 

,^cou  se,  a  simple  one  f  rec- 

the  general  import  of  the  principle  of  virtual 
vel<  cse  obs<  ;nir 

ers   now  began  generally  to  investigate  maximal  and 
mii   mal  characters.     The  mo  received  its  most 

pov  srftil  -:i  a  problem  propounded  by  John 

Bei  loulli,  in  June,  1696* — th« 

In  a  vertical  plane  two  points  are  situated, 
A  a  id  P.     It  is  required  to  assign  in  this  plane 
cur1  e  by  which  a  falling  body  will  travel  from  A  to  B 
in  t   »  shortest  time.  The  problem  was  very  ingeniously 

*   \cta  EruJitoritm,  Leipsic. 
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solved  by  John  Bernoulli  himself;  and  solutions  were 
also  supplied  by  Leibnitz,    L'Hopital,   Newton,    and 
James  Bernoulli. 
johnBer-          The    most    remarkable    solution    was   JOHN    BER- 

noulli's  in-  ... 

geniousso-  NOULLis  own,      1  his  inquirer  remarks  that  problems 

lutionofthe  . 

problem  of  of  this  class  have  already  been  solved,  not  for  the  mo- 
tochrone.     tion  of  falling  bodies,  but  for  the  motion  of  light.    He 
accordingly  imagines  the  motion  of  a  falling  body  re- 
placed by  the  motion  of 
\  a  ray  of  light.     (Comp. 

p.  379.)    The  two  points 

A  and  B  are  supposed 

^^-g —  to  be  fixed  in  a  medium 

in  which  the  velocity  of 

Fig.  226.  ..    ,  .       J  . 

light    increases    in    the 

vertical  downward  direction  by  the  same  law  as  the 
velocity  of  a  falling  body.  The  medium  is  supposed 
to  be  constructed  of  horizontal  layers  of  downwardly 
decreasing  density,  such  that  v  =  \/2>gh  denotes  the 
velocity  of  the  light  in  any  layer  at  the  distance  h  be- 
low A.  A  ray  of  light  which  travels  from  A  to  B  un- 
der such  conditions  will  describe  this  distance  in  the 
shortest  time,  and  simultaneously  trace  out  the  curve 
of  quickest  descent. 

Calling  the  angles  made  by  the  element  of  the 
curve  with  the  perpendicular,  or  the  normal  of  the 
layers,  a,  a',  a" .  .  .  .,  and  the  respective  velocities 
v,  v'y  v".  .  .  .,  we  have 

sin  a      sin  a'       sin  a" 

• =  — 7—  =  — jf—  =....=£=:  const. 

V  V  V 

or,  designating  the  perpendicular  distances  below  A 
by  x,  the  horizontal  distances  from  A  by  y,  and  the  arc 
of  the  curve  by  s, 
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The  bra- 
chisto- 
chrone  a 
cycloid. 


:ice  folio-. 

= 

and  .  i  ilso 


v 


icre  a 


This  is  the  differential  equation  of  a  cycloid,  or  curve 
described  by  a  point  in  the  circumference  of  a  circle  of 
radius  r  =  a/2  =  i  f^^k-,  rolling  o 

To  find  the  cycloid   that  passes  through  A  ami  / 

*  stnir 

to  be  noted  that  0//cyclu.  l!l!J;Zfioid 

prod  uced  by  similar  con- 
stru<  tions,  are  similar, 
and  :hat  if  generated  by 
the  oiling  of  circles  on 

.//>   ron  :it  A  as  >S^I~~S\^!, 

orig  i,  are  also  similarly 
situ,  '<•<{  with 

the     mint   A.     Accordingly,  we   draw   through  AB  a 
strai   ht   line,  and  c<> 
strai  ;ht  line  in   J?.     The    radius    of    the   g. 

is  of  the  generating 
Circl    of  the  cycloid  sought  is  r=  r\ABIA&\ 

T  n's  solution  of  John  Be: 

with   ut  a  method,  the  outcome  of  pure  geometrical 
fanr;   and  a  skilful  use  of  such  knowledge  as  happ< 

command,  is  one  of  ;  able 

and     eautiful  performances  in  the  history  of  physical 

-  .   John  Bernoulli  was  an  a-sthetic  g- 
field.    His  brother  James's  chai 
ent.     ames  was  the  superior  of  Jolin  in  critical  n. 
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Compari-  but  in  originality  and  imagination  was  surpassed  by  the 
scientific6  latter.  James  Bernoulli  likewise  solved  this  problem, 
of  John  and  though  in  less  felicitous  form.  But,  on  the  other  hand, 
er  he  did  not  fail  to  develop,  with  great  thoroughness,  a 
general  method  applicable  to  such  problems.  Thus, 
in  these  two  brothers  we  find  the  two  fundamental 
traits  of  high  scientific  talent  separated  from  one 
another, — traits,  which  in  the  very  greatest  natural 
inquirers,  in  Newton,  for  example,  are  combined  to- 
gether. We  shall  soon  see  those  two  tendencies,  which 
within  one  bosom  might  have  fought  their  battles  un- 
noticed, clashing  in  open  conflict,  in  the  persons  of 
these  two  brothers. 


Vignette  to  Leibniizii  et  Johannis  Bernoullii  comercium  epistolicuin. 
Lausanne  and  Geneva,  Bousquet,  1745. 

James  Ber-  4.  James  Bernoulli  finds  that  the  chief  object  of 
marks  on  research  hitherto  had  been  to  find  the  values  of  a  vari- 
natureof  able  quantity,  for  which  a  second  variable  quantity, 
problem,  which  is  a  function  of  the  first,  assumes  its  greatest  or 
its  least  value.  The  present  problem,  however,  is  to  find 
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from  among  an  infinitt  number  of  curves  one  which  pos- 
s  a  certain  maximal  or  minimal  property.    This,  as 
he  correctly  remarks,  is  a  problem  of  an  entirely  dif- 
ferent character  from   the  other  ami   demands  a   'ie\v 
od. 

principles  that  James   Bernoulli  n The 

solution  of  this  problem  {Acta  Eruditin-utn,  May.  pi. -\.-.i  in 

t  11 
'  are  as  tol!<  noui 

luti 

If  a  curve  has  a  certar  maximum 

or  minimum,  has 

the  same  property. 

i  Just   as   the   infinitely  adjacent 

maxima  or  minima  of  a  quantity  in  the  ordinary  prob- 
lems, for  infn.  .jail  changes  of  the  inde; 
vari;  bles,  are  cor.  >  is  the  quantity  here  to 
be  n  ade  a                                nimum  :  sought. 
for  i  innite.lv  cont                                         ;nt. 

(  ;)  It  is  finally  assumed,  ;  :se  of  th- 

tocl.  one,  that   the  velocity  is   r        \  de- 

u;ht  fallen  tl.r 

I    v  to  ourselves  a  very  ^  ('Th««M«n- 

of  t   e  curve  horizontal  ture«  of 

.  Jame«  Bcr- 

^•e   drawn    through 

4\  lutton. 

the     ort  to 

the     nfmitely  coi- 
tion 

cons  leration  niilar 

to  tl   )se  employed  in 
men  i  of  I"  well 

the 

of  the  anul-  '-ments  with 

;    rpend:  elocities  of  descent, 

this     eduction  the  following  assumpt 

ilftohUwci  ;>.  768. 
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The  Pro- 
gramma  of 
James  Ber- 
noulli, or 
the  proposi- 
tion of  the 
general iso- 
perimetri- 
cal  prob- 
lem. 


(i),  that  the  part,  or  element,  ABC  is  brachistochro- 
nous,  and  (2),  that  ADC  is  described  in  the  same  time 
as  ABC.  Bernoulli's  calculation  is  very  prolix  ;  but 
its  essential  features  are  obvious,  and  the  problem  is 
solved  *  by  the  above-stated  principles. 

With  the  solution  of  the  problem  of  the  brachisto- 
chrone,  James  Bernoulli,  in  accordance  with  the  prac- 
tice then  prevailing  among  mathematicians,  proposed 
the  following  more  general  ' '  isoperimetrical  problem  " : 
11  Of  all  isoperimetrical  curves  (that  is,  curves  of  equal 
"perimeters  or  equal  lengths)  between  the  same  two 
"fixed  points,  to  find  the  curve  such  that  the  space 
"included  (i)  by  a  second  curve,  each  of  whose  ordi- 
"  nates  is  a  given  function  of  the  corresponding  ordi- 
"nate  or  the  corresponding  arc  of  the  one  sought,  (2) 
"by  the  ordinates  of  its  extreme  points,  and  (3)  by  the 
"part  of  the  axis  of  abscissae  lying  between  those  ordi- 
" nates,  shall  be  a  maximum  or  minimum." 

For  example.  It  is  required  to  find  the  curve  BFN, 
described  on  the  base  BN  such,  that  of  all  curves  of 

the  same  length  on  BN, 
this  particular  one  shall  make 
the  area  BZN  a  minimum, 
where  PZ  =  (PF)n,  LM  = 
(LKy,  and  so  on.  Let  the 
relation  between  the  ordi- 
nates of  BZN  and  the  cor- 
responding ordinates  of  BFN 
be  given  by  the  curve  BH.  To  obtain  PZ  from  PF, 
draw  FGH  at  right  angles  to  BG,  where  BG  is  at  right 
angles  to  BN.  By  hypothesis,  then,  PZ=  Gff,  and 

*  For  the  details  of  this  solution  and  for  information  generally  on  the  his- 
tory of  this  subject,  see  Woodhouse's  Treatise  on  Isoperimetrical  Problems 
and  the  Calculus  of  Variations,  Cambridge,  iftio.^Trans, 
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=o  for  the  other  ordinates.      Further,  we  put   7>V  =v, 
PF=  x,  PZ  =  x\ 

John  Bernoulli  cave,  forthwith,  a  solution  of  this  John  Ber- 

nouiii's  so 
problem,  in  the  form  imionof 

this  prob- 

/,/*  lem- 

7«*~- 

is  an  arbitrary  constant.     For  n  =  1, 

•• 


that  is,  BFN  is  a  semicircle  on  2?JVas  diameter,  and 
the  area  BZN'is  equal  to  the  area  BFN..  For  this  par- 
ticul  ir  c;i  olution,  in  fact,  is  correct.  But  the 

general  formula  is  not  universally  valid. 

C  n  the  publication  of  John  Bernoulli's  solution, 
Jam  s  Bernoulli  openly  engaged  to  do  three  things: 
first,  to  discover  his  bi  :<  thod  ;  second,  to  point 

out  i  s  contradictions  and  errors  ;  and,  third,  to  give  \ 
true  solution.     The  jealousy  and  animosity  of  the  two 
brot   ers  culminated,  on  this  occasion,  in  a  viol 
acri   lonious   con:  .es's 

deal   .      A  death,  John  virtually  confes 

hist  ror  and  adopted  the  correct  method  of  his 

J  .mes  Bernoulli  in   all    probability  Jame»Ber- 

con    :tly,  that   J  -  d    by  the  1 

scan  hes  on  the  catenary  and  the  curve  <»:  no»iii'»«o- 

with   wind,  had   attain   attempted  on, 

imaj.  ning  BFN  filled  with  a  liquid  of  variable  density 
and    iking  the  lowest  position  of  the  centre  of  gra\ 
as  d<  terminative  of  the  curve  required.     Making  i 
ordi;    te.  /'/  =  /,  the  specific  gravity  of  the  liquid  in 
i   the  «    jinate  PF  =  x  must  be  p/xt  and  similarly   in 
ever\  other  ordinate.     The  weight  of  a  vertical  fila- 
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ment  is  then  p .  dy/x,  and  its  moment  with  respect  to 
1     pdy  _  1       ., 


Hence,  for  the  lowest  position  of  the  centre  of  gravity, 
i  fpdy,  or  Cpdy=BZN,  is  a  maximum.  But  the 
fact  is  here  overlooked,  remarks  James  Bernoulli,  that 
with  the  variation  of  the  curve  BFN  the  weight  of  the 
liquid  also  is  varied.  Consequently,  in  this  simple 
form  the  deduction  is  not  admissible. 
Thefunda-  In  the  solution  which  he  himself  gives,  James  Ber- 

mental  . 

principle  of  noulh  once  more  assumes  that  the  small  portion  F  F  n 

James  Ber- 

oi  the  curve  possesses  the  prop- 
erty which  the  whole  curve  pos- 
sesses. And  then  taking  the  four 
successive  points  F  F,  F,t  Ffll, 
of  which  the  two  extreme  ones 
are  fixed,  he  so  varies  F,  and 
F,,  that  the  length  of  the  arc  F 
F,  Fn  F,,t  remains  unchanged, 

which  is  possible,  of  course,  only  by  a  displacement 
of  two  points.  We  shall  not  follow  his  involved  and 
unwieldy  calculations.  The  principle  of  the  process  is 
clearly  indicated  in  our  remarks.  Retaining  the  des- 
ignations above  employed,  James  Bernoulli,  in  sub- 
stance, states  that  when 

pdx 
dv  =  —  —  , 

~ 
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fpdy  is  a  maximum,  and  when 
^-/^ 
1/2  ap—p* 

fpdy  is  a  minimum. 


AM/.-//.  /'  '1//..V7-. 

dissensions  between  tin-  t\vo  broil  ,  we 

y  to  be  deplored.      Yet  the  genius  of 

:ie  and  the  profundity  of  the  other  have  borne,  in 

-timulus  which  Euler  and  Lagrange  received  from 

their  several  investigations,  splendid  fruits. 

5.    Euler  (Problematis  Isoperimctrici  Solutis  General  . 
T.  VI.  for  1733,  published  in  173^)* 

•  r 

nrst  to  give  a  more  general  method  of  treating 

°,  ° 

these  questions  of  maxima  and  minima,  or  isopennu  : : . 

But    «  results  were    based    on 

possessed  of 

analytical  generality.      Kuler  divides  problems  of  t 
with  a  clear  perception  and  grasp  of  tl 
differences,  into  the  following  clas- 

Required,  of  all  curves,  that  for  \vh.  •;>- 

ert  /  A  is  a  maximum  or  minimum. 

(2)  Required,  of  all  curves,  equally  possessing  a 

'hat   for   which   li  is  a  maximum  or  niini- 

(3)  Required,  of  all  cur  \vo 
pr<  perties,  A  and                  for  which  (                       mi 
or  ninimum.     And  so  on. 

A  problem  of  tl  :i<lim;i-:\. 

of   he  shortest  curve  through  J/ and  N.     A  problt •:. 
th(    second  class  is  the  finding  of  a  curve  through  .!/ 
an     N,  which,  having   the   i;ivi  n  length  A,  makes  the 
ar<  i  MPN  a.  maximum.      A  problem  of  tL  lass 

hro  ild  be  :  of  all  curves  of  the  given  length  //,  whi<  h 
pa  3    through    J/,    N  and    conta 
M.*N=B,  \uf\\.  iiich  de^ 

ab(  ut  MN  the  least  surface  of  on.     And  so  on. 

ruler's  principal  contribution*  to  this  subject  are  contained  in  three 
1  in  the  Commtnt.i  year*  1733.  1736. 

'/),  and  in  the  tract  Metkod*t  im-.-tmitm,: 
tfa.i  m  ,  ludemta.  Lausanne  and  Geneva,  1744. —  •' 
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Fig.  231. 


We  may  observe  here,  that  the  finding  of  an  abso- 
lute maximum  or  minimum,  without  collateral  condi 
tions,  is  meaningless.     Thus,  all  the  curves  of  which  ii 
the  first  example  the  shortest  is  sought 
possess  the  common  property  of  pas 
sing  through  the  points  M  and  N. 

The  solution  of  problems  of   th< 
first  class  requires  the  variation  of  ti 
elements  of  the  curve  or  of  one  poinl 
This  is   also  sufficient.      In  problems 
of  the  second  class  three  elements  01 
two  points  must  be  varied ;  the  reasoi 
being,   that  the   varied  portion  musl 
possess  in  common  with  the  unvaried  portion  the  pro] 
erty  A,  and,  as  B  is  to  be  made  a  maximum   or  mini- 
mum, also  the  property  B,  that  is,  must  satisfy  two  con- 
ditions.  Similarly,  the  solution  of  problems  of  the  thii 
class  requires  the  variation   of  four  elements.     Am 
so  on. 
The  com-  The  solution  of  a  problem  of  a  higher  class  involvi 

mutability 

of  the  iso-    by  implication,  the  solution  of  its  converse,  in  all 
cai  proper-  forms.   Thus,  in  the  third  class,  we  vary  four  element 

ties,  with          .  . 

Euier-s  in-  of  the  curve,  so,  that  the  varied  portion  of  the  curv< 
shall  share  equally  with  the  original  portion  the  value 
A  and  B  and,  as   C  is  to  be  made  a  maximum  or 
minimum,  also  the  value  C.     But  the  same  conditions 
must  be  satisfied,  if  of  all  curves  possessing  equally 
and  C  that  for  which  A  is  a  maximum  or  minimum  is 
sought,  or  of  all  curves  possessing  A  and  C  that  fc 
which  B  is  a  maximum  or  minimum  is  sought.     Thus 
a  circle,  to  take  an  example  from  the  second  class,  con- 
tains, of  all  lines  of  the  same  length  A,  the  greatest 
area  B,  and  the  circle,  also,  of  all  curves  containing 
the  same  area  B,  has  the  shortest  length  A.     As  th< 
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condition  that  the  property  A  shall  be  possessed  in 
common  or  shall  be  a  maximum,  is  expressed  in  the 
same  manner,  Euler  saw  the  possibility  of  reducing  the 
problems  of  the  higher  classes  to  problems  of  the  first 
class.  If,  for  example,  it  is  required  to  find,  of  all 
curves  having  the  common  property  A,  that  which 
makes  B  a  maximum,  the  curve  is  sought  for  which 
»iB  is  a  maximum,  v  is  an  arbitrary  con- 

stant.   If  on  any  change  of  the  curve,  A  -+•  mB,  for  any 
value  of  ///,  does  not  change,  this  is  generally  possible 
only  provided   the  change  of  A,  considered  by  its- 
and  that  of  /  :< -red  by  itself,  are  =0. 

6    Eule-r  was  the  originator  of  still  another  impor-  Thefunda- 
tant  advance.      In  treating  the  problem  of  finding  theprin. 

•  ^H  ...  .        James  Ber 

brachistochroi  ing  medium,  which  was  m-nouiii'a 

Herrmann   and    him,  the  existing   meth- •hownnot 
ods  ]  -roved  incompetent.     For  the  brachistochrone  in  veruiiy 

mm,  the  velocity  depends  solely  on  the  vertical  ' 
heig   t  fallen  through.     The  velocity  in  one  portion  of 
the     urvc   is   in   no  wise  dependent  on  the  other  por- 
tions      In   this  case,  then,  we  can  indeed  say,  that   if 
the     hole  cu:  rachistochronous,  every  element 

of  it  is  also  bra<  histochronous.  But  in  a  resisting 
med  mi  the  ease  nt.  The  entire  length  and 

form  of  t!  ling  pat  na- 

tion f  the  velocity  in  the  element.  I  be  whole  curve 
can  e  brachistochronous  without  the  separate  ele- 
ment necessarily  exhibiting  this  pro}  By  con- 
sider tions  of  tliis  character,  Euler  perceived,  that  the 
prim  pie  introduced  by  James  Bernoulli  did  not  hold 
univ«  sally  good,  but  that  in  cases  of  the  kind  referred 
to,  a  lore  detailed  treatment  was  required. 

7.      he  methodical  arnu  .,'reat  mim- 

the  problems  solved,  gradually  led  Euler  to  sub- 
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stantially  the  same  methods  that  Lagrange  afterwards 
history  of  &  developed  in  a  somewhat  different  form,  and  which 
lus  of  Vari-  now  go  by  the  name  of  the  Calculus  of  Variations.  First, 
John  Bernoulli  lighted  on  an  accidental  solution  of  a 
problem,  by  analogy.  James  Bernoulli  developed,  for 
the  solution  of  such  problems,  a  geometrical  method. 
Euler  generalised  the  problems  and  the  geometrical 
method.  And  finally,  Lagrange,  entirely  emancipating 
himself  from  the  consideration  of  geometrical  figures, 
gave  an  analytical  method.  Lagrange  remarked,  that 
the  increments  which  functions  receive  in  consequence 
of  a  change  in  their  form  are  quite  analogous  to  the  in- 
crements they  receive  in  consequence  of  a  change  of 
their  independent  variables.  To  distinguish  the  two 
species  of  increments,  Lagrange  denoted  the  former 
by  d,  the  latter  by  d.  By  the  observation  of  this  anal- 
ogy Lagrange  was  enabled  to  write  down  at  once  the 
equations  which  solve  problems  of  maxima  and  minima. 
Of  this  idea,  which  has  proved  itself  a  very  fertile  one, 
Lagrange  never  gave  a  verification  ;  in  fact,  did  not 
even  attempt  it.  His  achievement  is  in  every  respect 
a  peculiar  one.  He  saw,  with  great  economical  in- 
sight, the  foundations  which  in  his  judgment  were  suf- 
ficiently secure  and  serviceable  to  build  upon.  But 
the  acceptance  of  these  fundamental  principles  them- 
selves was  vindicated  only  by  its  results.  Instead  of 
employing  himself  on  the  demonstration  of  these  prin- 
ciples, he  showed  with  what  success  they  could  be  em- 
ployed. (Essai  d'une  nouvelle  methode  pour  determiner 
les  maxima  et  minima  des  formules  integrates  indefinies. 
Misc.  Taur.  1762.) 

The  difficulty  which  Lagrange's  contemporaries  and 
successors  experienced  in  clearly  grasping  his  idea,  is 
quite  intelligible.  Euler  sought  in  vain  to  clear  up  the 
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lifference   between   a   variation   and  a  differential  by  Tin- mis- 

•     •  •  •          ir  ncep- 

laginmg  constants  contained   in  the  function,  with  tions  of  La- 

change  of  which  the  form  of  the  function  changed.  fde"Ke 
he   increments  of  the  value  of   the  function  arising 
m  the  increments  of  these  constants  were  regarded 
him  as  the  variations,  while  the  increments  of  Un- 
ction springing  from  the  increments  of  the  iiuK  JH  n 
nt  variables  were  the  differentials.     The  conception 
the  Calculus  of  Variations  that  springs  from  such  a 
Jew  is  singularly  timid,  narrow,  and  illogical,  and  does 
t  compare  with  that  of  Lagrange.     Even  Linde 
k,  so  excellent  in  other  respects,  is  in;.: 
this  defe  first  really  compet< 

n  of  Lagrange's  idea  is,  in  our  opinion,  that  of  J  i  i 
E  rr.*  Jellett  appears  to  have  said  what  Lagrange  per- 
uas  unable  fully  to  say,  perhaps  did  not  deem  it 
ne  :essary  to  s 

8.  Jellt •:•  s  j 

gt  icrally  are  divisible  .V  quan- 

tit  es;  the   latter   beintf  subdivided   into  independent Ci       *«l 
an  I  dependent  v a:  ay  be  arbitrarily 

ch  nged,    and   such   whose  change  depends   on    t 
ch  nge  of  oil.  pendent,  variables,  in  so: 

co  netted  with  them.     The  latter  are  call*  '>ns 

of   he  former,  and  th-  of  the  r«  iat  con- 

ne  ts  th«  m  is  termed  t 

analogous  to  this  division  of  quantities  into  con- 
st.  it  and  vari  ion  of  the /•///.•»•  ,</ "/. 

and  inJftet tnina t?  (\ . 

If  the  form   of  a  funttiou,  v  =  0>(*),  is  inde- 

ter  ninate,  or  variable.  function  v  can 

•s'e   in   two  ways  :    (i)  by  an   increment  </.v  of  the 

f..:t*tary   Trtatitt  on  tkt  Calcnlut  «/  r,     By  the  Rev. 

Job:   Hewitt  Jellett.   Dublin,  i8ja 
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independent  variable  x,  or  (2)  by  a  change  of  form,  by 
a  passage  from  cp  to  tp^.  The  first  change  is  the  dif- 
ferential dy,  the  second,  the  variation  dy.  Accord- 

ingly, 

dy  =  cp  (x  -f-  dx]  —  cp  (V),  and 

*y=  9  1  (*)  —  ?>(•*)• 

The  object         The  change  of  value  of  an  indeterminate  function 

of  the  cal- 

cuiusof  va-due  to  a  mere  change  ot  iorm  involves  no  problem. 

riations  il-    . 

lustrated.  just  as  the  change  ot  value  01  an  independent  variable 
involves  none.  We  may  assume  any  change  of  form 
we  please,  and  so  produce  any  change  of  value  we 
please.  A  problem  is  not  presented  till  the  change  in 
value  of  a  determinate  function  (7^)  of  an  indetermi- 
nate function  cp,  due  to  a  change  of  form  of  the  included 
indeterminate  function,  is  required.  For  example,  if 
we  have  a  plane  curve  of  the  indeterminate  form  7  = 
cp  (x),  the  length  of  its  arc  between  the  abscissae  XQ 
and  jC  is 


a  determinate  function  of  an  indeterminate  function. 
The  moment  a  definite  form  of  curve  is  fixed  upon,  the 
value  of  ,S  can  be  given.  For  any  change  of  form  of 
the  curve,  the  change  in  value  of  the  length  of  the  arc, 
6S,  is  determinable.  In  the  example  given,  the  func- 
tion S  does  not  contain  the  function  y  directly,  but 
through  its  first  differential  coefficient  dy/dx,  which  is 
itself  dependent  on  y.  Let  u  =  F(y)  be  a  determinate 
function  of  an  indeterminate  function  y  =  cp  (x)  ;  then 


S*=F(y  +  dy)  -  F(y)  =  3y. 

Again,  let  u=F(y,  dy/dx}  be  a  determinate  function 
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of  an  indeterminate  function,  y  =  €p(x).  For  a  change 
of  form  of  <p,  the  value  of  v  changes  by  tfji  and  the 
value  of  dy/dx  by  d(dy/dx).  The  corresponding  change 
in  the  value  of  //  is 


resstOD  8  /  is  obtained  by  nition  from  i 

H  for 
the  varia- 


<OL±?.«  '  _  •'.'•  _•• 

•/.v  co«fil 

Similarly,  the  following  results  are  found: 

d*  \      d*  dy        d*  y      d*6y 

~  d.^  ~' 


ai   1  so  forth. 

We  now  proceed   to  a  problem,  namely,  the  de-Api 
te  mination  of  the  form  of  th-  n  \  =  <p(x)  that 

wi  1  render 

U-'fVi* 

*• 

Wl  t-: 

r-j^ 

a  naximum  or  minimum  ;  <p  denoting  an  indetermi- 
na  e,  and  Fa  determinate  function.  The  value  of  U 
:»«  y  be  varied  (i)  by  a  change  of  the  lin 
Ot  tside  of  the  limits,  the  change  of  the  independent 
va  iables  x,  as  such,  does  not  affect  U\  accordingly, 
if  ••  regard  the  limits  as  fixed,  this  is  tin-  < 

\vay 
(2    in  which  the  Me  of  variation 
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is  by  a  change  of  the  form  of  y  =  (p(x).   This  produces 
a  change  of  value  in 

dy^ 

•y'  dx  a 
amounting  to 


and  so  forth.  The  total  change  in  U,  which  we  shall 
call  DU,  and  to  express  the  maximum  -minimum  con- 
dition put  =0,  consists  of  the  differential  dC/and  the 
variation  6U.  Accordingly, 


Expression  Denoting  by  V^dx^  and  —  VQdxQ  the  increments  of 
variation  of  U  due  to  the  change  of  the  limits,  we  then  have 

the  func- 

tion in  •*"! 

question.  DU=  V^  dx^  —    VQdxQ  +   dCVdx  = 


But  by  the  principles  stated  on  page  439  we  further  get 
^..      dV  dV    d  dV 


dx  dx* 

^fi         dV  ddy        dV  d*dy 

~~  ' 


"dx  dx* 

For  the  sake  of  brevity  we  put 

—  =  ^,—  =  P,t~  =  P. 

d  dx 

Then 
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-/'-/ 

l   «/.V  /  grationof 

/  the  third 

t<  mi  of  the 

difficulty  here  is,  that  not  only  rt\v.  but  also  the  . 

-  dy/dx*  ....  occur  in  this  equation,  variation. 
us  which  are  dependent  on  one  another,  but  not 
in  a  directly  obvious  manner.     This  drawback  can  be 
by  successive  integration  by  parts,  by  means 
of  tlu   formula 

|  "r,///. 

his  method 


-'.«>-/ 


I 


,• 
.' 

Perf   rming   all   these   integrations  between  the  lin 
tain  for  the  condition  DU      <>  the  expression 
0  = 


-~ 


now  coi  ntegral  sign. 

of  this  ea 

il  :K»M 

and     ii-j"  •  :    the   In 
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The  inter-  The  terms  of  the  two  following  lines  depend  on  the 
the  results,  change  in  the  form  of  the  function,  for  the  limiting 
values  of  x  only  ;  and  the  indices  i  and  2  state  that 
the  actual  limiting  values  are  to  be  put  in  the  place  of 
the  general  expressions.  The  terms  of  the  last  line, 
finally,  depend  on  the  general  change  in  the  form  of 
the  function.  Collecting  all  the  terms,  except  those  in 
the  last  line,  under  one  designation  a^ — aQ,  and  calling 
the  expression  in  parentheses  in  the  last  line  /?,  we 
have 

. 6y.doc. 

But  this  equation  can  be  satisfied  only  if 

^-0^  =  0 (1) 

and 


For  if  each  of  the  members  were  not  equal  to  zero, 
each  would  be  determined  by  the  other.  But  the  in- 
tegral of  an  indeterminate  function  cannot  be  expressed 
in  terms  of  its  limiting  values  only.  Assuming,  there- 
fore, that  the  equation 


XQ 

The  equa-    holds  generally  good,  its  conditions  can  be  satisfied, 

tion  which  ,   .  ,     .  .  .  f 

solves  the    since  dy  is  throughout  arbitrary  and  its  generality  of 

problem,  or  ,  •          i  i      1  i  •  /o         n       T-» 

makes  the    form  cannot  be  restricted,  only  by  making  p  =  0.     By 

function  in 

question  a   the  equation 

maximum 


therefore,  the  form  of  the  function  jy  =  <p(x)  that  makes 
the  expression  U  a  maximum  or  minimum  is  denned. 
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Equation  (3)  was  found  by  Euler.     But  Lagrange  first 
showed  the  application  of  equation  (i ),  for  the  deter- 
mination of  a  function  by  the  conditions  at  its  limits. 
luation  (3),  which  it  must  satisfy.  tlu- /•/•///  of  tin- 
function    \  —  gem-rally   determined:     but    this 
:ion    contains   a   number  of  arbitrary  constants, 
ilues  are  determined  solely  by  tin-  conditions 
at  the  limits.      With  respect  to  notation,  Jellett  rightly 

nent  of  the  symbol  6  in  the 
,  =VQ6xQ  of  equation  (i),  (the 
form  used  by  Lagrange,)  is  illogical,  and  he  corrt-i 
puts  for  the  increments  of  the  independent  variables 
the  usual  symbol 

q.   To  illustrate  the  use  to  which  these  equations  A  practical 
may  be  put,  let  us  seek  the  form  of  the  function  that  of  the  use 

of these 


ition   (3),  and    that  e'luation    becomes 

<»  ;    whii'h  nirans  that   /  ••onsequcntly 

ily  \  .     1 1  • 

toe  con^: 
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Develop-     the  limits.      If  the  straight   line   passes    through   the 

ment  of  the 

illustration,  points  XQ,  }'  Q  and  x  lt  ylt  then 


............ 

y±  =  ax1  +  b  ) 

and  as  dxQ  =  dxl  =  Q,  dyQ  =  dyl  =  Q,  equation  (i) 
vanishes.  The  coefficients  d  (dy/dx},  d  (d*y/dx2),  .... 
independently  vanish.  Hence,  the  values  of  a  and  b 
are  determined  by  the  equations  (/«)  alone. 

If  the  limits  XQ,  xl  only  are  given,  buty0,y^  are 
indeterminate,  we  have  dxQ  =  dx1  =  Q,  and  equation 
(i)  takes  the  form 


which,  since  6y0  and  dy^  are  arbitrary,  can  only  be 
satisfied  if  a  =  0.  The  straight  line  is  in  this  case 
y  =  b,  parallel  to  the  axis  of  abscissae,  and  as  b  is  inde- 
terminate, at  any  distance  from  it. 

It  will  be  noticed,  that  equation  (i)  and  the  sub- 
sidiary conditions  expressed  in  equation  (/«),  with  re- 
spect to  the  determination  of  the  constants,  generally 
complement  each  other. 

If 


is  to  be  made  a  minimum,  the  integration  of  the  appro- 
priate form  of  (3)  will  give 


If  Z  is  a  minimum,  then  2?rZ  also  is  a  minimum,  and 
the  curve  found  will  give,  by  rotation  about  the  axis 
of  abscissae,  the  least  surface  of  revolution.  Further, 
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to  a  minimum  of  Z  the  lowest  position  of  the  centre  of 
gravity  of  a  homogeneously  heavy  curve  of  this  kind 
corresponds  ;  the  curve  is  therefore  a  catenary.  The 
determination  of  the  constants  c,  c  is  effected  by  means 
of  the  limiting  conditions,  as  abo\ 

In   the  treatment  of  mechanical   problems,  a  di- 

,     ,  ,  andvjrtu.il 

tmction  is  made  between  the  increments  of  coordinates  <i> 

.  nu-ir. 

that   </<7//<///r  take  place   in   time,   nai: 
and  the  /vo/7'/,-  displacement  red, 

for  instance,  in  the  application  of  the  principle  of 
tual  velocitic  latter,  as  a  rule,  are  not  varia- 

tions ;  that  is,  are  not  changes  of  value  that 

changes  in  the  form  of  a  function.      Only  wlu -n 
we  consi  chanical  system   that  is  a  continuum, 

as  f  >r  example  a  string,  a  flexible  surface,  an  elastic 
bod.-,  or  a  liquid,  are  we  at  liberty  to  regard  <J.r,  dy, 
6s  ;  s  indeterminate  functions  of  the  coordinat 
z,  a  id  are  we  concerned  with  van 

t  is  not  our  purpose  in  this  work,  to  develop  math 

I  ^M  .  cal- 

em;  tica;  iply  to  ti  ->f  va- 

.      .  ,  riations  for 

ical  part  of  i 

me  -ical  problems  and  of  the  calculus  of  variations  had 
to  I  j  touched  upon,  beca' 

ere  .ed  a  very  considerable  influence  on  t  lop- 

mei  t  of  mechanics.     Our  sense  of  the  general  pi 
erti  s  of  .    and  of  pr< 

mir  ma  i  ich  sharpened  by  these 

tions,  and  pr  of  the  kind  referred  to 

wer     subsequently  discovered   in   mechanical  systr 
Wltl     great    facility.       As    a    fact,  |>  nee   La- 

:>les 

in    ;     maxim. il    or    minimal    form 

woi      .    b-  i^'iblr    without    a    kn  of    the 

hist  -ricii  ;.'iiM-ut. 
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II. 

THEOLOGICAL.  ANIMISTIC,   AND     MYSTICAL    POINTS  OF  VIEW 
IN  MECHANICS. 

i.  If,  in  entering  a  parlor  in  Germany,  we  happen 
to  hear  something  said  about  some  man  being  very 
pious,  without  having  caught  the  name,  we  may  fancy 
that  Privy  Counsellor  X  was  spoken  of, — or  Herr  von 
Y ;  we  should  hardly  think  of  a  scientific  man  of  our 
acquaintance.  It  would,  however,  be  a  mistake  to  sup- 
pose that  the  want  of  cordiality,  occasionally  rising  to 
embittered  controversy,  which  has  existed  in  our  day 
between  the  scientific  and  the  theological  faculties, 
always  separated  them.  A  glance  at  the  history  of 
science  suffices  to  prove  the  contrary. 
The  con-  People  talk  of  the  "  conflict"  of  science  and  the- 

flict  of  sci-  . 

ence  and     ology,  or  better  of  science  and  the  church.     It  is  in 

the  church.  . 

truth  a  prolific  theme.  On  the  one  hand,  we  have  the 
long  catalogue  of  the  sins  of  the  church  against  pro- 
gress, on  the  other  side  a  " noble  army  of  martyrs," 
among  them  no  less  distinguished  figures  than  Galileo 
and  Giordano  Bruno.  It  was  only  by  good  luck  that 
Descartes,  pious  as  he  was,  escaped  the  same  fate. 
These  things  are  the  commonplaces  of  history ;  but  it 
would  be  a  great  mistake  to  suppose  that  the  phrase 
" warfare  of  science"  is  a  correct  description  of  its 
general  historic  attitude  toward  religion,  that  the  only 
repression  of  intellectual  development  has  come  from 
priests,  and  that  if  their  hands  had  been  held  off,  grow- 
ing science  would  have  shot  up  with  stupendous  velo- 
city. No  doubt,  external  opposition  did  have  to  be 
fought  ;  and  the  battle  with  it  was  no  child's  play. 


FOKMAL  DEl'ELOPM  44? 

Nor  was  any  engine  too  base  for  the  church  to  handle  The  strug- 

in  this  struggle.     She  considered   nothing  but  how  to  usts  with 

1  tlu: 
conquer;  and  no  temporal  po.  conducted  precon- 

so  selfishly,  so  unscrupulously,  or  so  cruelly.      But  in-  ideas. 

gators  have  had  another  struggle  on  their  hands. 
and  by  no  means  an  easy  one,  the  struggle  with  their 
own  preconceived  ideas,  and  especially  with  the  notion 
that  philosophy  and  science  must  be  founded  on  the- 
ologv.  It  was  but  slowly  that  this  prejudice  little  by 
little-  was  erased. 

2.   But  let  the  facts  speak  for  themselves,  wh:  ^ricai 

•  example*. 

luce  the  reader  to  a  few  historical  personages. 
Napier,  the  inventor  of  logarithms,  an  austere  I 
tan,  who  lived  in  the  sixteenth  century,  was.  in  addi- 
tion to  his  scientific  avocations,  a  zealous  theologian. 
Na  )ier   applied   himself   to   some   extremely  curious 
sp<  culations.      He  wrote  an  «  xegetical  con;  v  on 

tin    Book  of  Revelation,  with  propositions  and  mathe- 
[jn;  :ical  demonstrations.     Proposition   XXVI.  for  ex- 
an    >le,  maintains  that  the  pope  is  the  A  ;  propo- 

sit  :>n  XXXVI  declares  that  the  locus:  iks 

an     Mohammedans  ;  and  so  f< 

Blaise  Pascal  (1623-1662),  one  of  the  most  rounded 

to  be  found  among  mathematicians  and  }>; 

ici  ts,  was  extremely  orthodox  and  ascetical.    So  deep 

•nsofhishe.  despite  the  gen- 

:  his  character,  he  once  openly  denounced  at 

R(  icn  an  instructor  in  philosophy  as  a  heretic.     The 

»ng  of  his  sister  by  contact  with  a  relic  most 

on  ly  impressed  him,  and  he  regarded  her  cure  as  a 

mi  acle.     On  these  facts  taken  .  es  it  might 

me   /rong  to  lay  #-.  ^;  for  his  whole  family  were 

i  inclined  to  religious  fan  But  there 

ph  ity  of  other  instances  of  h  was 
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Pascal.  his  resolve, — which  was  carried  out,  too, — to  abandoi 
altogether  the  pursuits  of  science  and  to  devote  his  lif( 
solely  to  the  cause  of  Christianity.  Consolation,  he 
used  to  say,  he  could  find  nowhere  but  in  the  teaching* 
of  Christianity  ;  and  all  the  wisdom  of  the  world  availed 
him  not  a  whit.  The  sincerity  of  his  desire  for  the 
conversion  of  heretics  is  shown  in  his  Lettres  provin- 
ciates, where  he  vigorously  declaims  against  the  dread- 
ful subtleties  that  the  doctors  of  the  Sorbonne  had 
devised,  expressly  to  persecute  the  Jansenists.  Ven 
remarkable  is  Pascal's  correspondence  with  the  theo- 
logians of  his  time  ;  and  a  modern  reader  is  not  a  littl< 
surprised  at  finding  this  great  "scientist"  seriously 
discussing  in  one  of  his  letters  whether  or  not  the  Devil 
was  able  to  work  miracles. 

otto  yon  Otto  von  Guericke,  the  inventor   of  the  air-pump, 

Guericke.  .         ..  1P  .         ,         ..  /•    i  •       i         i 

occupies  himself,  at  the  beginning  ot  his  book,  now 
little  over  two  hundred  years  old,  with  the  miracle  of 
Joshua,  which  he  seeks  to  harmonise  with  the  ideas 
of  Copernicus.  In  like  manner,  we  find  his  researches 
on  the  vacuum  and  the  nature  of  the  atmosphere  in- 
troduced by  disquisitions  concerning  the  location  of 
heaven,  the  location  of  hell,  and  so  forth.  Although 
Guericke  really  strives  to  answer  these  questions  as  ra- 
tionally as  he  can,  still  we  notice  that  they  give  him 
considerable  trouble, — questions,  be  it  remembered, 
that  to-day  the  theologians  themselves  would  consider 
absurd.  Yet  Guericke  was  a  man  who  lived  after  the 
Reformation  ! 

The  giant  mind  of  Newton  did  not  disdain  to  employ 
itself  on  the  interpretation  of  the  Apocalypse.  On  such 
subjects  it  was  difficult  for  a  sceptic  to  converse  with 
him.  When  Halley  once  indulged  in  a  jest  concerning 
theological  questions,  he  is  said  to  have  curtly  repulsed 
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him  with  the  remark  :    "I  have  studied  these  things  : 

:ii 

you  have  not  ! ' 

\Ve  need  not  tarry  by  Leibnitz,  the  inventor  of  .the 
best  of  all  possible  worlds  and  of  pre-established  har- 
mony— inventions  which  Voltaire  disposed  of  in  ( 
dide,  a  humorous  novel  with  a  deeply  philosophical  pur- 
pose. But  everybody  knows  that  Leibnitz  was  almost 
if  not  quite  as  much  a  theologian,  as  a  man  of  science. 

Let  us  turn,  however,  to  the  last  century.   Euler,  in  Euier. 
his  /  »•.»',  deals  with  theologico- 

philosophical  problems  in  the  midst  of  scientific  ques- 
aksof  the  difficulty  involved  in  explaining 
the   interaction   of  body  and   mind,   due  to   the  total 
diversity  <>f  t  phenomena, — a  div<  Ins 

mird  undoubted.  The  system  of  occasionalism,  devel- 
op* 1  by  Descartes  and  his  followers,  agreeably  to  which 
Go  1  executes  for  :rpose  of  the  soul,  (the  soul  it- 

sel   ::  able  to  do  so,)  a  corresponding  mi 

of    he  body,  does  not  quite  satisfy  him.      !  les, 

t    without   humor,   the  doctrine  of    pre- 
est  1  g  to  which  perfect  agree- 

nu  it  from  the  beginning  between 

me  /ements  of  the  bo  olitions  of  the  soul, — 

alt   o  n   any  way  connected    \\ith 

otl  ;r, — j  is  harmo 

bu    like-cons: 

own  body  is  as  foreign  to  1  hat  of  a 

the  midst  of  Africa,  which  mi^lit    just  as 

:iy  with    his   soul  as 

.n.    Let  us  hear  Ins  own  words.    In  his  day,  Latin 
almost    universally  '  a    German 

>lar    v.  ally  condesc  he 

in  1  "Si  dans  le  cas  d'un  ddreglement 

i  mon  corps  Dieu  ajustait  celui  d'un  rhinoceros, 
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"en  sorte  que  ses  mouvements  fussent  tellement  d'ac- 
"  cord  avec  les  ordres  de  mon  ame,  qu'il  levat  la  patl 
"  au  moment  que  je  voudrais  lever  la  main,  et  ains 
"  des  autres  operations,  ce  serait  alors  mon  corps.    J< 
"  me  trouverais  subitement  dans  la  forme  d'un  rhino- 
"ceros  au  milieu  de  1'Afrique,  mais  non  obstant  eel; 
"mon  ame  continuerait  les  meme  operations.   J'aurai 
"e"galement  1'honneur  d'e"crire  a  V.  A.,  mais  je  ne  saii 
"pas  comment  elle  recevrait  mes  lettres." 
Euier-s  One  would  almost  imagine  that  Euler,  here,  had  beer 

theological  ,  ,       . 

proclivities  tempted  to  play  Voltaire.  And  yet,  apposite  as  was 
his  criticism  in  this  vital  point,  the  mutual  action  of 
body  and  soul  remained  a  miracle  to  him,  still.  But  he 
extricates  himself,  however,  from  the  question  of  the 
freedom  of  the  will,  very  sophistically.  To  give  some 
idea  of  the  kind  of  questions  which  a  scientist  was  per- 
mitted to  treat  in  those  days,  it  may  be  remarked  that 
Euler  institutes  in  his  physical  "Letters"  investiga- 
tions concerning  the  nature  of  spirits,  the  connection 
between  body  and  soul,  the  freedom  of  the  will,  the 
influence  of  that  freedom  on  physical  occurrences, 
prayer,  physical  and  moral  evils,  the  conversion  of  sin- 
ners, and  such  like  topics ; — and  this  in  a  treatise  full 
of  clear  physical  ideas  and  not  devoid  of  philosophical 
ones,  where  the  well-known  circle-diagrams  of  logic 
have  their  birth-place. 

Character          i.   Let  these  examples  of  religious  physicists  suffice. 

of  thetheo-___       .  .  .  .  . 

logical  We  have  selected  them  intentionally  Irom  among  the 
the  great  in-  foremost  of  scientific  discoverers.  The  theological  pro- 
clivities which  these  men  followed,  belong  wholly  to 
their  innermost  private  life.  They  tell  us  openly  things 
which  they  are  not  compelled  to  tell  us,  things  about 
which  they  might  have  remained  silent.  What  they 
utter  are  not  opinions  forced  upon  them  from  without; 


FORMAL  Dl  VA'.V/-.  451 

are  their  own  sincere  views.      They  were  not  con- 
scious of  any  theological  constraint.      In  a  court  which 
harbored  a  Lamettrie  and  a  Voltaire,  Euler  had  no  i 
son  to  conceal  his  real  convictions. 

ording  to  the  modern  notion,  these  men  should  characier 

i  i          ,  ••  i of  tl: 

seen   that  the  questions  they  discussed 

did  not  belong  under  tin;   hea  .  v    put  them, 

that  th«-y  w<-re  not  questions  of  science.      Still,  odd  as 
this  contradiction  d  theolo^U  al  lu  . 

and  iiulependently  created  scientific  c« 
to  us,    it  is  no  reason  for  a  diminished  admiration  of 
ders  of  scientific  thoi  tact 

•  tupendnus  mental  power  :  they  were 
able,  in  spite  of  the  c«  I  horizoi  age,  to 

wh  ch  even   t  a  were  chienV  limited,  to 

poi  it  out  the  path  to  an  elevation,  where  our  gen« 
tioi   has  attained  a  fr<  of  view. 

Every  unbiassed  mind  ;  that  the  age  in 

wh  ch  the  chief  development  of  the  science  of  mechan- 
e,  was  an  age  of  predomir  ological 

cas  .  Ljualqii'  •<;(!  by  every  tl 

an<    modified  ev.  nder,  then,  that  me- 

on  tag  ion.   But  the  thoroughness  with 
wh  ;h   theological   thought    thus   permeated   I 
inq  .iry,  will  best  be  seen  by  a  nation  <>i 

..     1  dse  imparted  in  antiquity  t«>  tins  direc- Galileo's 

it:ro  and  Pap;  Seen  all.. 

to  i  i  t!  At  the  beginning  of  the  m«tert*ir 

sev  nteenth  century  we  find  Galileo  occupied  with  prob- 
leni  i  concern.  He  shows 

tha    hollow  tubes  offer  a  greater  resistance  to  flexure 
tha    soh«  length  and  the  same  quantity 

of  i   .iter  :  at  once  a  <liscovery  to  the 

exp  anation  of  the  forms  of  the  bones  of  animal 
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are  usually  hollow  and  cylindrical  in  shape.  The  phe- 
nomenon is  easily  illustrated  by  the  comparison  of  a 
flatly  folded  and  a  rolled  sheet  of  paper.  A  horizontal 
beam  fastened  at  one  extremity  and  loaded  at  the  other 
may  be  remodelled  so  as  to  be  thinner  at  the  loaded 
end  without  any  loss  of  stiffness  and  with  a  consider- 
able saving  of  material.  Galileo  determined  the  form  of 
a  beam  of  equal  resistance  at  each  cross-section.  He 
also  remarked  that  animals  of  similar  geometrical  con- 
struction but  of  considerable  difference  of  size  would 
comply  in  very  unequal  proportions  with  the  laws  of 
resistance. 
Evidences  The  forms  of  bones,  feathers,  stalks,  and  other  or- 

of  design 

in  nature,  game  structures,  adapted,  as  they  are,  in  their  minut- 
est details  to  the  purposes  they  serve,  are  highly  cal- 
culated to  make  a  profound  impression  on  the  thinking 
beholder,  and  this  fact  has  again  and  .again  been  ad- 
duced in  proof  of  a  supreme  wisdom  ruling  in  nature. 
Let  us  examine,  for  instance,  the  pinion-feather  of  a 
bird.  The  quill  is  a  hollow  tube  diminishing  in  thick- 
ness as  we  go  towards  the  end,  that  is,  is  a  body  of 
equal  resistance.  Each  little  blade  of  the  vane  re- 
peats in  miniature  the  same  construction.  It  would 
require  considerable  technical  knowledge  even  to  imi- 
tate a  feather  of  this  kind,  let  alone  invent  it.  We 
should  not  forget,  however,  that  investigation,  and 
not  mere  admiration,  is  the  office  of  science.  We 
know  how  Darwin  sought  to  solve  these  problems,  by 
the  theory  of  natural  selection.  That  Darwin's  solution 
is  a  complete  one,  may  fairly  be  doubted  ;  Darwin  him- 
self questioned  it.  All  external  conditions  would  be 
powerless  if  something  were  not  present  that  admitted 
of  variation.  But  there  can  be  no  question  that  his 
theory  is  the  first  serious  attempt  to  replace  mere  ad- 
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miration  of  the  adaptations  of  organic  nature  by  seri- 
ous inquiry  into  the  mode  of  their  origin. 

Pappus's  ideas  concerning  the  cells  of  honeycombs  The  ceils  of 
were  the  subject  of  animated  discussion  as  late  as  the  comb?ne 
eighteenth  century.  In  a  treatise,  published  in  1865, 
entitled  //'///f-Y  Without  Hands  (p.  428),  Wood  substan- 
tially relates  the  following  :  "  Maraldi  had  been  struck 
with  the  great  regularity  of  the  cells  of  the  honey- 
comb. I!*  mrastired  the  angles  of  the  lozenge-shaped 
plate-.  <>r  rhombs,  that  form  the  terminal  walls  of  the 
cells,  and  found  them  to  be  respectively  109°  28'  and 
:mur,  convinced  that  these  angles  were  in 
y  connected  with  the  economy  of  the  cells, 
requested  the  mathematician  K<3nig  to  calculate  the 
forn  of  a  hexagonal  prism  terminated  by  a  j>  \iamid 
composed  of  three  t  i  similar  rhombs,  wl 

wot  d  give  the  gr  nount  of  space  with  a  given 

arm  int  o:  :  the  angles 

sho  Id  be  109°  26'  and  70°  34'.  The  difference,  accord- 
>  minuti  laurin,*  dissatisfied  with 

this  :  r.n-pi-ated  Maraldi's  measurements,  found 

thei  red,  in  going  over  the  calcu- 

late i,  an  error  in  the  logarithmic  table  employed  by 
KOI   g.      Net   the   b«-cs,  but  ill--  math-  .vere 

WTO    g,  and  the  bees  had  help- 

.  ny  one  who  is  acquainted  with  the  methods  of 
uriri  and   has  seen  the  cell  of  a  honeycomb. 

witl  its  rough  i  -reflective  surfaces,  will  question 

whe  her  the  measurern  i  ch  cells  can  bee  \ 

with  a  j>r  rror  of  only  two  minutes.f     So,  we 

mus    tak  tory  as  a  sort  of  pious  mathematical 


mairtt  Jtt*c»<Umi«  for  1712.   It  is,  how- 
ever,      ,w  well  known  the  cell*  vary  considerably.    Sec  Chaancey  Wright, 

Pkilos    »4/V,j.'  ;  '1877.  p.  311.  —  Tramt. 
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fairy-tale,  quite  apart  from  the  consideration  that  noth- 
ing would  follow  from  it  even  were  it  true.  Besides, 
from  a  mathematical  point  of  view,  the  problem  is  too 
imperfectly  formulated  to  enable  us  to  decide  the  ex- 
tent to  which  the  bees  have  solved  it. 
other  The  ideas  of  Hero  and  Fermat,  referred  to  in  the 

instances.  .  .  . 

previous  chapter,  concerning  the  motion  ot  light,  at 
once  received  from  the  hands  of  Leibnitz  a  theolog- 
ical coloring,  and  played,  as  has  been  before  mentioned, 
a  predominant  role  in  the  development  of  the  calculus 
of  variations.  In  Leibnitz's  correspondence  with  John 
Bernoulli,  theological  questions  are  repeatedly  dis- 
cussed in  the  very  midst  of  mathematical  disquisitions. 
Their  language  is  not  unfrequently  couched  in  biblical 
pictures.  Leibnitz,  for  example,  says  that  the  problem 
of  the  brachistochrone  lured  him  as  the  apple  had  lured 
•Eve. 

Thetheo-  Maupertuis,    the   famous   president   of   the   Berlin 

nei  of  the    Academy,  and  a  friend  of  Frederick  the  Great,    gave 

principle  of  .  .....  .       , 

least  ac-  a  new  impulse  to  the  theologising  bent  of  physics  by 
the  enunciation  of  his  principle  of  least  action.  In  the 
treatise  which  formulated  this  obscure  principle,  and 
which  betrayed  in  Maupertuis  a  woeful  lack  of  mathe- 
matical accuracy,  the  author  declared  his  principle  to  be 
the  one  which  best  accorded  with  the  wisdom  of  the 
Creator.  Maupertuis  was  an  ingenious  man,  but  not  a 
man  of  strong,  practical  sense.  This  is  evidenced  by 
the  schemes  he  was  incessantly  devising  :  his  bold  prop- 
ositions to  found  a  city  in  which  only  Latin  should  be 
spoken,  to  dig  a  deep  hole  in  the  earth  to  find  new 
substances,  to  institute  psychological  investigations  by 
means  of  opium  and  by  the  dissection  of  monkeys,  to 
explain  the  formation  of  the  embryo  by  gravitation,  and 
so  forth.  He  was  sharply  satirised  by  Voltaire  in  the 
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ire  dii   docttur  Akakia,    a  work   which   led,  as  we 
.,  to  the  rupture  between  Frederick  and  Voltaire. 
Maupertuis's  principle  would  in  all  probability  soon  Euicr's  re- 
have  been  forgotten,  had  Euler  not  taken  up  the  sun-  thetheoiog- 

_  .  i       ,     r        i  -        •  ical  basis  of 

gestion.      Luler   magnanimously  left  the  principle  its  this  prin- 
nanu,  Maupertuis  the  glory  of  the  invention,  and  con-° 

1  it  into  something  new  and  really  serviceal 
Maupertuis  meant  to  convey  is  ficult  to 

tain.      What  Kuler  meant  may  be  easily  showr. 
simple  examples.   If  a  body  is  constrained  to  move  on  a 

surface,  for  instance,  on  the  surface  of  the  earth,  it 
will  describe   when  an   impulse  is  imparted  to  it,  the 

.een  its  initial  and  terminal  positi< 
Any  other  path  that  might  be  prescribed  it,  would 
long  ;ld  require  a  greater  time.  This  principle 

find*  an  application  in  the  theory  of  atmospheric  and 
ocea  lie  currents.    The  theological  point  of  view,  Eulrr 
reta  led.  I  \<  claims  it  is  possible  to  explain  phenorm 
not    nly  from  their  physical  causes,  but  also  from  t! 
purj  >ses.      "As  the  c<  >n  of  the  universe  is  the 

"m  st  perfect  possible,  being  the  handiwork  of  an 
"al  wise  Maker,  nothing  can  be  met  with  in  the  world 
"in  .vhich  some  maximal  or  minimal  property  is  not 
"di  played.  There  is.  consequently,  no  doubt  but 
"th  t  ali  ts  of  the  world  can  be  by 

"th  method  of  maxima  and  minima  from  their  final 
"ca  ell  as  from  their  efficient  ones 

f     Similarly,  the  notions  of  the  constancy  of  the 
quai  :ity  of  matter,  of  the  constancy  of  the  quantity  of 

^•'  )namenim  n  mi  fabric.*  tit  perfectiMima.  atque  a  creatore 

sapiei    issiino  abv  <|uo  non  roa 

.MI  [.••  i    us  .    t  milltim, 
^Bk  t         CS    : 

^^^K 
0N»-'      (•"•  it  m**imi  minimh* 

f**dt>   ft.     i  44.) 
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The  central  motion,  of  the  indestructibility  of  work  or  energy,  con- 
notions  Of  .  i-n  111- 

modern       ceptions  which  completely  dominate  modern  physics, 
mainly  of    all  arose  under  the  influence  of  theological  ideas.   The 

theological  .  .  j      i      •  ... 

origin.  notions  in  question  had  their  origin  in  an  utterance  of 
Descartes,  before  mentioned,  in  the  Principles  of  Philos- 
ophy, agreeably  to  which  the  quantity  of  matter  and  mo- 
tion originally  created  in  the  world, — such  being  the 
only  course  compatible  with  the  constancy  of  the  Crea- 
tor,— is  always  preserved  unchanged.  The  conception 
of  the  manner  in  which  this  quantity  of  motion  should 
be  calculated  was  very  considerably  modified  in  the 
progress  of  the  idea  from  Descartes  to  Leibnitz,  and  to 
their  successors,  and  as  the  outcome  of  these  modifi- 
cations the  doctrine  gradually  and  slowly  arose  which 
is  now  called  the  "law  of  the  conservation  of  energy." 
But  the  theological  background  of  these  ideas  only 
slowly  vanished.  In  fact,  at  the  present  day,  we  still 
meet  with  scientists  who  indulge  in  self-created  m 
ticisms  concerning  this  law. 


itu- 


Gradual  During  the  entire  sixteenth  and  seventeenth  cen 

transition  - 

from  the      ries,  down  to  the  close  of  the  eighteenth,  the  prevail- 

theological   .          ....  .    .  .  „..,,..• 

point  of  mg  inclination  of  inquirers  was,  to  find  in  all  physical 
laws  some  particular  disposition  of  the  Creator.  But 
a  gradual  transformation  of  these  views  must  strike 
the  attentive  observer.  Whereas  with  Descartes  and 
Leibnitz  physics  and  theology  were  still  greatly  inter- 
mingled, in  the  subsequent  period  a  distinct  endeavor 
is  noticeable,  not  indeed  wholly  to  discard  theology, 
yet  to  separate  it  from  purely  physical  questions.  Theo- 
logical disquisitions  were  put  at  the  beginning  or  rele- 
gated to  the  end  of  physical  treatises.  Theological 
speculations  were  restricted,  as  much  as  possible,  to 
the  question  of  creation,  that,  from  this  point  onward, 
the  way  might  be  cleared  for  physics. 
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Towards  the  close  of  the  eighteenth  century  a  re-  ultimate 
markable   change   took   place, — a  change   which  was  emancipa- 
apparently  an  abrupt  departure  from  the  current  trend  ofeydci 

*  .  11-1  f  from  theol- 

of  thought,  but  in  reality  was  the  logical  outcome  of 
the  development  indicated.  After  an  attempt  in  a 
youthful  work  to  found  mechanics  on  Eider's  principle 
of  least  action,  Lagrange,  in  a  subsequent  treatment 
of  the  subject,  de  tion  of  utterly  disre- 

iheological  and  metaphysical  speculations,  as 
in  their  nature  precarious  and  foreign  to  science.      He 
d  a  new  mechanical  system  on  entirely  different 
foundations,  and  no  one  conversant  with  the  subject 
wil  cellencies.    All  subsequent  scientists 

of  eminence  accepted  La  res- 

ent attitude  of  physics  to    :  was   thus  substan- 

tia  ly  determined. 

64  The  idea  that  theology  and  physics  ar-  ,- The  mod- 

•nches  of   knowledge,  tin;  .iway»  the 

•Icof 

unation  in  Copernicus  till  its  final  promulgation 
by  L  s  to  attain  ci 

in    th(  stigators.     At  the  same  tin 

ca   not  b(  that   this  truth  r  to 

de- 

:ound  r.  .  mingled  theology  \\ 

th<   (j  lie  concludes 

hilst  on  tr  and  luminous 

int  llect  still  \vit!i  an  exclamation  of  humble 

ition  at  i  :y  of  all  earthly  things.      H«it 

op    cal  r  ist  to  those  of  Leib- 

•<-e  of  theolo  •:  same  may 

;   Iluygrns.      Their  writings  « 

.ibsoliiti-ly  to  the   point   of   \  La- 

. 

ica  .      But  the  general  views  and  tendencies  of  an  age 
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must  not  be  judged  by  its  greatest,  but  by  its  average, 

minds. 

The  theo-          To  comprehend  the  process  here  portrayed,  the  gen- 

logical  con-  .  .... 

ception  of    era!  condition  of  affairs  in  these  times  must  be  consid- 

the  world  .  ...... 

natural  and  ered.    It  stands  to  reason  that  m  a  stage  of  civihsatioi 
able.  in  which  religion  is  almost  the  sole  education,  and  th< 

only  theory  of  the  world,  people  would  naturally  loo 
at  things  in  a  theological  point  of  view,  and  that  the 
would  believe  that  this  view  was  possessed  of  compe 
tency  in  all  fields  of  research.    If  we  transport  ourselve 
back  to  the  time  when  people  played  the  organ  wit 
their  fists,  when  they  had  to  have  the  multiplication  tabl 
visibly  before  them  to  calculate,  when  they  did  so  muc 
with  their  hands  that  people  now-a-days  do  with  thei 
heads,   we  shall  not  demand  of  such  a  time  that  i 
should  critically  put  to  the  test  its  own  views  and  the 
ories.     With  the  widening  of  the  intellectual  horizo 
through  the  great  geographical,  technical,  and  scien 
tine  discoveries  and  inventions  of  the  fifteenth  and  six 
teenth  centuries,  with  the  opening  up  of  provinces  i 
which  it  was  impossible  to  make  any  progress  with  th 
old  conception  of  things,  simply  because  it  had  been 
formed  prior  to  the  knowledge  of  these  provinces,  thi 
bias  of  the  mind  gradually  and  slowly  vanished.      Th 
great  freedom  of  thought  which  appears  in  isolated 
cases  in  the  early  middle  ages,  first  in  poets  and  then 
in  scientists,  will  always  be  hard  to  understand.    The  en- 
lightenment of  those  days  must  have  been  the  work  of  a 
few  very  extraordinary  minds,  and  can  have  been  bound 
to  the  views  of  the  people  at  large  by  but  very  slender 
threads,  more  fitted  to  disturb  those  views  than  to  re- 
form them.    Rationalism  does  not  seem  to  have  gained 
a  broad  theatre  of  action  till  the  literature  of  the  eigh- 
teenth century.    Humanistic,  philosophical,  historical, 


FORMAL  DEVELOPME.\  T.  459 

and  physical  science  here  met  and  gave  each  other 
mutual  encouragement.  All  who  have  experienced,  in 
part,  in  its  literature,  this  wonderful  emancipation  of 
the  human  intellect,  will  feel  during  their  whole  lives  a 

p,  elegiacal  regret  for  the  eighteenth  century. 

7.   The  old  point  of  view,  then,  is  abandoned.      Its  The  en- 
is  now  detectible  only  in   the  form  of  the  me- mem  of  the 

•  ,  •  •       i  1        1     •     "    r  -ti 

chamcal  principles.   And  this  form  will  remain  strange 

to  us  as  long  as  we  neglect  its  origin.    The  theological 

conception  of  things  gradually  gave  way  to  a  more 

conception  ;  and   this  was  accompanied    with  a 

considerable   gain   in  enlightenment.  ;is  we  shall   now 

fly  indie, 

V/hen  we  say  1  •  -Is  by  the  paths  of  short* 

time    we  gra-  ich  an  expression   many   things. 

But  ,ve  do  not  know  as  yet   vchy  light  prefers  paths  of 
shor  est  time.    We  forego  all  further  knowledge  of  • 
phei  omenon,  if  we  find  the  reason  in  t! 
dom       \\V  of   to-day   k;..  by  all 

patl    ,  but  that  only  on  the  p,.-  liortest  time  do 

the  aves  of  light  so  intensify  each  other  that  a  per- 
cept i)le  i  luced.  Light,  accordingly,  only 

aPPc    rs  to  tra  :nC-       After  Extrmva- 

Imh   j:  questions  had  well. » 

,  ,  ,.          ,          ,.  ,     .      economy  in 

beei   removed,  cases  were  immedi 

whi(  i  by  ipposed  economy  of  na: 

the  :  lost  striking  extravagance  wa  ved.     Cases 

of  tl  is  kind   have,  f.  -  out  by 

Jaco    i  in  connection  with  Killer's  principle  of  least  ac- 
[  tion      A  great  many  natural   ph.  accordii 

prod   re   tin:   impression  of  economy,  simply  ber 

•  ar  only  when  by  accident  an  econom 
ical         umulation   of  effects  take  place.      This  is  i 
sam<   idea  in  t  nee  of  inorganic  nature  that  Dar- 
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Explana- 
tion of  max- 
imal and 
minimal 
effects. 


Points  of 
identity  in 
the  theolog- 
ical and 
scientific 
concep- 
tions. 


win  worked  out  in  the  domain  of  organic  nature.  We 
facilitate  instinctively  our  comprehension  of  nature  bn 
applying  to  it  the  economical  ideas  with  which  we  an 
familiar. 

Often  the  phenomena  of  nature  exhibit  maxim; 
or  minimal  properties  because  when  these  greatest 
least  properties  have  been  established  the  causes  of 
further  alteration   are  removed.     The  catenary  give 
the  lowest  point  of  the  centre  of  gravity  for  the  simpl< 
reason  that  when  that  point  has  been  reached  all  fui 
ther  descent  of  the  system's  parts  is  impossible.      Li- 
quids exclusively  subjected   to  the  action  of  molecul; 
forces  exhibit  a  minimum  of  superficial  area,  becaus 
stable  equilibrium  can  only  subsist  when  the  moleculs 
forces  are  able  to  effect  no  further  diminution  of  super- 
ficial area.     The  important  thing,  therefore,  is  not  the 
maximum  or  minimum,  but  the  removal  of  work  ;  worl 
being  the  factor  determinative  of  the  alteration.      Il 
sounds  much  less  imposing  but  is  much  more  elucidj 
tory,  much  more  correct  and  comprehensive,  instes 
of  speaking  of  the  economical  tendencies  of  nature, 
say  :    "So  much  and  so  much  only  occurs  as  in  virti 
of  the  forces  and  circumstances  involved  can  occur." 

The  question  may  now  justly  be  asked,  If  the  point 
of  view  of  theology  which  led  to  the  enunciation  of  the 
principles  of  mechanics  was  utterly  wrong,  how  comes 
it  that  the  principles  themselves  are  in  all  substantial 
points  correct  ?  The  answer  is  easy.  In  the  first  place, 
the  theological  view  did  not  supply  the  contents  of  the 
principles,  but  simply  determined  their  guise;  their  mat- 
ter was  derived  from  experience.  A  similar  influence 
would  have  been  exercised  by  any  other  dominant  type 
of  thought,  by  a  commercial  attitude,  for  instance,  such 
as  presumably  had  its  effect  on  Stevinus's  thinking.  In 
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the  second  place,  the  theological  conception  of  nature 
itself  owes  its  origin  to  an  endeavor  to  obtain  a  more 
comprehensh  f  the  world  ; — the  very  same  en- 

deavor that  is  at  the  bottom  of  physical  science.  Hence, 
even  admitting  that  the  physical  philosophy  of  theology 
is  a  fruitless  achieven.  ersion  to  a  lower  state  of 

tine  culture,  we  still  need  not  repudiate  the  <<>unJ 
which  it  has  sprung  and  which  is  not  differ- 
ent from  that  of  ti  inquiry. 

In  fact,  science  can  accomplish  nothing  by  the  con-  Necessity 
ration  of  inJiriJual facts  ;  from  time  to  tim< 
its  glance  at  the   v.  Galileo's  of  tii. 

in 

of  falling  bodies,  Huygens's  principle  of  ; 
the   principle  of  virtual  veloi  the  con- 

ce  >t  of  mass,  could   n  •    saw.  l><    i  ex- 

ce  >t  !  ternate  consideration  of  ;al  facts 

an  1  of  nature  as  a  totality.  We  may,  in  our  men- 
ta  reconstruction  anical  processes,  start  fi 

th  properties  of  isolated  masses  (from  the  elementary 
or  differential  laws),  and  so  compose  our  s  of 

th    processes  ;  or  .  hold   f 

of  :h<  i  as  a  whole  (abide  by  the  integral  laws). 

Si   ce,  h<  s  of  one  in- 

relations  to  other   : 

don  with  • 

i.  or  elen  >  do  not 

It  would  be  illogical,  accordingly,  to  exclude 

.'1,  or  ol 

:   properties  of   :  :om  our  studies. 

[Tl  J  more  general  a  new  principle  is  and  :  its 

icw  of  the  possi- 
bil   j  of  error,  be  demanded  of  it. 

conception  of  a  will  and  intelligence  acti\ 
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Pagan  ideas  nature  is  by  no  means  the  exclusive  property  of  Chris- 

and  prac- 
tices rife  in  tian  monotheism.    On  the  contrary,  this  idea  is  a  quite 

the  modern  f         ...  .  .       . 

world.  familiar  one  to  paganism  and  fetishism.  Paganism, 
however,  finds  this  will  and  intelligence  entirely  in  in- 
dividual phenomena,  while  monotheism  seeks  it  in  the 
All.  Moreover,  a  pure  monotheism  does  not  exist. 
The  Jewish  monotheism  of  the  Bible  is  by  no  means 
free  from  belief  in  demons,  sorcerers,  and  witches  ; 
and  the  Christian  monotheism  of  mediaeval  times  is 
even  richer  in  these  pagan  conceptions.  We  shall  not 
speak  of  the  brutal  amusement  in  which  church  and 
state  indulged  in  the  torture  and  burning  of  witches, 
and  which  was  undoubtedly  provoked,  in  the  majority 
of  cases,  not  by  avarice  but  by  the  prevalence  of  the 
ideas  mentioned.  In  his  instructive  work  on  Primitive 
Culture  Tylor  has  studied  the  sorcery,  superstitions, 
and  miracle-belief  of  savage  peoples,  and  compared 
them  with  the  opinions  current  in  mediaeval  times  con- 
cerning witchcraft.  The  similarity  is  indeed  striking. 
The  burning  of  witches,  which  was  so  frequent  ii 
Europe  in  the  sixteenth  and  seventeenth  centuries,  i< 
to-day  vigorously  conducted  in  Central  Africa.  Evei 
now  and  in  civilised  countries  and  among  cultivated 
people  traces  of  these  conditions,  as  Tylor  shows,  still 
exist  in  a  multitude  of  usages,  the  sense  of  which,  witl 
our  altered  point  of  view,  has  been  forever  lost. 

8.  Physical  science  rid  itself  only  very  slowly 
these  conceptions.  The  celebrated  work  of  Giambatista 
della  Porta,  Magia  naturalis,  which  appeared  in  1558, 
though  it  announces  important  physical  discoveries,  is 
yet  filled  with  stuff  about  magic  practices  and  demono- 
logical  arts  of  all  kinds  little  better  than  those  of  a  red- 
skin medicine-man.  Not  till  the  appearance  of  Gil- 
bert's work,  De  magnete  (in  1600),  was  any  kind  of  re- 
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striction  placed  on  this  tendency  of -thought.    When  we  Animistic 

.  ,  notions  \a 

renect  that  even  Luther  is  said  to  have  had  personal  science, 
encounters  with  the  Devil,  that  Kepler,  whose  aunt  hail 
been  burned  as  a  witch  and  whose  mother  came  near 
meeting  the  same  fate,  said  that  witchcraft  could  not 
be  denied,  and  dreaded  to  express  his  real  opinion  of 
astrology,  we  can  vividly  picture  to  ourselves  the 
thought  of  less  enlightened  minds  of  those  ages. 

»-rn  physical  science  also  ll  aces  of  fetish- 

ism, as  T  U  remarks,  in  its  "forces."     And  the 

hobgoblin  practices  of  modern  spiritualism  are  an 

••nee  that  the  conceptions  of  paganism   have   not 
been  overcome  even  by  the  cultured  society  of  to-day, 

It  is  natural  that  these  ideas  so  obstinately  ass. 
tli   i!  Of   the   many   impulses    that    n; 

\v  th  demoniacal  power,  that  nourish,   preserve,   and 
p  opagate  him,  without  his  knowledge  or 
oi    these  impulses  of  which  the  middle  ages  pres 
8i  ch  great  pathological  excesses,   only  the  sm.i 
p  rt  is  accessible  to  scientific  anal  :  conceptual 

k  owledge.     The  fundamental  character  of  all  these 
ir  ;tincts  is  the  feeling  of  our  oneness  and  sameness 
v,  th  nature;  a   feeling  that  at   ti: 
b  t  never  eradicated  by  absori  tail  OCCU] 

ti  ns,  and  which  certainly  has 
t     what  religious  absurditi-  have  gi 

9.  The  French  encyclopaedists  of  the  eighteenth 
c<  ntury  imagined  they  were  not  far  from  a  final  ex- 
p.  mation  of  the  world  md  mechanical  prin- 

ci  lit-  •  d  a  mind  competent  to 

fo  etell  the  progress  of  nature  for  all  eternity,  if  but 
in    *ses,  their  position-  tialvelo< 

Ir  ihe  eighteenth  ation  of 

th  _•  scope  of  the  new  physico-mechanical  ideas  is  par- 
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ove-esti-     donable.      Indeed,  it  is  a  refreshing,   noble,  and  ele- 

mation  of 

theme-       vatmg  spectacle  ;  and  we  can  deeply  sympathise  with 

chanical  .  .  .  . 

view.  this  expression  of  intellectual  joy,  so  unique  in  history. 
But  now,  after  a  century  has  elapsed,  after  our  judg- 
ment has  grown  more  sober,  the  world-conception  of  the 
encyclopaedists  appears  to  us  as  a  mechanical  mythology 
in  contrast  to  the  animistic  of  the  old  religions.  Both 
views  contain  undue  and  fantastical  exaggerations  of 
an  incomplete  perception.  Careful  physical  research 
will  lead,  however,  to  an  analysis  of  our  sensations. 
We  shall  then  discover  that  our  hunger  is  not  so  essen- 
tially different  from  the  tendency  of  sulphuric  acid  for 
zinc,  and  our  will  not  so  greatly  different  from  the 
pressure  of  a  stone,  as  now  appears.  We  shall  again 
feel  ourselves  nearer  nature,  without  its  being  neces- 
sary that  we  should  resolve  ourselves  into  a  nebulous 
and  mystical  mass  of  molecules,  or  make  nature  a 
haunt  of  hobgoblins.  The  direction  in  which  this  en- 
lightenment is  to  be  looked  for,  as  the  result  of  long 
and  painstaking  research,  can  of  course  only  be  sur- 
mised. To  anticipate  the  result,  or  even  to  attempt  to 
introduce  it  into  any  scientific  investigation  of  to-day, 
would  be  mythology,  not  science. 

Pretensions        Physical  science  does  not  pretend  to  be  a  complete 

and  atti-  .  .  .  .  . 

tude  of  view  of  the  world ;  it  simply  claims  that  it  is  working 
science.  toward  such  a  complete  view  in  the  future.  The  high- 
est philosophy  of  the  scientific  investigator  is  precisely 
this  toleration  of  an  incomplete  conception  of  the  world 
and  the  preference  for  it  rather  than  an  apparently  per- 
fect, but  inadequate  conception.  Our  religious  opin- 
ions are  always  our  own  private  affair,  as  long  as  we  do 
not  obtrude  them  upon  others  and  do  not  apply  them 
to  things  which  come  under  the  jurisdiction  of  a  differ- 
ent tribunal.  Physical  inquirers  themselves  entertain 


FORMA!  465 

:iost  diverse  opinions  on  this  subject,  according  to 
the  range  of  their  intellects  and  their  estimation  of  the 
consequences. 

Physical  science  makes  no  investigation  at  all  into 
things  that  are  absolutely  inaccessible  to  exact  inv 
gation,  or  as  yet  inaccessible  to  it.      But  should  j> 

ever  be  thn.un  open  to  exact  research  which  are 
now  closed  to  it,  no  well-organised   man,  no  one  \\lu> 
cherishes  honest  intentions  towards  himself  and  otl; 
will  any  longer  then  hesitate  to  countenance  inquiry 
with  a  view  to  exchanging  re^urdinu  Mich 

provinces  for  pos  .\v  of  them. 

When,  to-dav,  we  see  socieu  iangeRr- 

H^^H 
its  views  on  the  samequestion  according  to  its  mood  am! 

HI  r  ii-ii 

ti  eeventsof  t  of  an  organ,  when 

v  2  behold  the  profound  mental  anguish  \\hich  is  thus 
p  od  should  km.w  that  t! 

n  ^cessary  outcome  ot 

ti  >nal  character  of  our  philosophy.    A  competent  \ 
(.    the  world  <•  got  as  a  gift ;  we  n 

q  lire  it  by  hard  work.   And  only  I-  «-esway 

t  reason 

a  one  are  det-  .  e,  shall 

k  nd,  approa«  to  that 

i<  eal  of  a  monistic  view  <  >rld  wh  one 

mpatible  with  the  economy  of  a  sound  in 


in. 

ANALYTICAL    MEt 

i.    The  <;s of  Newton  are  purely  jv  •  «eo- 

.        , 

1     •   deduces  Ins  theorems  from  Ins  initial  assumptions  nu-chantot 

f  N 

e   tirely  by  means  of  geon 

I>  ocedure  is  frecj  ;al  that,  as  Laplace 
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remarked,  it  is  unlikely  that  the  propositions  were  dis- 
covered in  that  way.  We  notice,  moreover,  that  the 
expositions  of  Newton  are  not  as  candid  as  those  of 
Galileo  and  Huygens.  Newton's  is  the  so-called  syn- 
thetic method  of  the  ancient  geometers. 
Analytic  When  we  deduce  results  from  given  suppositions, 

mechanics.  .  . 

the  procedure  is  called  synthetic.  When  we  seek  the 
conditions  of  a  proposition  or  of  the  properties  of  a  fig- 
ure, the  procedure  is  analytic.  The  practice  of  the  latter 
method  became  usual  largely  in  consequence  of  the 
application  of  algebra  to  geometry.  It  has  become 
customary,  therefore,  to  call  the  algebraical  method 
generally,  the  analytical.  The  term  "  analytical  me- 
chanics," which  is  contrasted  with  the  synthetical,  or 
geometrical,  mechanics  of  Newton,  is  the  exact  equiva- 
lent of  the  phrase  "  algebraical  mechanics." 
Euier  and  2.  The  foundations  of  analytical  mechanics  were 
rin-scon-  laid  by  EULER  (Mechanica,  sive  Motus  Scientia  Analytice 
Exposita,  St.  Petersburg,  1736).  But  while  Euler's 
method,  in  its  resolution  of  curvilinear  forces  into  tan- 
gential and  normal  components,  still  bears  a  trace  of 
the  old  geometrical  modes,  the  procedure  of  MACLAURIN 
(A  Complete  System  of  fluxions,  Edinburgh,  1742)  marks 
a  very  important  advance.  This  author  resolves  all 
forces  in  three  fixed  directions,  and  thus  invests  the 
computations  of  this  subject  with  a  high  degree  of 
symmetry  and  perspicuity. 
Lagrange's  3.  Analytical  mechanics,  however,  was  brought  to 

perfection     .         ..   .     ,  -  .  P         .  ,        T  T 

of  the  its  highest  degree  ot  perfection  by  LAGRANGE.  La- 
grange's  aim  is  (Mecanique  analytique,  Paris,  1788)  to 
dispose  once  for  all  oi  the  reasoning  necessary  to  resolve 
mechanical  problems,  by  embodying  as  much  as  pos- 
sible of  it  in  a  single  formula.  This  he  did.  Every  case 
that  presents  itself  can  now  be  dealt  with  by  a  very 
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simple,  highly  symmetrical  and  perspicuous  schema  ; 
and  whatever  reasoning  is  left  is  performed  by  pu: 
mechanical   methods.     The    mechanics   of    Lagrange 
is    a    stupendous    contribution    to    the    economy    of 
thought. 

In  statics,  Lagrange  starts  from   the   principle  of  SM 

founded  on 

virtual  velocities.     On  a  number  of  material   points  the  princi- 

•  plesofvir- 

///,,  ///.,.  />/.,.  .  .  .,  definitely  connected  with  one  another,  tuai  \eioci- 
are  impressed  the  forces   /',.  /'...  /'....      If  these 
points  receive  any  infinitely  small  displacements  /|t 
" , .  .  .  .  compatible  with  the  connections  of  tin 

:i  for  equilibrium  2i'/'/  re  the  well- 

known  exception   in  which  the  equality  passes  into  an 
im  ,  left  out  of  account. 

Now  refer  the  whole  system  to  a  set  of  rectangular 
co  >rdinates.   Let  the  coordinates  of  the  material  po 
be  *,.  _v. .  Resolve  the  forces  b 

th     compone:  dlel 

to  the  axes  of  coordinates,  and  the  displacements 
th    displacements  6xlt  6ylt  <J*lf  6x^  6y2,  6s2.  . 

parallel  to  the  axes.      In  the  determination  of  the 
\v«  rk  done  only  the  displacem  <•  point  of  a; 

ca  ion   in   the  direction  of  each  force-component  need 
b<  c<  1  for  that  compo:  1   the  exi 

of  .he  principle  according! 

2(X6x  -f  Ydy  +  Z6s)  =  ••  1 1) 

wl  ere  tl  s  are  to  be  inserted  for 

tli     points,  and  tin-  final  expn-ssiuiis  sunn; 

fundamental  formula   of   d\  | 
•re  u  D'A;  le.     On  the  material  points  cipie  of 

D'Xlem- 

///,    w2,  /  mg  the  co6n!  , ,  «lt  jr,,  b«rt. 

ieforce-compon<  nts 
Z2    .  .  .  act.      But,  owin^j  connections  of  the 
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system's  parts,  the  masses  undergo  accelerations,  whicl 
are  those  of  the  forces. 


These  are  called  the  effective  forces.  But  the  impresset 
forces,  that  is,  the  forces  which  exist  by  virtue  of  the 
laws  of  physics,  X,  Y,  Z .  .  .  .  and  the  negative  of  these 
effective  forces  are,  owing  to  the  connections  of  the 
system,  in  equilibrium.  Applying,  accordingly,  the 
principle  of  virtual  velocities,  we  get 

*tfxl.£ 


Discussion         4.   Thus,  Lagrange  conforms  to  tradition  in  making 

grange's      statics  precede  dynamics.      He  was  by  no  means  corn- 
method. 

pelled  to  do  so.    On  the  contrary,  he  might,  with  equal 

propriety,  have  started  from  the  proposition  that  the 
connections,  neglecting  their  straining,  perform  no 
work,  or  that  all  the  possible  work  of  the  system  is  due 
to  the  impressed  forces.  In  the  latter  case  he  would 
have  begun  with  equation  (2),  which  expresses  this 
fact,  and  which,  for  equilibrium  (or  non-accelerated 
motion)  reduces  itself  to  (i)  as  a  particular  case.  This 
would  have  made  analytical  mechanics,  as  a  system, 
even  more  logical. 

Equation  (i),  which  for  the  case  of  equilibrium 
makes  the  element  of  the  work  corresponding  to  the 
assumed  displacement  =  0,  gives  readily  the  results 
discussed  in  page  69.  If 

dV  dV  dV 

•**•     ~7         >         *     ~J      ')      *•*    ~J        > 

d  x  dy  dz 
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that  is  to  say,  if  A'.  )',  /  are  the  partial  differential  co- 
efficients of  one  and  the  same  function  of  the  coord i- 
-  of  position,  the  whole  expression  undrr  tlu-  sign 
of  summation  is  the  total  variation,  £/',  of  /'.  If  tlu- 
lattrr  is  ii,  / "  is  in  general  a  maximum  or  a  minimum. 

5.  We  will  now  illustrate  the  use  of  equation  (n  by  indication 

a  simple  example.    If  all  the  points  of  application  of  the  »•' 

.     i 
re  independent  of  each  other,  no  problem   is 

ical  prob- 

presented.      Each  point   is   then   in   equilibrium  onlyiems. 
the  forces  impressed  on  it,   and  consequently 
components,  are  =  0.   All  the  displacerm 

.  .    arc   thru   wholly  {nation 

rovided  the  coefficients  of  all  the 
dis  ilari-im-nts  6 .\ .  .   are  equal  to  zero. 

But  if  equations  obtain  between  the  coordinates  of 
the  sevei  ,it  is  to  say,  if  the  points  are  sub- 

jcc    to  mutual  c«  >ns  so  ob 

wi     be  of  the  for:  .)  =  °» 

iOT,  more  briefly,  of  the  form  F~    0.     Then  equations 
We  >  obtain  bftwrt-n  ti  .of  the  form 

^,,,+^,  +  ....=0, 

hrl  ch  \v«-   shall   brirtly  <1.  as  DF  —  0.      If  the 

-.e  shall  have  $n  co<> 
liiation   (i)  will   contain   3/7  magnitudes 
6.\    6v,  6z.  ites 

•  '  quations  t.    tin  n  ///  i-ijua- 

tic    s  />/•'       0  will  be  simultaneously  gi . 

My    these 

itions  can  be  expressed  in  trrms  of  the 
rer   »ind< -i  ,n  (i).      In  (i), 

Lthe  ttore,    there  are  left   3//  —  ///  arbitral  ice- 

coefficients  are  put  =  0.   There  are  thus 
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A  statical 
example. 


obtained  between  the  forces  and  the  coordinates  3  n  — 
equations,  to  which  the  m  equations  (.F=  0)  must  be 
added.  We  have,  accordingly,  in  all,  3/2  equations, 
which  are  sufficient  to  determine  the  3/2  coordinates  of 
the  position  of  equilibrium,  provided  the  forces  are 
given  and  only  the  form  of  the  system's  equilibrium  is 
sought. 

But  if  the  form  of  the  system  is  given  and  fa?  forces 
are   sought  that  maintain  equilibrium,  the  question  is 
indeterminate.     We  have  then,  to  determine  3  n  force- 
components,  only  30  —  m  equa- 
tions ;  the  m  equations  (F  =  0) 
not  containing  the  force-compo- 
nents. 

As  an  example  of  this  man- 
-     ner  of  treatment  we  shall  select 
a  lever  OAf=a,   free  to  rotate 
about  the   origin  of  coordinate 

in  the  plane  XY,  and  having  at  its  end  a  second,  sim 
lar  lever  MN=b.     At  M  and  N,  the  coordinates  o 
which  we  shall  call  x,  y  and  xlt  ylt  the  forces  X,  Kand 
Xlt  F1  are  applied.     Equation  (i),  then,  has  the  form 

Xdx  +  Xl6xl+  Ydy+  Yidyl=Q    ...    (3) 
Of  the  form  F=§  two  equations  here  exist  ;  namely, 


Fig.  232. 


I 


0  j 

rl—  /)f—  ^=°    ) 

The  equations  DF=  0,  accordingly,  are 


^  —  x)  dx,  —  (*!  —  x) 


Here,  two  of  the  variations  in  (5)  can  be  expressed 
in  terms  of  the  others  and  introduced  in  (3).    Also  for 
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purposes  of  elimination   Lagrange  employed   a  per- 

indetermi- 

v  uniform  and  systematic  procedure,  which  maynatecoeffi- 
irsued  quite  mechanically,  without  reflection.   We 

shall  use  it  here.    It  consists  in  multiplying  each  of  the 
tions  (5)  by  an  indeterminate  coefficient  A,  //,  and 

adding  each  in  this  form  to  (3).     So  doing,  we  obtain 


(6) 


-/(i.v,  —  .v  I'M    +  [Jf  ,+/<(•>•,—  .V)]<5.> 

-!T,+  « 

coefficients  of  the  four  displacements  may  now 
ut  directly  =  o.      For  two  displacements  are  ar- 
bitrary,   and    the   two  remaining  coefficients   may  be 
•  •  equal  to  zero  by  the  appropriate  choice  of  A  and 
^ — which  is  tantamount   to  an   elimination  of  the  two 
rerrainini, 

We  ha\  r  equations 

X+  A.V  —  //I.V,  — JC)=rl 

Xl  -i-  ;*«.v,  —  or)  =  0 
X-f  A^v-^oV-/)^ 

yl  -*-  ^  • .        - » 

\\     shall  first  assume  that  the  coordinates  are  given, 
an     seek   the  farces  that  \\  equilibrium. 

va  les  of  A  an«l  //  are  each  determined   by  equating  to 
•  coefficients.     We  get  from  the  second  and 
foi  :tl.  -ns, 

and      -          K' 

nee 

th;  t  is  to  say,  the  total  component  force  impressed  at 
:ie  direction  AfN.     From  the  first  and  third 
eq   ations  we  get 
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Theirem.    A  = 

ploymentin  .         x  V 

the  deter- 


of  and  from  these  by  simple  reduction 

equation.  X  +  X,  _  X 

y+  y,-y  ' 

that  is  to  say,  the  resultant  of  the  forces  applied  at 
and  N  acts  in  the  direction  OM.  * 

The  four  force-components  are  accordingly  subject 
to  only  two  conditions,  (7)  and  (8).  The  problem,  con- 
sequently, is  an  indeterminate  one  ;  as  it  must  be  from 
the  nature  of  the  case  ;  for  equilibrium  does  not  depend 
upon  the  absolute  magnitudes  of  the  forces,  but  upoi 
their  directions  and  relations. 

If  we  assume  that  the  forces  are  given  and  seek  tl 
four  coordinates,  we  treat  equations  (6)  in  exactly 
same  manner.     Only,  we  can  now  make  use,  in  ad< 
tion,  of  equations  (4).    Accordingly,  we  have,  upon  tl 
elimination  of  \  and  yw,  equations  (7)   and  (8)  and  tw( 
equations  (4).     From  these  the  following,  which  fully 
solve  the  problem,  are  readily  deduced 

x  = 


*The  mechanical  interpretation  of  the  indeterminate  coefficients  ^,  fJL  mz 
be  shown  as  follows.  Equations  (6)  express  the  equilibrium  of  two  free  points 
on  which  in  addition  to  X,  Y,  X^,  Y±  other  forces  act  which  answer  to  the  re- 
maining expressions  and  just  destroy  A",  Y,  X±,  Kj.  The  point  N,  for  example, 
is  in  equilibrium  if  X±  is  destroyed  by  a  force  \i(x-\_  —  -*"),  undetermined  as  yet 
in  magnitude,  and  Y±  by  a  force  (J-(yi  —  y).  This  supplementary  force  is  due 
to  the  constraints.  Its  direction  is  determined  ;  though  its  magnitude  is  not. 
If  we  call  the  angle  which  it  makes  with  the  axis  of  abscissas  a,  we  shall  have 


that  is  to  say,  the  force  due  to  the  connections  acts  in  the  direction  off. 
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a(X-    AV 


-V 
a(Y+  )', 


Character 
of  the  pres- 
ent prot>- 
lem. 


I      A        XJ*  - 

Simple  as  this  example  is,  it  is  yet  sufficient  to  give 
us  a  distinct  idea  of  the  character  and  significance  of 
Lagrange's  method.   The  mechanism  of  this  method  is 
^itated  once  for  all,  and  in  its  application  to  par- 
ticular cases  scarcely  any  additional  thinking  is  re- 
quired.     The  simplicity  of  the  example  here  selected 
g  such  that  it  can  be  solved  by  a  mere  glance  at 
the  figure,  we  have,  in  our  study  of  the  method,  the 
advantage  of  a  ready  \ 

6.   We  will  now  illustrate  the  application  of  equa-  General 
ti<  n  (2),  which   is   Lagrange's  form   oi  ient 

D  Alembert's  principle.     There  is  no  problem 
tl   •  masses  move  quite  independently  of  one  anot 
E  ich  mass  yields  to  the  forces  applied  to  it ;  the  va- 
ri   tions  '  •>  z  .....> 

c<  efficient  may  be  singly  put  —  0.     For  the  motion  of 
n  nasses  we  thus  obtain  3//  sinuil- 
t;  icons  differentia]  equations. 

But   if   equations   of   condi 
•  .  f=r  :i  the  coflrdi- 

n  tes,  th-  !1   lead  to 

o  ler 

p  KH:  iations.    With  the 

h  t«  >ceed  exactly  as  in  the 

a]  plication  of  equation  (i).     Only  it    mt;  ->ted 

h  re  that  th  <>  must  eventually  be  em- 

:idifferentiated  as  well  as  in  their  dif- 
fc  <  »rm,  as  will  best  be  seen  from  the  follow- 

nple. 
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A  dynam-          A  heavy  material  point  m,  lying  in  a  vertical  plane 
pie.  XY,  is  free  to  move  on  a  straight  line,  y  =  ax,  inclined 

at  an  angle  to  the  horizon.      (Fig.  233.)     Here  equa- 
tion (2)  becomes 


and,  since  X=  0,  and  Y=  —  mgt  also 


The  place  of  F=  0  is  taken  by 

and  for  DF=  0  we  have 

dy  =  a  8  x. 

Equation  (9),  accordingly,  since  dy  drops  out  an< 
dx  is  arbitrary,  passes  into  the  form 


By  the  differentiation  of  (io),  or  (F=  0),  we  have 

S=a 

and,  consequently, 


Then,  by  the  integration  of  (n),  we  obtain 
—  a       /2 


x  — 


1  +  a**   2 
and 

—  a2       t2 

y=Y^a*gz+abt  +  ac> 

where  b  and  c  are  constants  of  integration,  determined 
by  the  initial  position  and  velocity  of  m.  This  result 
can  also  be  easily  found  by  the  direct  method. 
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Some  care  is  necessary  in  the  application  of  equa-  A  modifica- 

•  e     T-         f\  T>I  i  tion  of  this 

tion  (i)  if  /'  =  o  contains  the  time.     The  procedure  in  example. 

such  cases  may  be  illustrated  by  the  following  example. 
.Jne  in  the  preceding  case  the  straight  line  on 
h  ///  descends  to  move  vertically  upwards  with  the 

acceleration  y.     We  start  again  from  equation  (9) 


O 


=  (>  is  here  replaced  by 


To  form  DF=  0.  (12)  only  with  respect  to  x 

anc  yt  for  we  are  concerned  here  only  with  l\\e  possible 
dis  >lacement  of  t  :n  in  its  position 

ins,  ant,  and   not   with   the  displacement   that  actually 
tak  is  place  in  tin.  put,  therefore,  as  in  the  pre- 

vic  is  case, 

an    obtain,  as  before, 

But  to  get  an  equation  in  x  alone,  we  ha 
Ipui    .r  in  (13)  l>  ///«//  motion,  to 

ite  (12)  with  to  /  ,in«: 

su    in^  (Mjnation 

d*x  , 

+  Y 

for  substitution  in  (13).     In  tl  the  cfjtiation 

<***  tf  A 

7/r+\f+r+*^rj-«o 

^^B  Jfll^l 

h,  integrated,  gi\ 
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If  a  weightless  body  m  lie  on  the  moving  straight 
line,  we  obtain  these  equations 
—  a        /2 


x  = 


1  -f-  a< 


— results  which  are  readily  understood,  when  we  re- 
flect that,  on  a  straight  line  moving  upwards  with  th( 
acceleration  y,  m  behaves  as  if  it  were  affected  with 
downward  acceleration  y  on  the  straight  line  at  rest. 
Discussion         7.   The  procedure  with  equation  (12)  in  the  preced- 
Sfied  ex™m-~  ing  example  may  be  rendered  somewhat  clearer  by  the 
following  consideration.     Equation  (2),  D'Alembert'j 
principle,    asserts,   that   all  the  worl 
that  can  be  done  in  the  displacemei 
of  a  system  is  done  by  the  imprej 
forces  and  not  by  the  connections.  This 
is  evident,  since  the  rigidity  of  the  con- 
nections allows  no  changes  in  the  rela- 
tive positions  which  would  be  nece< 
sary  for  any  alteration  in  the  potentials  of  the  elastic 
forces.     But  this  ceases  to  be  true  when  the  conne< 
tions  undergo  changes  in  time.   In  this  case,  the  change 
of  the  connections  perform  work,  and  we  can  then  a] 
ply  equation  (2)  to  the  displacements  that  actually  tal 
place  only  provided  we  add  to  the  impressed  forces  tl 
forces  that  produce  the  changes  of  the  connections. 

A  heavy  mass  m  is  free  to  move  on  a  straight  line 
parallel  to  <9F(Fig.  234.)     Let  this  line  be  subject  t< 
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a  forced  acceleration  in  the  direction  of  xy  such  that  illustration 

of  the  mod- 

the  equation  F  =  ^  becomes  ified  exam- 

pie. 


principle  again  gives  equation   (9). 
ut  since  from  DF=  0  it  follows  here  that  6x  =  0, 
jiiation  reduces  itself  to 

" 


in  which  fiy  is  wholly  arbitrary.      \Vheref<  : 


and 


to  v  hich  r 


— ' 


to  v  hich  must  be  supplied  (14)  or 

t  is  patent  that  .  i  5    «!«•«•  :  >tal  work 

of  t    e  tlisplacen  ///r  takes  place,  but  only 

tha    of  some  possible  displacement  on  line 

con  eived,  for  the  momer  -  d. 

f  we  imatfir-  iij;ht  line  masslcss,  ft] 

it  t>    travel  parallel  to  itself  in  some  guicl:  iian- 

isin   moved  by  a  for  equation  (2)  will  be 


and  since  6x,  6y  are  wholly  arbi::  e  obtain 

the    -vo  equations 


= 
Y 
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which  give  the  same  results  as  before.  The  apparently 
different  mode  of  treatment  of  these  cases  is  simply  the 
result  of  a  slight  inconsistency,  springing  from  the  fact 
that  all  the  forces  involved  are,  for  reasons  facilitating 
calculation,  not  included  in  the  consideration  at  the 
outset,  but  a  portion  is  left  to  be  dealt  with  subse- 
quently. 

Deduction  8.  As  the  different  mechanical  principles  only  ex- 
cfpieeo?"/*  press  different  aspects  of  the  same  fact,  any  one  of 
them  is  easily  deducible  from  any  other  ;  as  we  shall 
-  now  illustrate  by  developing  the  principle  of  vis  viva 
icai  equa-  from  equatjon  (2)  of  page  468.  Equation  (2)  refers 

instantaneously  possible  displacements,  that  is,  to  "  vir- 
tual "  displacements.     But  when  the  connections  of 
system  are  independent  of  the  time,  the  motions  tht 
actually  take  place  are  "virtual  "  displacements.   Const 
quently  the  principle  may  be  applied  to  actual  motions 
For  dx,  dy,  dz,  we  may,   accordingly,   write  dx,  dy, 
dz,  the  displacements  which  take  place  in  time, 
put 

2  (Xdx  +  Ydy  +  Zdz)  = 


The  expression  to  the  right  may,  by  introducing  foi 
dx,  (dx/df)  dt  and  so  forth,  and  by  denoting  the  velo- 
city by  v,  also  be  written 
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Also  in  the  expression   to  the  left,  (dxjdf)  dt  may  be  Force- 
written  for  d.\.      But  this  gives 

/2(AV  0"  **«•(*•  —  < 

where  z/0  denotes  the  velocity  at  the  beginning  and  p 
the  velocity  at  the  end  of  the  motion.  The  integral  to  the 
left  can  always  be  found  if  we  can  reduce  it  to  a  single 
variable,  that  is  to  say,  if  we  know  the  course  of  the 
motion  in  time  or  the  paths  which  the  movable  points 
describe.  If,  however,  X,  V,  Z,  are  the  partial  differ- 
ential coefficients  of  the  same  function  £/of  coordinates, 
if,  that  is  to  say, 

dU  dU  dU 

=  ^'  '  =  7P 

as  is  always  the  case  when  only  central  forces  are  in- 
vc  Ived,  this  reduction  is  unnecessary.  The  entire  ex- 
pi  ission  to  the  left  is  then  a  complete  differential.  And 
w  have 


vv  ich  is  to  difference  of  the  force-functions 

(«  work)  at  the  beginning  and  the  end  of  the  mo; 

jiial  to  the  difference  of  t!  ,•  at  the  be- 

gi  ining  and  the  end  of  the  motion.  Ti  riva  are 

in  such  case  also  functions  of  the  co6i 

In  the  case  of  a  body  movable  in  the  plane  of  X 
ai  d  X  suppose,  for  example,  X= — j,  )'=  —  x  ;  we 
tl  :n  1. 

^i*(t>»  —  rj). 

B   Hf  X=  —  a,  K=  — .v,    the   integral   to   the  left  is 

-  j  (a  dx  -T  This  integral  can  be  assigned  the 

in  >ment  we  know  the  path  the  body  has  traversed,  that 
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Essential 
character 
of  analyt- 
ical me- 
chanics. 


is,  if  y  is  determined  a  function  of  x.      If,  for  example, 
y  =^x2,  the  integral  would  become 

-JO  +  2j»*»)  dx  =  a  O0  -  *)  +  2/>(>o -*)_!, 

The  difference  of  these  two  cases  is,  that  in  the  first 
the  work  is  simply  a  function  of  coordinates,  that  a 
force-function  exists,  that  the  element  of  the  work  is  a 
complete  differential,  and  the  work  consequently  is  de- 
termined by  the  initial  and  final  values  of  the  coordi- 
nates, while  in  the  second  case  it  is  dependent  on  the 
entire  path  described. 

9.  These  simple  examples,  in  themselves  present- 
ing no  difficulties,  will  doubtless  suffice  to  illustrate  the 
general  nature  of  the  operations  of  analytical  mechan- 
ics. No  fundamental  light  can  be  expected  from  this 
branch  of  mechanics.  On  the  contrary,  the  discovery 
of  matters  of  principle  must  be  substantially  completed 
before  we  can  think  of  framing  analytical  mechanics ; 
the  sole  aim  of  which  is  a  perfect  practical  mastery  of 
problems.  Whosoever  mistakes  this  situation,  will 
never  comprehend  Lagrange's  great  performance,  which 
here  too  is  essentially  of  an  economical  character.  Pom- 
sot  did  not  altogether  escape  this  error. 

It  remains  to  be  mentioned  that  as  the  result  of  the 
labors  of  Mobius,  Hamilton,  Grassmann,  and  others,  a 
new  transformation  of  mechanics  is  preparing.  These 
inquirers  have  developed  mathematical  conceptions 
that  conform  more  exactly  and  directly  to  our  geomet- 
rical ideas  than  do  the  conceptions  of  common  analyt- 
ical geometry  ;  and  the  advantages  of  analytical  gene- 
rality and  direct  geometrical  insight  are  thus  united. 
But  this  transformation,  of  course,  lies,  as  yet,  beyond 
the  limits  of  an  historical  exposition.  (See  p.  577.) 
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IV. 
THE   ECONOMY  OF   SCIENCE. 

I.   It  is  the  object  of  science  to  replace,  or 

.  ...  of  so i 

periences,  by  the  reproduction  and  anticipation  of  facts  economy  Of 
in  thought.      Memory  is  handier  than  experience,  and 
often    answers    the    same    purpose.      This   economical 
office  of  science,  which  fills  its  whole  life,  is  appa: 
at  first  glance  ;  and  with  its  full  recognition  all  n. 

n  in  science  disappears. 

Science  is  communicated  by  instruction,  in  order 
that  one  man  may  profit  by  the  experience  of  another 
and  be  spared  the  trouble  of  accumulating  it  for  him- 
s<  If  ;  and  thus,  to  spare  posterity,  the  experiences  of 
*•  iole  g-  is  are  stored  up  in  lit 

Language,  the  instrument  of  this  communication,  TI>. 
is  itself  an  economical  contrivance.     Experiences  are  character 
a  alysed,  or  broken  up,  into  si  1  mme  familiar 

e  pei  nbolised  at  some  sacrifice  of 

p  eci  'Is  of  speech  are  i  ;» -d 

th<  d  boundaries,  and  doubtless 

11  long  i  to.    Hut  writt'  ;,ige  is  gradually 

in^  >  an  ideal  universal  chara< 

is  certainly  no  longer  a  t  of  speech. 

>  umerals,  algebraic  s  mbols,  musical 

n  >tes,  phonetic  alph.t 

a  read\-   formed  of  this  u  r  of  tin-  fu- 

\\\  re;  they  are,  to  some  extent,  d.-ndrdly  concept! 
a  d  of  almost  gei:  r  national  ust-.     The  analysis 

o    colors,   physical  and  physiological,  is  already 

need  to  render  an  int-  al  system  of 

.ctical.      In   Chinese    writing, 
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Possibility 
of  a  univer- 
sal lan- 
guage. 


Econom- 
ical charac- 
ter of  all 
our  repre- 
sentations 
of  the 
world. 


we  have  an  actual  example  of  a  true  ideographic  lan- 
guage, pronounced  diversely  in  different  provinces,  yet 
everywhere  carrying  the  same  meaning.  Were  th< 
system  and  its  signs  only  of  a  simpler  character,  th< 
use  of  Chinese  writing  might  become  universal.  Th( 
dropping  of  unmeaning  and  needless  accidents  of  gram- 
mar, as  English  mostly  drops  them,  would  be  quite 
requisite  to  the  adoption  of  such  a  system.  But  uni- 
versality would  not  be  the  sole  merit  of  such  a  char- 
acter ;  since  to  read  it  would  be  to  understand  it.  Our 
children  often  read  what  they  do  not  understand  ;  but 
that  which  a  Chinaman  cannot  understand,  he  is  pre- 
cluded from  reading. 

2.  In  the  reproduction  of  facts  in  thought,  wt 
never  reproduce  the  facts  in  full,  but  only  that  side  oi 
them  which  is  important  to  us,  moved  to  this  direct!] 
or  indirectly  by  a  practical  interest.  Our  reproductions 
are  invariably  abstractions.  Here  again  is  an  econom- 
ical tendency. 

Nature  is  composed  of  sensations  as  its  elements. 
Primitive  man,  however,  first  picks  out  certain  com- 
pounds of  these  elements — those  namely  that  are  re- 
latively permanent  and  of  greater  importance  to  him. 
The  first  and  oldest  words  are  names  of  "things." 
Even  here,  there  is  an  abstractive  process,  an  abstrac- 
tion from  the  surroundings  of  the  things,  and  from  the 
continual  small  changes  which  these  compound  sensa- 
tions undergo,  which  being  practically  unimportant  ai 
not  noticed.  No  inalterable  thing  exists.  The  thin$ 
is  an  abstraction,  the  name  a  symbol,  for  a  compoum 
of  elements  from  whose  changes  we  abstract.  Th< 
reason  we  assign  a  single  word  to  a  whole  compound  i: 
that  we  need  to  suggest  all  the  constituent  sensations 
at  once.  When,  later,  we  come  to  remark  the  change- 
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ableness,  we  cannot  at  the  same  time  hold  fast  to  the 
idea  of  the  thing's  permanence,  unless  we  have  recourse 
to  the  conception  of  a  thing-in-itself,  or  other  such  like 
absurdity.  Sensations  are  not  signs  of  things  ;  but,  on 
a  thing  is  a  thought-symbol  for  a  com- 
pound sensation  of  relative  fixedness.  Properly  speak- 
ing the  world  is  not  composed  of  "things"  as  its  ele- 
ments, but  of  colors,  tones,  pressures,  spaces,  tin 
in  short  what  we  ordinarily  call  individual  sensations. 

The  whole  operation  is  a  mere  affair  of  economy. 
In  the  reproduction  of  facts,  we  begin  with  the  more 
durable  and  familiar  compounds,  and  supplement  these 
with  the  unusual  by  way  of  corrections.     Thus, 
W'i  speak  of  a  perforated  «  of  a  cube  with  bev- 

el id  edges,  expressions  involving  contradictions,  un- 
less we  accept  the  view  here  taken.  All  judgments  are 
si  ch  amplifications  and  corrections  of  ideas  already 
a  mi: 

3.    In   speaking  of  cause  and  et:  arbitrarily  The  ideas 

:g  ye  relief  to  those  elements  to  whose  connection  we  effect, 
h  ve  to  attend  in  the  reproduction  of  a  fa  re- 

s  cct  in  whirh  it  :  :ant  to  us.     Ti 

n  T effect  in  natur  lal  exis- 

t<  net  nces  of  like  cases  in 

v  iich^  i  connected  with 

11  tder like  circumstances,  that  is  again,  t: 
c  nnection  of  cause  and  effect,  exist  but  in  the  abstrac- 

n  perform  for  the  purpose  of  mentallx 
p  oducing  the  fa<  <;come  familiar,  and 

v»  i  no  longer  :  cutting  into  relief  of  its  con- 

n  cting  marks,  our  attention  if  no  longer  attracted  to 
tl  "  new  and  surprising,  and  we  cease  to  speak  of  cause 
a  effect.  Heat  is  said  to  be  the  cause  of  the  tension 
o  steam  ;  but  when  the  phenomenon  becomes  familiar 
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we  think  of  the  steam  at  once  with  the  tension  propei 
to  its  temperature.      Acid  is  said  to  be  the  cause  of  th< 
reddening  of  tincture  of  litmus  ;  but  later  we  think 
the  reddening  as  a  property  of  the  acid. 
Hume,  Hume  first  propounded   the  question.  How  can 

Kant,  and 

Schopen-     thing  A   act  on  another  thing  Bt    Hume,  in  fact,  re 

hauer's  ex-   .  .     ' 

pianations  jects  causality  and  recognises  only  a  wonted  succes- 
and  effect,  'sion  in  time.    Kant  correctly  remarked  that  a  necessat 
connection  between  A  and  B  could  not  be  disclosed 
simple  observation.      He  assumes  an  innate   idea 
category  of  the  mind,  a  Verstandesbegrijf,  under  whi< 
the  cases  of  experience  are  subsumed.    Schopenhauei 
who    adopts    substantially  the  same   position,   distin- 
guishes four  forms  of  the  "principle  of  sufficient  re; 
son"— the  logical,   physical,  and  mathematical  fon 
and  the  law  of  motivation.    But  these  forms  differ  onb 
as  regards  the  matter  to  which  they  are  applied,  whicl 
may  belong  either  to  outward  or  inward  experience. 
Cause  and         The  natural  and  common-sense  explanation  is  aj 
parently  this.    The  ideas  of  cause  and  effect  original!] 


oT?ho™ght.s  sprang  from  an  endeavor  to  reproduce  facts  in  thought. 
At  first,  the  connection  of  A  and  B,  of  C  and  Z>,  of 
and  F,  and  so  forth,  is  regarded  as  familiar.  But  aft< 
a  greater  range  of  experience  is  acquired  and  a  coi 
nection  between  M  and  N  is  observed,  it  often  turns 
out  that  we  recognise  M  as  made  up  of  A,  C,  Ey  and  N 
of  B,  D,  F,  the  connection  of  which  was  before  a  fa- 
miliar fact  and  accordingly  possesses  with  us  a  higher 
authority.  This  explains  why  a  person  of  experience 
regards  a  new  event  with  different  eyes  than  the  nov- 
ice. The  new  experience  is  illuminated  by  the  mass 
of  old  experience.  As  a  fact,  then,  there  really  does 
exist  in  the  mind  an  "idea"  under  which  fresh  experi- 
ences are  subsumed  ;  but  that  idea  has  itself  been  de- 
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veloped  from  experience.  The  notion  of  the  necessity 
of  the  causal  connection  is  probably  created  by  our 
voluntary  movements  in  the  world  and  by  the  changes 
which  these  indirectly  produce,  as  Hume  supposed  but 
Schopenhauer  contested.  Much  of  the  authority  of 
the  ideas  of  cause  and  effect  is  due  to  the  fact  that  they 
art-  developed  instinctively  and  involuntarily,  and  that 

ire  distinctly  sensible  of  having  personally  con- 
tributed nothing  to  their  formation.  We  may,  iiul« 

that  our  sense  of  causality  is  not  acquired  by  the 
individual,  but  has  been  perfected  in  the  develop 

:  of  the  race.     Cause  and  effect,   thereft 

_:s  of  thought,  having  an  economical  office.  It  can- 
not be  said  why  they  arise.  For  it  is  ;  by  the 
abstraction  of  unifor:  e  know  t  tion 
••why.  '  (SeeAp  XXVI,  p.  579.) 

4.    In  the  details  of  science,  its  economical  character  Econom- 
ic still  more  apparent.      The  so-called  descriptive  sci-turwof 

•II  laws  of 

e  ces  must  chiefly  remain  content  With  reconstructing  • 
ii  dividual  facts.    Where  it  is  possible,  the  common 
t  res  of  many  facts  are  once  for  all  placed  in  relief.   But 
ii  scieno  >re  highly  developed,  rules  for  th<- 

r  constr  ^reat  nn:  l»od- 

i<  d  in  a  .»  on.    Thus,  instead  of  noting  i: 

\  dual  cases  of  light-refraction,  we  can  mentally  recon- 
s  met  all  present  and  future  cases,  if  we  know  that 
i   cident  :  refracted  ray,  and  the  perpendicular 

1  5  in  the  same  plane  and  t  \\ft=zn.      Here, 

i   ste  I  ess  cases  of  i 

c  »mbinations  of  matter  and  under  all  different  angles 
o  in  have  simply  to  note  the  rule  above 

s  ited  and  the  values  of  n, — w!  uch  easier.    The 

e   (  iiomical  purp-  ra   unmistakable.      In    n.r 

t  ere  is  no  law  of  refraction,  only  different  cases  01 
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fraction.  The  law  of  refraction  is  a  concise  compen- 
dious rule,  devised  by  us  for  the  mental  reconstruction 
of-  a  fact,  and  only  for  its  reconstruction  in  part,  that 
is,  on  its  geometrical  side. 
The  econ-  c.  The  sciences  most  highly  developed  economically 

omyofthe  J  ..        ...  , 

mathemat-  are  those  whose  tacts  are  reducible  to  a  few  numerable 
ences.  elements  of  like  nature.  Such  is  the  science  of  mechan- 
ics, in  which  we  deal  exclusively  with  spaces,  times, 
and  masses.  The  whole  previously  established  econ- 
omy of  mathematics  stands  these  sciences  in  stead. 
Mathematics  may  be  defined  as  the  economy  of  count- 
ing. Numbers  are  arrangement-signs  which,  for  the 
sake  of  perspicuity  and  economy,  are  themselves  ar- 
ranged in  a  simple  system.  Numerical  operations,  it 
is  found,  are  independent  of  the  kind  of  objects  operated 
on,  and  are  consequently  mastered  once  for  all.  When, 
for  the  first  time,  I  have  occasion  to  add  five  objects  to 
seven  others,  I  count  the  whole  collection  through,  at 
once  ;  but  when  I  afterwards  discover  that  I  can  start 
counting  from  5,  I  save  myself  part  of  the  trouble  ; 
and  still  later,  remembering  that  5  and  7  always  count 
up  to  12,  I  dispense  with  the  numeration  entirely. 
Arithmetic  The  object  of  all  arithmetical  operations  is  to  save 
and  aige-  ^rect  numeration,  by  utilising  the  results  of  our  old 
operations  of  counting.  Our  endeavor  is,  having  done 
a  sum  once,  to  preserve  the  answer  for  future  use.  The 
first  four  rules  of  arithmetic  well  illustrate  this  view. 
Such,  too,  is  the  purpose  of  algebra,  which,  substitut- 
ing relations  for  values,  symbolises  and  definitively 
fixes  all  numerical  operations  that  follow  the  same  rule. 
For  example,  we  learn  from  the  equation 


_ 

: 
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that  the  more  complicated  numerical  operation  at  the 
left  may  always  be  replaced  by  the  simpler  one  at  the 
right,  whatever  numbers  .v  ami  y  stand  for.  We  thus 
save  ourselves  the  labor  of  performing  in  future  cases 
the  more  complicated  operation.  Mathematics  is  the 
method  of  replacing  in  the  most  comprehensive  and 
economical  manner  possible,  new  numerical  operations 
by  old  ones  done  already  with  known  results.  It  may 
happen  in  this  procedure  that  the  results  of  operations 
are  employed  which  were  originally  performed  centu- 
ries ago. 

Often   operations  involving  intense   mental  effort  The 
im.y  be    replaced  by  the  action   of   semi-mechanical  < 
routine,  with  great  saving  of  time  and  avoidance  of 
fatigue.      For  example,   the   theory  of  determinants 
ov  es  its  origin  to  the  remark,  that  it  is  not  necessary 
to  solve  each  time  anew  equations  of  the  form 

".  *       '',  .v +  <•,=<> 
«,*+*,/+',- 
tr<  m  which  result 

ft  b^  —  f^b,  r 


•^  •  --    '     i 

""«, 

CL-    _<? 

_.  *t~        N* 
that  the  solution  may  be  effected  by  means  of  the 

:•>'  writing  down  the  coefficients  according 
scribed  scheme  and  operating  with  them  ///<•- 
€h  nically.     Thus, 


an  'similarly 
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Calculating        Even  a  total  disburdening  of  the  mind  can  be  ef- 

machines.     ....  .  .  _,   . 

fected  m  mathematical  operations.  This  happens  where 
operations  of  counting  hitherto  performed  are  symbol- 
ised by  mechanical  operations  with  signs,  and  our  brain 
energy,  instead  of  being  wasted  on  the  repetition  of 
old  operations,  is  spared  for  more  important  tasks. 
The  merchant  pursues  a  like  economy,  when,  instead 
of  directly  handling  his  bales  of  goods,  he  operates 
with  bills  of  lading  or  assignments  of  them.  The 
drudgery  of  computation  may  even  be  relegated  to  a 
machine.  Several  different  types  of  calculating  ma- 
chines are  actually  in  practical  use.  The  earliest  of 
these  (of  any  complexity)  was  the  difference-engine  of 
Babbage,  who  was  familiar  with  the  ideas  here  pre- 
sented. 

other  ab-          A  numerical  result  is  not  always  reached  by  the 
methods  of  actual  solution  of  the  problem  ;  it  may  also  be  reached 

attaining  ,.  T  .  ,          , 

results.  indirectly.  It  is  easy  to  ascertain,  for  example,  that  a 
curve  whose  quadrature  for  the  abscissa  x  has  the  value 
xmf  gives  an  increment  mxm~ldx  of  the  quadrature  for 
the  increment  dx  of  the  abscissa.  But  we  then  also  know 
that  Cmxm~l  dx  =  x'"\  that  is,  we  recognise  the  quan- 
tity xm  from  the  increment  mxm~ldx  as  unmistakably 
as  we  recognise  a  fruit  by  its  rind.  Results  of  this 
kind,  accidentally  found  by  simple  inversion,  or  by 
processes  more  or  less  analogous,  are  very  extensively 
employed  in  mathematics. 

That  scientific  work  should  be  more  useful  the  more 
it  has  been  used,  while  mechanical  work  is  expended  in 
use,  may  seem  strange  to  us.  When  a  person  who 
daily  takes  the  same  walk  accidentally  finds  a  shorter 
cut,  and  thereafter,  remembering  that  it  is  shorter,  al- 
ways goes  that  way,  he  undoubtedly  saves  himself  the 
difference  of  the  work.  But  memory  is  really  not  work. 
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It  only  places  at  our  disposal  energy  within  our  present 
or  future  possession,  which  the  circumstance  of  igno- 
rance prevented  us  from  availing  ourselves  of.  This 
is  precisely  the  case  with  the  application  of  scientific 
ideas. 

The  mathematician  who  pursues  his  studies  wit) 

of  clear 

out  clear  views  of  this  matter,  must  often  have  the  views  on 
uncomfortable  feeling   that  his  paper  and  pencil  sur-  jt-ct. 
pass  him  in  intelligence.     Mathematics,  thus  \ 
as  an  object  of  instruction,  is  scarcely  of  more  educa- 
tional value  than  busying  oneself  with  the  Cabala.    On 
the  contrary,  it  induces  a  tendency  toward  mystery, 
which  is  pretty  sure  to  bear  i: 

6.  The  science  of  physics  aUo  furnishes  examples  rxampim 
of  this  economy  of  thought,  altogether  similar  to  those omy  of*00 
we  lave  just  examined.  A  y  " 

fict .  The  moment  of  i  ite  con- 

ski  ration  of  of  masses. 

Ihi    force-fur.  e   with    the  separate  in- 

i^ation  of  individual  force-components.  The  sim- 
pli  ity  of  reasonings  involving  force-functions 

amount  of  i:  <>rk  had 

of    ie  force-functions  .     Gauss's  <1 

from  the  separate  cons: 

Hid 

sul  stitutes  for  it  the  prin-  nodal  points.      But 

a  <  ireful  co:  n  of  the  single  surfaces  had  to 

pn  :ede  the  discovery  of  the  princi  i  iodal  points. 

Ay  saves  us  the  necessity  of  <>: 
rej  jating  this  consideration. 

Ve  must  admit,  therefore,  that  there  is  no  result  of 
scit  ice  which  in  point  of  principle  could  not  hav.  been 
arr  /ed  at  wholly  without  methods.  But,  as  a  matter 
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Science  a    of  fact,  within  the  short  span  of  a  human  life  and  witl 
problem,     man's  limited  powers  of  memory,  any  stock  of  knowl- 
edge worthy  of  the  name  is  unattainable  except  by  th< 
greatest  mental   economy.      Science    itself,    therefore, 
may  be  regarded  as  a  minimal  problem,  consisting  of 
the  completest  possible  presentment  of  facts  with  the 
least  possible  expenditure  of  thought. 

7.  The  function  of  science,  as  we  take  it,  is  to  re- 
place experience.     Thus,   on  the  one  hand,    science 
must  remain  in  the  province  of  experience,  but,  on  th( 
other,  must  hasten  beyond  it,  constantly  expecting  con- 
firmation, constantly  expecting  the  reverse.     Whei 
neither  confirmation  nor  refutation  is  possible,  sciem 
is  not  concerned.     Science   acts  and   only  acts  in  tl 
domain  of  uncompleted  experience.     Exemplars  of  su< 
branches  of  science  are  the  theories  of  elasticity  am 
of  the  conduction  of  heat,  both  of  which  ascribe  to  the 
smallest  particles  of  matter  only  such  properties  as  ol 
servation  supplies  in  the  study  of  the  larger  portions 
The  comparison  of  theory  and  experience  may  be  fai 
ther  and  farther  extended,  as  our  means  of  observatioi 
increase  in  refinement. 

The  princi-        Experience  alone,  without  the  ideas  that  are  ass 
Finu?ty?the  ciated  with  it,   would  forever  remain  strange  to  us 
eSc0  '  '  Those  ideas  that  hold  good  throughout  the  widest  d< 
mains  of  research  and  that  supplement  the  great 
amount  of  experience,  are  the  most  scientific.   The  prii 
ciple  of  continuity,  the  use  of  which  everywhere  p( 
•    vades  modern  inquiry,    simply  prescribes  a  mode  of 
conception  which  conduces  in  the  highest  degree  to  the 
economy  of  thought. 

8.  If  a  long  elastic  rod  be  fastened  in  a  vise,  the 
rod  may  be  made  to  execute  slow  vibrations.     These 
are  directly  observable,    can  be  seen,    touched,    and 
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graphically   recorded.      If   the   rod   be   shortened,  the  Example  n- 

....  .  ...  ,  ,1-     lucrative 

vibrations  will   increase  in  rapidity  and  cannot  be  di- of  the 

....  1-1  i  method  of 

rectly  seen  :   the  rod  will  present  to  the  sight  a  blurred 
This  is  a  new  phenomenon.     But  the  sensa- 
tion of  touch  is  still  like  that  of  the  previous  case  ; 
can  still  make  the  rod  record  its  movements;  and  if 

.entally  retain  th<  1  vibrations, 

still  anticipate  the  results  of  experiments.      On  further 
shortening   the  rod  the  sensation  of  touch  is  alter- 

:s  to  sour.  phenomenon  is 

;he  phenomena  do  not  all  change  at 
:  only  this  or  that  phenomenon  changes;  con 
qurntly  the  accompanying  notion  of   \  .  which 

is   lot  confined  to  any  single  one,  is  still  serviceal 
still  ccon-  sound  has  i 

so  h  tch  and  rations  have  become  so 

sir  ill  that  the  previous  means  of  obs«  are  not 

of  ivail,  we  still  the  sound 

ro<    to  perform  vibrati  :  can   predict   the  vibra- 

ti(  is  of  the  dark  lines  in  the  spectrum  of  the  polarised 
lig  it  of  a  rod  of  glass.     If  on   the   rod  being  furt 
si:  rtciu-d  «///  th«;  phenomena  suddenly  ; 
pi  ;nom«  conception   of   vibration   would    no 

\  iceable  because  it  would  no  longer  afford 
his  a  means  of  supplementing  by 

*th    previous  o 

id  to  those  actions  of  a  human 
be  ng  which  we  can  j- 

on    own  which  we  cannot  per  lie  object  of  the 

id<  a  we  so  form  is  economical.     The  idea  makes  ex- 
pt  ience   intelligible   to  i:  ip- 

pl,     tsex; 

ry,  only  n   is  so 

IK.  ural    that    «-v«-ry  child    conceives  it.      Now,  tin 
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exactly  what  we  do  when  we  imagine  a  moving  bod] 
which  has  just  disappeared  behind  a  pillar,  or  a  comet 
at  the  moment  invisible,  as  continuing  its  motion  anc 
retaining  its  previously  observed   properties.      We  d( 
this  that  we  may  not  be  surprised  by  its  reappearance 
We  fill  out  the  gaps  in  experience  by  the  ideas  th; 
experience  suggests. 
AH  scien-          9-   Yet  not  all  the  prevalent  scientific  theories  origi 
ones' no't     nated  so  naturally  and  artlessly.   Thus,  chemical,  el< 

founded  on   ,    •       i  j          .•       i       i  1-11 

the  princi-  tncal,  and  optical  phenomena  are  explained  by  atoi 
finu?ty?on    But  the  mental   artifice  atom  was  not  formed  by  tl 
principle  of  continuity ;  on  the  contrary,  it  is  a  pi 
duct  especially  devised  for  the  purpose  in  view.    Atoms 
cannot  be  perceived  by  the  senses  ;  like  all  substan< 
they  are  things  of  thought.     Furthermore,  the  atoi 
are  invested  with  properties  that  absolutely  contradk 
the  attributes  hitherto  observed  in  bodies.     Howev< 
well  fitted  atomic  theories  may  be  to  reproduce  cert? 
groups  of  facts,  the  physical  inquirer  who  has  laid 
heart  Newton's  rules  will  only  admit  those  theories  as 
provisional  helps,  and  will  strive  to  attain,  in  some  more 
natural  way,  a  satisfactory  substitute. 
Atoms  and         The  atomic  theory  plays  a  part  in  physics  simih 

other  men-  f  .  .  . 

tai artifices,  to  that  of  certain  auxiliary  concepts  m  mathematics 
it  is  a  mathematical  model  for  facilitating  the  ment 
reproduction  of  facts.     Although  we  represent  vibra- 
tions by  the  harmonic  formula,  the  phenomena  of  cool 
ing  by  exponentials,  falls  by  squares  of  times,  etc., 
one  will  fancy  that  vibrations  in  themselves  have  any- 
thing to  do  with  the  circular  functions,  or  the  motion 
of  falling  bodies  with  squares.     It  has  simply  been  ob- 
served that  the  relations  between  the  quantities  inves- 
tigated were  similar  to  certain  relations  obtaining  be- 
tween familiar  mathematical  functions,  and  these  more 
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familiar  ideas  are  employed  as  an  easy  means  of  sup- 
plementing experience.  Natural  phenomena  whose  re- 
lations are  not  similar  to  those  of  functions  with  which 
re  familiar,  are  at  present  very  difficult  to  recon- 
struct. But  the  progress  of  mathematics  may  facilitate 
the  mat: 

As  mathematical  helps  of  this  kind,  spaces  of  more  Muiti- 
than  three  dimensions  may  be  used,  as  I   have  else-  sioncd 

But  it  is  not  necessary  to  regard  th« 

on  this  account,  as  anything   more   than   mental  arti- 
fices. * 

•As  the  outcome  of  the  labors  of  Lob  <  <  iauss,  and  Rie- 

roan  i,  the  view  has  gradually  obtained  currency  in  the  mathematical  world, 
that  that  which  we  call  tface  is  a  particular,  tut  ma  I  case  of  a  more  frmtral, 
.able  case  of  multiple  quantitative  manifoldncss.     The  space  of  sight 
and  touch  is  a  threefold  manifoldnes*;  it  possesses  three  dimensions ;  and 
eve1  v  point  in  it  can  be  defined  by  three  distinct  and  independent  data.    But 
•  i  conceive  of  a  quadruple  or  even  multiple  space-like  manifold- 
Ms       And  the  character  of  the  manifoldness  may  also  be  differently  c<mcth*il 
fro:    the  manifoldness  of  actual  space.    We  regard  this  discovery,  whi 
lue  to  the  labors  of  Riemann.  as  a  very  important  one.  The  prop' 
1  space  are  here  directly  exhibited  as  objects  of  tvftriemtt,  and  the 
pte   do-theories  of  geometry  that  seek  to  excogitate  these  properties  by  meta- 
pb>   ical  arguments  are  overthrown. 

i  thinking  being  is  supposed  to  !  urface  of  a  sphere,  with  no 

titute  comparison  space  will  app< 

similarly  cor  and 

I  only  b.  m  any  two 

:s  of  a  great  circle  of  the  sphere  and  proceeding  .it  right  angles  thereto  on 
l,  he  could  hardly  exp 

.'y  ex- 

•  ther  parallel  lines  int> 
scarcely  !>•• 

pirated  in  science  was 
!ie  surface    : 

»Ties  of  thr  •  .  'tors. 

lie  theoretical  inv.  .;  above  re- 

ti  the  question  whether  things  really 
to  tlu-st:  p.  .md  we  must  not  hold  mathe- 

M.ms 
I       space  of  SJK 

^ace,  or  new  • 

d  whether  it  would  fa«  ilit.ile  ami  promote  our  insight   in;.    i!iing«i  to  con- 
space  as  part  of  a  four-dimension.. 
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Hypotheses        This  is  the  case,  too.  with  all  hypothesis  formec 

and  facts  , 

for  tne  explanation  of  new  phenomena.  Our  concep- 
tions of  electricity  fit  in  at  once  with  the  electrical  phe- 
nomena, and  take  almost  spontaneously  the  famili; 
course,  the  moment  we  note  that  things  take  place 
if  attracting  and  repelling  fluids  moved  on  the  surface 
of  the  conductors.  But  these  mental  expedients  hav< 
nothing  whatever  to  do  with  the  phenomenon  itself. 
(See  Appendix,  XXVII,  p.  579.) 

space.   Yet  in  such  a  case,  this  fourth  dimension  would,  none  the  less,  remaii 
a  pure  thing  of  thought,  a  mental  fiction. 

But   this  is  not  the  way  matters  stand.     The  phenomena  mentioned  we 
not  forthcoming  until  after  the  new  views  were  published,  and  were  then 
hibited  in  the  presence  of  certain  persons  at  spiritualistic  seances.  The  fourtl 
dimension  was  a  very  opportune  discovery  for  the  spiritualists  and  for  the 
logians  who  were  in  a  quandary  about  the  location  of  hell.    The  use  the  spiri- 
tualist makes  of  the  fourth  dimension  is  this.     It  is  possible  to  move  out  of  ; 
finite  straight  line,  without  passing  the  extremities,  through  the  second  dime 
sion ;  out  of  a  finite  closed  surface  through  the  third ;  and,  analogously, 
of  a  finite  closed  space,  without  passing  through  the  enclosing  boundari 
through  the  fourth  dimension.     Even  the  tricks  that  prestidigitateurs,  in  tl 
old  days,  harmlessly  executed  in  three  dimensions,  are  now  invested  with 
new  halo  by  the  fourth.   But  the  tricks  of  the  spiritualists,  the  tying  or  untyir 
of  knots  in  endless  strings,  the  removing  of  bodies  from  closed  spaces,  are  al 
performed  in  cases  where  there  is  absolutely  nothing  at  stake.  All  is  purj 
less  jugglery.     We  have  not  yet  found  an  accoucheur  who  has  accomplishe 
parturition  through  the  fourth  dimension.     If  we  should,  the  question  woulc 
at  once  become  a  serious  one.     Professor  Simony's  beautiful  tricks  in  rop 
tying,  which,  as  the  performance  of  a  prestidigitateur,  are  very  admirable 
speak  against,  not  for,  the  spiritualists. 

Everyone  is  free  to  set  up  an  opinion  and  to  adduce  proofs  in  support 
it.  Whether,  though,  a  scientist  shall  find  it  worth  his  while  to  enter  int 
serious  investigations  of  opinions  so  advanced,  is  a  question  which  his  reason 
and  instinct  alone  can  decide.  If  these  things,  in  the  end,  should  turn  out  to 
be  true,  I  shall  not  be  ashamed  of  being  the  last  to  believe  them.  What  I  have 
seen  of  them  was  not  calculated  to  make  me  less  sceptical. 

I  myself  regarded  multi-dimensioned  space  as  a  mathematico-physical 
help  even  prior  to  the  appearance  of  Riemann's  memoir.  But  I  trust  that 
no  one  will  employ  what  I  have  thought,  said,  and  written  on  this  subject  as  a 
basis  for  the  fabrication  of  ghost  stories.  (Compare  Mach,  Die  Geschichte  und 
die  Wurzel  des  Satzes  von  der  Erhattung  der  Arbeit.} 


CHAPTER  V. 

THE  RELATIONS  OF   MKi'HANICS  TO  OTHKK 
9   <  >F   KNOU 

:  ATIONS  OF  MJ  N>  PHYSICS. 

r.    Purelv  mechanical  phenomena  do  not  exist.    Tin-  T1 

of  nature  . 

iuction  of  mutual  ace  derations  in  i  •<>  alld,on> 

clusively 

apj  earances,  a  pun-'  mica]    phenomenon. 

wit  i   these  dynan  ults    an 

the  -mal,   magnetic,  electrical,  and  chemical  phenom- 
en;  ,  and  the  former  are.  :<>dified  in  proport 

as    he  latter  are  asserted.   On  the  other  hand,  thermal, 
mi  ;  :iditions  also  can 

luce  motions.     Purely  mechanical  phenomena,  ac- 

co    1.  re  abstra  tionally 

or   rom  nec«  litating  our  comprehension  of 

th  igs.     The  same  thing  is  true  of  the  other  classes  of 

phenomena.  event  belong  trict 

lepartments  of  physirs.  the  latter  be- 

1  only  b\  :icial  classificatioi 

is    »artly  conventional,  partly  physiological,  and  partly 
hi;  :on 

2.   '1  that  makes  mechanics  the  basis  of  the 

rei  ia  physical 

.il  itleas,  is  in  our  judgment  a 

pr     idice.     Knowledge  which   is  historically  firs; 
IK    necessarily  the  foundation  of  all  that  is  subsequently 
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Theme-      gained.      As  more  and  more  facts  are  discovered  an< 

chanical  . 

aspects  of    classified,  entirely  new  ideas  of  general  scope  can 
necessarily  formed.     We  have  no  means  of  knowing,  as  yet,  whicl 

its  funda- 
mental       of   the  physical   phenomena   go   deepest,    whether   th( 

aspects. 

mechanical  phenomena  are  perhaps  not  the  most  super- 
ficial of  all,  or  whether  all  do  not  go  equally  deep.  Evei 
in  mechanics  we  no  longer  regard  the  oldest  law,  the 
law  of  the  lever,  as  the  foundation  of  all  the  oth( 
principles. 

Artificiality        The  mechanical  theory  of  nature,  is,  undoubtedly, 
chanical      in  an  historical  view,  both  intelligible  and  pardonable 

conception 

of  the         and  it  may  also,  for  a  time,  have  been  of  much  value. 

world. 

But,  upon   the  whole,    it   is   an   artificial   conception. 
Faithful  adherence  to  the  method  that  led  the  greater 
investigators  of  nature,  Galileo,  Newton,  Sadi  Carnol 
Faraday,  and  J.  R.  Mayer,  to  their   great  results,  n 
stricts  physics  to   the  expression  of  actual  facts,  am 
forbids  the  construction  of  hypotheses  behind  the  fad 
.where  nothing  tangible  and  verifiable  is  found.    If  this 
is  done,  only  the  simple  connection  of  the  motions  oi 
masses,  of  changes  of  temperature,  of  changes  in  th< 
values  of  the  potential  function,  of  chemical  changes, 
and  so  forth  is  to  be  ascertained,  and  nothing  is  to 
imagined  along  with  these  elements  except  the  physic? 
attributes  or  characteristics  directly  or  indirectly  give 
by  observation. 

This  idea  was  elsewhere  *  developed  by  the  authoi 
with  respect  to  the  phenomena  of  heat,  and  indicated, 
in  the  same  place,  with  respect  to  electricity.  All  hy- 
potheses of  fluids  or  media  are  eliminated  from  the 
theory  of  electricity  as  entirely  superfluous,  when  we 
reflect  that  electrical  conditions  are  all  given  by  the 

*  Mach,  Die  Geschichte  und  die  Wurzel  des  Satzes  von  der  Erhaltung  der 
Arbeit. 
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values  of  the  potential  function  V  and   the  dielectric  Science 

should  be 

constants.      If  we  assume  the  differences  of  the  values  based  on 

:-.  not 

of  /'to  be  measured  (on  the  electrometer    by  the  forces,  on  h>Potii- 
and  regard   /'and  not  the   quantity  of  electricity  Q  as 
the  primary  notion,  or  measurable   physical  attribute. 
we  shall  have,  for  any  simple  insulator,  for  our  quan- 
f  electricity 

—  i  ffd*v  ,  <t*r  ,  //*r\  , 

e=      J  f^/- 

-  denote  the  coSrdinates  and  dv  the  ele- 

ment of  volume;  .  ami  for  our  pote: 


H-Te  Q  and  Jf  appear  as  derived  notions,  in  which  no 
cc  nception  of  fluid  or  medium  is  contained.  If  we 
\v  >rk  over  in  a  similar  manner  the  entire  domain  of 
p  iys.  hall  restrict  ourselves  wholly  to  the  quan- 

ti  ative  conceptual  expression  of  actual  facts.      All 
p  rfluous  and  futile  notions  are  eliminated,  and  the 
ii  taginary  proble:  e  given  rise  fore- 

s  Uled.  ,\\  III.  P.  583.) 

»val  of  notions  whose  foundations  are 
t<  rical,  (  >nal,  or  accidental,  can  best  be  fur- 

t  ered  by  a  comparison  of  the  conceptions  obtaining 
ii  the  different  departments,  and  by  finding  for  the 
c  nceptions  of  every  de;  tlie  corresponding 

c  inceptions  of  cr  We  discover,  thus,  that  tem- 

ratures  and  potential  functions  correspond  to   the 
locities  of  mass-motions.     A  single  velocity-value,  a 
ilue,  or  a  single  value  of  potential 
<4es  alone.     But  whilst  in  the  case 
elocities  and  potential  functions,  so  far  as  we  yet 

•  Using  the  terminology  of  Clau«iu». 
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Desirabil- 
ity of  a 
compara- 
tive phys- 
ics. 


Circum- 
stances 
which  fa- 
vored the 
develop- 
ment of  the 
mechanical 
view. 


know,  only  differences  come  into  consideration,  the 
significance  of  temperature  is  not  only  contained  in  its 
difference  with  respect  to  other  temperatures.  Thermal 
capacities  correspond  to  masses,  the  potential  of  an 
electric  charge  to  quantity  of  heat,  quantity  of  elec- 
tricity to  entropy,  and  so  on.  The  pursuit  of  such  re- 
semblances and  differences  lays  the  foundation  of  a 
comparative  physics,  which  shall  ultimately  render  pos- 
sible the  concise  expression  of  extensive  groups  of  facts, 
without  arbitrary  additions.  We  shall  then  possess  a 
homogeneous  physics,  unmingled  with, artificial  atomic 
theories. 

It  will  also  be  perceived,  that  a  real  economy  of 
scientific  thought  cannot  be  attained  by  mechanical 
hypotheses.  Even  if  an  hypothesis  were  fully  com- 
petent to  reproduce  a  given  department  of  natural  phe- 
nomena, say,  the  phenomena  of  heat,  we  should,  by 
accepting  it,  only  substitute  for  the  actual  relations  be- 
tween the  mechanical  and  thermal  processes,  the  hy- 
pothesis. The  real  fundamental  facts  are  replaced  by 
an  equally  large  number  of  hypotheses,  which  is  cer- 
tainly no  gain.  Once  an  hypothesis  has  facilitated, 
as  best  it  can,  our  view  of  new  facts,  by  the  substitu- 
tion of  more  familiar  ideas,  its  powers  are  exhausted. 
We  err  when  we  expect  more  enlightenment  from  an 
hypothesis  than  from  the  facts  themselves. 

3.  The  development  of  the  mechanical  view  was 
favored  by  many  circumstances.  In  the  first  place,  a 
connection  of  all  natural  events  with  mechanical  pro- 
cesses is  unmistakable,  and  it  is  natural,  therefore,  that 
we  should  be  led  to  explain  less  known  phenomena  by 
better  known  mechanical  events.  Then  again,  it  was 
first  in  the  department  of  mechanics  that  laws  of  gen- 
eral and  extensive  scope  were  discovered.  A  law  of 
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th^  kind   is  the  principle  of  2:    (rl  —  £70)  = 

^  which  states  that  the  increase  of  tlie 

in  in  its  passage  from  one  position  to 

another  is  equal  to  the  increment  of  the  force-function, 

or  work,  which  is  expressed  as  a  function  of  the  final 

and  initial  positions.      If  we  fix  our  attention  on  the 

work  a  system  can  perform  and  call  it  with  Helmholtz 

>></;/  //Xv<///,  .V,*  then  the  work  actualr. 

;ir  as  a  diminution  of  the  A/\/////Xv,;//,  A', 
initially  present;  accordii  ~K  —  (/,    and    tin- 

principle  of  n  kt  s  the  form 

N  + 


that  is  to  sav.  t-vt-rv  diminution  of  the  Spiinnk>  «-c<m- 

.    »erv«tionof 

coi  ipensated  for  by  an  increase  of  t  ;>erKy. 

for  n  tin-  principle  is  also  called  the  law  of  the  Consfr- 
•w't».-  in  that  the  sum  of  the  (///(the 

po  ential  energy)  and  tlu-  the  kinetic  energy) 

rei  iains  constant  in  tl  n.    But  sine*  ire, 

it    i  possible  thai  Id  appear  as  the 

co  sequence  of  work  performed,  but  also  quantities  of 
he  t,  or  t  f  an  electric  charge,  and  so  forth, 

sci  ntists  saw  in  this  •/,-,// 

ac   on  as  the  basis  of  all  natural  ver, 

no  hing  is  contained  in  the  expression  but  the  fact  of 
an  invariable  quantita1  m  mechani- 

ca   and  other  kinds  of  phenomena. 

4.    It  v  ^e  that  a  wide 

an     »     •  \v  of  things  was  first  introduced  into 

ph  s:  On  the  (  thii 

subsequent 

P»P          ...,.i   la   1881     ;<•;,„„,  ;,.,/.'//  h,  A>k*mdl**£t*.  11.  965    he  «pre**ly 

••ven  (p.  968)  pre> 

luiiua't  w<  :  h  it  quite  out  of  agreement 

iiology.  —  Tr 
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Compre-      insight  was  possessed   at   all   times  bv   the   foremost 

hensive-         .  . 

ness  of        inquirers   and  even  entered  into  the  construction   of 

view  the 

condition,    mechanics  itself,  and  was,  accordingly,  not  first  created 

not  the  re- 
sult, of  me-  by  the  latter.      Galileo  and   Huygens  constantly  alter- 

chanics. 

nated  the  consideration  of  particular  details  with  the 
consideration  of  universal  aspects,   and  reached  their 
results  only  by  a  persistent  effort  after  a  simple  an< 
consistent  view.      The  fact  that  the  velocities  of  indi- 
vidual bodies  and  systems  are  dependent  on  the  spac 
descended   through,    was    perceived    by    Galileo    am 
Huygens  only  by  a  very  detailed  investigation  of  the 
motion  of  descent  in  particular  cases,  combined  wit) 
the  consideration  of  the  circumstance  that  bodies  gen- 
erally,   of    their    own    accord,    only    sink.       Huygens 
especially  speaks,  on  the  occasion  of  this  inquiry,  of 
the  impossibility  of  a  mechanical  perpetual  motion ; 
he  possessed,  therefore,  the  modern  point  of  view.    He 
felt  the  incompatibility  of  the  idea  of  a  perpetual  motion 
with  the  notions  of  the  natural  mechanical  processes 
with  which  he  was  familiar. 

Exempiifi-         Take  the  fictions  of  Stevinus — say,  that  of  the  end- 
this  in  ste-  less  chain  on  the   prism.      Here,   too,   a  deep,   broad 

vinus'S  re-      ..,..,.,  ITTT-I  •        i        i-         •      i« 

searches,  insight  is  displayed.  We  have  here  a  mind,  disciplined 
by  a  multitude  of  experiences,  brought  to  bear  on  an 
individual  case.  The  moving  endless  chain  is  to  Ste- 
vinus a  motion  of  descent  that  is  not  a  descent,  a  mo- 
tion without  a  purpose,  an  intentional  act  that  does 
not  answer  to  the  intention,  an  endeavor  for  a  change 
which  does  not  produce  the  change.  If  motion,  gener- 
ally, is  the  result  of  descent,  then  in  the  particular  case 
descent  is  the  result  of  motion.  It  is  a  sense  of  the 
mutual  interdependence  of  v  and  h  in  the  equation 
v  =  Vigh  that  is  here  displayed,  though  of  course  in 
not  so  definite  a  form.  A  contradiction  exists  in  this 
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fiction  for  Stevinus's  exquisite  investigative  sense  that 
would  escape  less  profound  thinkers. 

This  same  breadth  of  view,   which  alternates  the  Also,  in  the 

•  1-11-1  lu>s 

individual  with  the  universal,  is  also  displayed,  only  in  of  Carnot 

this  instance  not  d  to  mechanics,  in  t: 

formances  of  Sadi  Carnot.  When  Carnot  finds  that 
the  quantity  of  heat  Q  which,  for  a  given  amount  of 
work  /,  has  flowed  from  a  hi.  iperature  /  to  a 

lower  temperature  /',  can  only  on  the  temp 

and  not  on  the  material  constitution  of  the  bodies, 
he  reasons  in  exact  conformity  with  the  method  of 
Galileo.  Similarly  does  J.  R.  Muyi-r  proceed  in  the 
enunciation  of  the  principle  of  the  equivalence  of  heat 
and  work.  In  this  n  ent  the  mechanic 

was  quitt!  remote  fron  id  ;  nor  had  he  need 

of  it.      They  ical 

pi  il<  the  doctrine  of  the  equi 

le  ice  of  1  •;,  have  only  half  comprehended 

tl  2  progr  h  it  si^':  i  as  we  may 

p  ice  ^original  achievemt  not  on  that 

a<  :ount  :  ry  to  depi  -lie  merits  of  the  pro- 

sional   \  ts  Joule,    1 1  »  .md 

lomson,  who  have  done  very  n;  ,  all,  to- 

d  establishment  and  n  of  the 

n  of  Ma\ 

'•us.    They  who  advance 

ar-  :ation  to  i  he  repea 

aj  peararue  of  tl.-  »ry.   We 

si  ill  not  take  up  here  the  discussion  of  purely  personal 

ill  no  longer 

in  erest  students.     Hut  it  is  unfair,  from  a  pretense  of 

I  ju  rice,  to  insult  men,  who  if  they  had  accomplished 

bi  .  a  third  of  their  actual  ser  >uM   have  lived 

hi  jhly  honored  and  unmoles:  ,.     (See  p.  584.) 
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The  inter-          5.    We  shall  now  attempt   to  show  that  the  broad 

depend-  .     '  .  .        . 

enceofthe  view  expressed  in  the  principle   of  the  conservation 

facts  of  na- 

ture.  of  energy,  is  not  peculiar  to  mechanics,  but  is  a  condi- 

tion of  logical  and  sound  scientific  thought  generally. 
The  business  of  physical  science  is  the  reconstruction 
of  facts  in  thought,  or  the  abstract  quantitative  expres- 
sion of  facts.  The  rules  which  we  form  for  these  recon- 
structions are  the  laws  of  nature.  In  the  conviction  that 
such  rules  are  possible  lies  the  law  of  causality.  The 
law  of  causality  simply  asserts  that  the  phenomena  of 
nature  are  dependent  on  one  another.  The  special  em- 
phasis put  on  space  and  time  in  the  expression  of  the 
law  of  causality  is  unnecessary,  since  the  relations  of 
space  and  time  themselves  implicitly  express  that  phe- 
nomena are  dependent  on  one  another. 

The  laws  of  nature  are  equations  between  the  meas- 
urable elements  aflyd  .  .  .  .  GO  of  phenomena.  As  na- 
ture is  variable,  the  number  of  these  equations  is  al- 
ways less  than  the  number  of  the  elements. 

If  we  know  all  the  values  of  a  fiyd  .  .  .,  by  which, 
for  example,  the  values  of  A//r .  .  .  are  given,  we  ma] 
call  the  group  a  ft  yd  .  .  .  the  cause  and  the  grou] 
A//^  .  .  .  the  effect.  In  this  sense  we  may  say  that  th( 
effect  is  uniquely  determined  by  the  cause.  The  prin- 
ciple of  sufficient  reason,  in  the  form,  for  instance,  ii 
which  Archimedes  employed  it  in  the  development  oJ 
the  laws  of  the  lever,  consequently  asserts  nothin{ 
more  than  that  the  effect  cannot  by  any  given  set  of 
circumstances  be  at  once  determined  and  undetermined. 

If  two  circumstances  a  and  A  are  connected,  then, 
supposing  all  others  are  constant,  a  change  of  A  will 
be  accompanied  by  a  change  of  a,  and  as  a  general 
rule  a  change  of  a  by  a  change  of  A.  The  constant 
observance  of  this  mutual  interdependence  is  met  with 


I 


tTS  RELATIONS   TO  OTlfEK  ES.          503 

in  Stevinus,  Galileo,  Huygens,  and  other  great  inquir-  sense  of 

The  idea  is  also  at   the  basis  of  the  discovery  of  depend- 

ence at  the 
»/<•/•-  phenomena.     Thus,  a  change  in  the  volume  of  basis  of  ail 

.  Rre 

:e  to  a  change  of  temperature  is  supplemented  coven 
by  the  counter-phenomenon  of  a  change  of  tempera- 
on  an  alteration  of  volume  ;  Seebeck's  phenome- 
non  by  1  >  forth. 

Care  must,  of  course,  be  <  .in 

su<  h  in\  -  '•/// 

Figure  235  will 
•  ra- 

tion of  iif  in.r.  'iced  by 

cf  \,  but  a  ehanue   « 


not  :  be- 

tveci  i>n  phenomena,  d 

c<  vered  :  are  a  go-  re  of  this  truth. 

If  a  set  of  circumstances  a  fly  A  .  .    .  bv  uhich  a}'*riou« 

sof  ex- 
S>  COnd    Set    ^  tO  paSS  prcwion  of 

tins  trutli. 

fi  un    its   initial    \  >'y 

ill   pass  into  .V 

I    tli«  ilso 

«1  e  SCCOi  initial  s: 

T   lis  is  t:  :i^  t)f   the  ••r«|uivali'iicit  of  cause 

e  ect,"  whi(  i  v.es. 

If  •  the 

s<  coi  iodical  c! 

n  t  continue;  !«•  methods 

o    thought  oi  Muygens,  S.   Carnot,  Ma\ 

ai  d  their  pee  o  the  simple  but 

n  Scant  p  of 

of 
SI    •  ''a  nm- 

M    ll 

mixi:  ct  is  equivalent  to  the  cause," 
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"work  cannot  be  created  out  of  nothing,"  "a.  per- 
petual motion  is  impossible,"  are  particular,  less  defi- 
nite, and  less  evident  forms  of  this  perception,  which 
in  itself  is  not  especially  concerned  with  mechanics,  but 
is  a  constituent  of  scientific  thought  generally.  With 
the  perception  of  this  truth,  any  metaphysical  mystic- 
ism that  may  still  adhere  to  the  principle  of  the  con- 
servation of  energy*  is  dissipated.  (See  p.  585.) 
Purpose  of  All  ideas  of  conservation,  like  the  notion  of  sub- 

the  ideas  of  ,.,-,.., 

conserva-  stance,  have  a  solid  foundation  in  the  economy  of 
thought.  A  mere  unrelated  change,  without  fixed  point 
of  support,  or  reference,  is  not  comprehensible,  not 
mentally  reconstructible.  We  always  inquire,  accord- 
ingly, what  idea  can  be  retained  amid  all  variations  as 
permanent,  what  law  prevails,  what  equation  remains 
fulfilled,  what  quantitative  values  remain  constant  ? 
When  we  say  the  refractive  index  remains  constant  in 
all  cases  of  refraction,  ^remains  =  9-810 m  in  all  cases 
of  the  motion  of  heavy  bodies,  the  energy  remains  con- 
stant in  every  isolated  system,  all  our  assertions  have 
one  and  the  same  economical  function,  namely  that  of 
facilitating  our  mental  reconstruction  of  facts. 


THE  RELATIONS  OF  MECHANICS  TO  PHYSIOLOGY. 

Conditions  I-  All  science  has  its  origin  in  the  needs  of  life. 
However  minutely  it  may  be  subdivided  by  particular 
vocations  or  by  the  restricted  tempers  and  capacities  of 
those  who  foster  it,  each  branch  can  attain  its  full  and 
best  development  only  by  a  living  connection  with  the 
whole.  Through  such  a  union  alone  can  it  approach 

*  When  we  reflect  that  the  principles  of  science  are  all  abstractions  that 
presuppose  repetitions  of  similar  cases,  the  absurd  applications  of  the  law  of 
the  conservation  of  forces  to  the  universe  as  a  whole  fall  to  the  ground. 


sc?enc°ef 
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its  true  maturity,  and  be  insured  against  lop-sided  and 
monstrous  growths. 

The  division  of  labor,  the  restriction  of  individual  Confusion 

....  .  .  ,  of  the 

inquirers   to    limited    provinces,    the   investigation    ft 


those  provinces  as  a  life-work,  are  the  fundamental 
conditions  of  a  fruitful  development  of  science.  Only 
by  such  specialisation  and  restriction  of  work  can  the 
economical  instruments  of  thought  requisite  for  the 
ial  field  he  ;  I'.tit  just  here 

lies  a  danger  —  the  danger  of  our  overestimatin 
struments,  with  which  we  are  so  constantly  emplo' 
or  even  of  regarding  them  as  the  objective  point  of 
science. 

'   of  affair  i  our  opinion, 

actually  been  produced  by  the  disproportionate  formal  n.aT/tL 
dev  ilopment  of  physics.      Then  "f  natural  in 

qui  ers  ascribe  to  the  intellectual  in  ^ics, 

to  1  ic  concepts  mass,  force,  atom,  and  so  forth,  \\  1 
sol'    office   is   t<-  economically  arranged  e 

riei  ces,  a  reality  beyond  .dent  of  thor. 

•  •Id  that  these  forces 

an     mass*  -  are  the  real  objects  of  inquiry,  and.  if  • 
the    were  fu  <  mid  follow  from 

the  equilibrium  and  motion  of  tin 
:  Id  only  t 

han- 

isri'  of   the  si  .  miu'ht   nossil.lv  hrlieve   • 

the    eal  LI  him-  r« 

tha    if  this  were  onc»  uld 

knr  v  all.     Similarh  <>uld  beware  lest  the 

^tte'tctu  in  tin-   representation 

I  'rid  on  //},-  5/./sv  /////''//;'///.  I)-  1  as  the 

of  tl 
A  phii<    ••  involved  in  anv  correct  view  of 


5o6  THE  SCIENCE  OF  MECHANICS. 

The  at-       the  relations  of  special  knowledge  to  the  great  body  of 

tempt  to  ex-  1-111 

plain  feel-  knowledge  at  large, — a  philosophy  that  must  be  de- 
motions, manded  of  every  special  investigator.  The  lack  of  it 
is  asserted  in  the  formulation  of  imaginary  problems, 
in  the  very  enunciation  of  which,  whether  regarded  as 
soluble  or  insoluble,  flagrant  absurdity  is  involved. 
Such  an  overestimation  of  physics,  in  contrast  to  physi- 
ology, such  a  mistaken  conception  of  the  true  relations 
of  the  two  sciences,  is  displayed  in  the  inquiry  whether 
it  is  possible  to  explain  feelings  by  the  motions  of 
atoms? 

Explication  Let  us  seek  the  conditions  that  could  have  impelled 
anomaly,  the  mind  to  formulate  so  curious  a  question.  We  find 
in  the  first  place  that  greater  confidence  is  placed  in  our 
experiences  concerning  relations  of  time  and  space ; 
that  we  attribute  to  them  a  more  objective,  a  more  real 
character  than  to  our  experiences  of  colors,  sounds, 
temperatures,  and  so  forth.  Yet,  if  we  investigate  the 
matter  accurately,  we  must  surely  admit  that  our  sen- 
sations of  time  and  space  are  just  as  much  sensations 
as  are  our  sensations  of  colors,  sounds,  and  odors,  only 
that  in  our  knowledge  of  the  former  we  are  surer  and 
clearer  than  in  that  of  the  latter.  Space  and  time  are 
well-ordered  systems  of  sets  of  sensations.  The  quan- 
tities stated  in  mechanical  equations  are  simply  ordinal 
symbols,  representing  those  members  of  these  sets 
that  are  to  be  mentally  isolated  and  emphasised.  The 
equations  express  the  form  of  interdependence  of  these 
ordinal  symbols. 

A  body  is  a  relatively  constant  sum  of  touch  and 
sight  sensations  associated  with  the  same  space  and 
time  sensations.  Mechanical  principles,  like  that,  for 
instance,  of  the  mutually  induced  accelerations  of  two 
masses,  give,  either  directly  or  indirectly,  only  some 
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combination  of  touch,  sight,  light,  and  time  sensations. 
-sess   intelligible   meaning  only  by  virtue  of 

-ensations  they  involve,  the  contents  of  which  r. 
of  course  be  very  complicated. 

It  won;  :  ivalent,  accordingly,  to  explaining  Mode  of 

.    avoiding 

the  more  simple  and   immediate  by  the  more  compll- Mch er- 

rors. 

:  and  remote,  if  \ve  were  to  attempt  to  del 
:is  from  the  motions  of  masses,  wholly  aside  from 
the   consideration    that  the  notions  of   mechanics 
economical    implements   or   expedient  cted    to 

not   physiological  or  /.vr<7/</- 
7  facts.      If   the  tm'ans  and  aims  ^  : 
prop  1,  and  our  exposjtio:  re- 

stricted to  the  presentation  of 
len  s  of  this  kind  coul 

4.  All  physical  knowledge  can  on  lly  repre- The  princi- 

ser  t  and  anticipate  compounds  of  those  <  !  h?n?cs"not 

cal    sensations.     It  is  concerned  \\  ith  the  co:  abut"  * 

tht   '  'odyM^icto? 

.  :th 

tggregate 

aggregate  of  >  say 

.V.     As 

essentially,  but  « 
nt  from  A  and  B.  The  connect 
of    /  -  a  problem  <:  :  iat  of  A  and  N a. 

.»th 

I.       I'r.u-e-sst-s,   tl. 

nii- 

cal  ;'•  jin-ntly, 

iO  forth.     Tl  c  of 

ni«    1  .mi<  no,  nor 

f  the  world,  but  only  .in  ,/*/,-, /of  it 
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Recent  research  has  contributed  greatly  to  our 
knowledge  of  the  scientific  literature  of  antiquity,  and 
our  opinion  of  the  achievements  of  the  ancient  world 
in  «  cience  has  been  correspondingly  increased.  Schki- 
paielli  has  done  much  to  place  the  work  of  the 
Gr  eks  in  astronomy  in  its  ri^ht  li^'ht,  and  Govi  has 
dis  :losed  many  precious  treasures  in  his  edition  of 
th(  Optics  of  Ptolemy.  'II  the  Gr- 

we  e  especially  neglectful  of  experiment  can  no  longer 
be  maintained   unqualifiedly.     Tin-   most  ancient  ex- 
pe  iments  arc  doubtless  those  of   the  Pythagoreans, 
wh  >  employed  a  monochord  with  moveable  bridge  for 
rminin^  the  lengths  of  strings  emitting  harmonic 
no  !S.     Anaxagoras's  demonstration  of  the  corporeal- 
f  the  air  by  means  of  closed  inflated  tubes,  and 
th«  :  of  Empedocles  by  means  of  a  vessel  having  its 
ori   <  in  water  (Aristot  .YJ)  are  both 

pri  nitive  experiments.    I  atic 

ex{  oriments  on   the  refraction  of  light,  while  his  ob- 
ser  ations  in   physiological  optics  are  still  full  of  in- 
ter st  to-day.     Aristotle  {Meteorology}  descril 
noi    -n  a  that  go  to  explain  the  rrninb*  -absurd 

st<     us  which  tend  to  arouse  our  :  t  of 

Py;i»agoras  and   the   anvil   \vhki  1    harmonic 
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notes  when  struck  by  hammers  of  different  weigh 
probably  sprang  from  the  fanciful  brains  of  ignoran 
reporters.  Pliny  abounds  in  such  vagaries.  But  they 
are  not,  as  a  matter  of  fact,  a  whit  more  incorrect  or 
nonsensical  than  the  stories  of  Newton's  falling  apple 
and  of  Watts's  tea-kettle.  The  situation  is,  more- 
over, rendered  quite  intelligible  when  we  consider  the 
difficulties  and  the  expense  attending  the  production 
of  ancient  books  and  their  consequent  limited  circula- 
tion. The  conditions  here  involved  are  concisely  dis- 
cussed by  J.  Mueller  in  his  paper,  "Ueber  das  Ex- 
periment in  den  physikalischen  Studien  der  Grie- 
chen,"  Naturwiss.  Verein  zu  Innsbruck,  XXIII.,  1896- 
1897. 

n. 

(See  page  8.) 

Researches  in  mechanics  were  not  begun  by  the 
Greeks  until  a  late  date,  and  in  no  wise  keep  pace 
with  the  rapid  advancement  of  the  race  in  the  domain 
of  mathematics,  and  notably  in  geometry.  Reports 
of  mechanical  inventions,  so  far  as  they  relate  to  the 
early  inquirers,  are  extremely  meager.  Archytas,  a 
distinguished  citizen  of  Tarentum  {circa  400  B.  C.), 
famed  as  a  geometer  and  for  his  employment  with  the 
problem  of  the  duplication  of  the  cube,  devised  me- 
chanical instruments  for  the  description  of  various 
curves.  As  an  astronomer  he  taught  that  the  earth 
was  spherical  and  that  it  rotated  upon  its  axis  once  a 
day.  As  a  mechanician  he  founded  the  theory  of  pul- 
leys. He  is  also  said  to  have  applied  geometry  to 
mechanics  in  a  treatise  on  this  latter  science,  but  all 
information  as  to  details  is  lacking.  We  are  told, 
though,  by  Aulus  Gellius  (X.  12)  that  Archytas  con- 
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structed  an  automaton  consisting  of  a  flying  dove  of 
wood  and  presumably  operated  by  compressed  air, 
which  created  a  great  sensation.  It  is,  in  fact,  char- 

ristic  of  the  early  history  of  mechanics  that  atU  n- 
tion  should  have  been  first  directed  to  its  practical 
advantages  and  to  the  construction  of  automata  de- 
signed to  excite  wonder  in  ignorant  people. 

Even  in  the  days  of  Ctesibius  (285-247  B.  C.)  and 
Hero  (first  century  A.  D.)  the  situation  had  not  ma- 
terially changed.  So,  too,  during  the  decadence  of 
civilisation  in  the  Middle  Ages,  the  s;t  «-ncy  as- 

serts itself.  The  artificial  automata  and  clocks  of  this 
period,  the  construction  of  which  popular  fancy  as- 
cribed to  the  machinations  of  the  Devil,  are  well 
knDwn.  It  was  hoprd,  by  imitating  life  <  v,  to 

apprehend  it  from  its  inward  side  also.      In  intimate 
co  mexion   with   the  resultant    misconception  of 
st  nds  also  the  singular  belief  in  the  possibility  of  a 
pc  -petual  motion.     Only  gradually  and  slowly,  and  in 

stinct  forms,  did  the  genuine  problems  of  mechan- 
ic   loom  up  before  the  minds  of  inquin  rs.    Aristo 
tr  ct,  M  Icms  (German  trans,  by  Pose  1 

H  .nnover,  i88i)is  characteristic  in  this  regard.  Aris- 
to le  is  quite  adept  in  detecting  and  in  formulating 
pi  )blems  ;  he  perct -i  parallel- 

O{.  'am  of  motions,  and  was  on  the  verge  of  discover- 
in  ;  centrifugal  fora  ;  but  in  the  actual  solution  of 
pi  >blems  he  was  inf.  licitous.  The  entire  tract  par- 
ta  es  more  of  the  character  of  ic  than  of  a 

sc  entifn  ,  and  rests  content  with  enuiu  i.v 

th  s  "apories,"  or  contradictions,  involved  in  the  prob- 
!•  .  Hut  tin.-  tract  upon  the  whole  very  well  illus- 
tr,  cs  the  intellectual  situation  that  is  characteristic 
of  the  beginnings  of  scientific  investigation. 
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"If  a  thing  take  place  whereof  the  cause  be  not 
apparent,  even  though  it  be  in  accordance  with  na- 
ture, it  appears  wonderful.  .  .  .  Such  are  the  instances 
in  which  small  things  overcome  great  things,  small 
weights  heavy  wei'ghts,  and  incidentally  all  the  prob- 
lems that  go  by  the  name  of  'mechanical.'  ...  To 
the  aperies  (contradictions)  of  this  character  belong 
those  that  appertain  to  the  lever.  For  it  appears  con- 
trary to  reason  that  a  large  weight  should  be  set  in 
motion  by  a  small  force,  particularly  when  that  weight 
is  in  addition  combined  with  a  larger  weight.  A  weight 
that  cannot  be  moved  without  the  aid  of  a  lever  can  be 
moved  easily  with  that  of  a  lever  added.  The  pri- 
mordial cause  of  all  this  is  inherent  in  the  nature  of 
the  circle, — which  is  as  one  should  naturally  expect: 
for  it  is  not  contrary  to  reason  that  something  won- 
derful should  proceed  out  of  something  else  that  is 
wonderful.  The  combination  of  contradictory  prop- 
erties, however,  into  a  single  unitary  product  is  the 
most  wonderful  of  all  things.  Now,  the  circle  is  ac- 
tually composed  of  just  such  contradictory  properties. 
For  it  is  generated  by  a  thing  that  is  in  motion  and 
by  a  thing  that  is  stationary  at  a  fixed  point." 

In  a  subsequent  passage  of  the  same  treatise  there 
is  a  very  dim  presentiment  of  the  principle  of  virtual 
velocities. 

Considerations  of  the  kind  here  adduced  give  evi- 
dence of  a  capacity  for  detecting  and  enunciating  prob- 
lems, but  are  far  from  conducting  the  investigator  to 
their  solution. 

in. 

(See  page  14.) 

It  may  be  remarked  in  further  substantiation  of 
the  criticisms  advanced  at  pages  13-14,  that  it  is  very 
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obvious  that  if  the  arrangement  is  absolutely  sym- 
metrical in  every  respect,  equilibrium  obtains  on  the 
assumption  of  any  form  of  dependence  whatever  of 
the  disturbing  factor  on  Z,  or,  generally,  on  the  as- 
sumption P.f(L  i;  and  that  consequently  the  particular 
form  of  dependence  PL  cannot  possibly  be  inferred 
from  the  equilibrium.  The  fallacy  of  the  deduction 
must  accordingly  be  sought  in  the  transformation  to 
which  the  arrangement  is  subjected.  Archimedes 
makes  the  action  of  two  equal  weights  to  be  the  same 
under  all  circumstances  as  that  of  the  combined 
weights  acting  at  the  middle  point  of  their  line  of 
junction.  But,  seeing  that  he  both  knows  and  as- 
sumes that  distance  from  the  fulcrum  is  determina- 
tive, this  procedure  is  by  the  premises  impermissible, 
if  he  two  weights  are  situated  at  unequal  distances 
frc  m  the  fulcrum.  If  a  weight  situated  at  a  distance 
fr<  m  the  fulcrum  is  divided  into  two  equal  parts,  and 
th  -se  parts  are  mov.  .1  in  CO1  :ections  syrnin.  t- 

rii  ally  to  their  original  point  of  support;  one  of  the 
e(  Jal  weights  will  be  carried  as  near  to  the  fulcrum 
a^  the  other  weight  is  carried  from  it.  If  it  is  assumed 
tl  it  the  action  remains  constant  during  such  proce- 
di  re,  then  the  particular  form  of  dependence  of  the 
m  >ment  on  plicitly  determined  by  what  has 

b»  ;n  done,  inasmuch  as  the  result  is  only  possible 
pi  jvided  the  form  be  PL,  or  be  proportiona I  to  L.  But 
in  such  an  event  all  further  deduction  is  superfluous. 
T  e  entire  deduction  contains  the  proposition  to  be 
d<  monstrated,  by  assumption  if  not  explicitly. 
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IV. 

(See  page  20.) 

Experiments  are  never  absolutely  exact,  but  they 
at  least  may  lead  the  inquiring  mind  to  conjecture  that 
the  key  which  will  clear  up  the  connexion  of  all  the 
facts  is  contained  in  the  exact  metrical  expression 
PL.  On  no  other  hypothesis  are  the  deductions  of 
Archimedes,  Galileo,  and  the  rest  intelligible.  The 
required  transformations,  extensions,  and  compres- 
sions of  the  prisms  may  now  be  carried  out  with  per- 
fect certainty. 

A  knife  edge  may  be  introduced   at   any  point  un- 
der a  prism  suspended  from  its  center  without  dis- 
turbing   the    equilib- 
rium (see   Fig.    236), 
and   several  such  ar- 
rangements   may    be 
rigidly  combined    to- 
j —  gether  so  as  to  form 

Fig.  236.  apparently  new  cases 

of  equilibrium.      The 

conversion  and  disintegration  of  the  case  of  equi- 
librium into  several  other  cases  (Galileo)  is  possible 
only  by  taking  into  account  the  value  of  PL.  I  can- 
not agree  with  O.  Holder  who  upholds  the  correct- 
ness of  the  Archimedean  deductions  against  my  criti- 
cisms in  his  essay  Denken  und  Anschauung  in  der  Geo- 
melrie,  although  I  am  greatly  pleased  with  the  extent 
of  our  agreement  as  to  the  nature  of  the  exact  sci- 
ences and  their  foundations.  It  would  seem  as  if 
Archimedes  (De  cequiponderantibus}  regarded  it  as  a 
general  experience  that  two  equal  weights  may  under 
all  circumstances  be  replaced  by  one  equal  to  their 
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combined  weight  at  the  center  (Theorem  5,  Corrol- 
ary  2  «.  In  such  an  event,  his  long  deduction  (Theo- 
rem 6)  would  be  necessary,  for  the  reason  sought  fol- 
lows immediately  (see  pp.  14,  513).  Archimedes's 
mode  of  expression  is  not  in  favor  of  this  view. 

ortheless,  a  theorem  of  this  kind  cannot  be  re- 
garded as  a  priori  evident;  and  the  need 
on  pp.  14,  513  appear  to  me  to  be  still  uncontro- 

od. 


(See  page  ig,) 

Stevinus's  procedure  may  be  looked  at  from  still 
anDther  point  of  view.     If  it  is  :i  fact,  for  our  mechan- 
ic. 1  instinct,  that  a  heavy  endless  chain  will  not  ro- 
ta e,  then  the  it.  !   simple  cases  of  equilibrium 
or    an    inclined    plane  which   Stevinus   (i  and 
w   ich  are  readily  controlled  quantitatively,  may  be 
re  arded  as  so  many  special  experiences.     For  r 
nc  :  essential   that   the  ex;                is  should  have  l> 
ac  ually  carried  out,  if  the  result 
of  doubt.     As  a  matter  of  fact,  Stevinus  experin; 
in    thought.     St-                        .It   could   actually    1 
be  in  deduced  from  the  corresponding  ph;.                per- 
in  ;nts,  with  friction  reduced  to  a  minimum.      In  an 
ar  ilogous  manner,  Archimedes's  considerations  with 
re  pect   to  the  lever  might  be   conceived   after    the 
fa  hion  of  Galileo's  procedure.     If  the  various  mental 
ex  >eriments  had  been  executed  physically,  the  linear 
uce  of  t:               :  moment  on  tin-  distance  of 
.•ht  from  the  axis  could  be  deduced  with  per- 
rigor.     We  shall  have  still                 .tances  to  ad- 
he  foremost                                domain  of 
m»  chanics,    of    this    tentative    adaptation    of    sj 
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quantitative  conceptions  to  general  instinctive  im- 
pressions. The  same  phenomena  are  presented  in 
other  domains  also.  I  may  be  permitted  to  refer  in 
this  connexion  to  the  expositions  which  I  have  given 
in  my  Principles  of  Heat,  page  151.  It  may  be  said 
that  the  most  significantand  most  important  advances 
in  science  have  been  made  in  this  manner.  The  habit 
which  great  inquirers  have  of  bringing  their  single 
conceptions  into  agreement  with  the  general  concep- 
tion or  ideal  of  an  entire  province  of  phenomena,  their 
constant  consideration  of  the  whole  in  their  treatment 
of  parts,  may  be  characterised  as  a  genuinely  philo- 
sophical procedure.  A  truly  philosophical  treatment 
of  any  special  science  will  always  consist  in  bringing 
the  results  into  relationship  and  harmony  with  the 
established  knowledge  of  the  whole.  The  fanciful 
extravagances  of  philosophy,  as  well  as  infelicitous 
and  abortive  special  theories,  will  be  eliminated  in 
this  manner. 

It  will  be  worth  while  to  review  again  the  points 
of  agreement  and  difference  in  the  mental  procedures 
of  Stevinus  and  Archimedes.  Stevinus  reached  the 
very  general  view  that  a  mobile,  heavy,  endless  chain 
of  any  form  stays  at  rest.  He  is  able  to  deduce  from 
this  general  view,  without  difficulty,  special  cases, 
which  are  quantitatively  easily  controlled.  The  case 
from  which  Archimedes  starts,  on  the  other  hand,  is 
the  most  special  conceivable.  He  cannot  possibly 
deduce  from  his  special  case  in  an  unassailable  man- 
ner the  behavior  which  may  be  expected  under  more 
general  conditions.  If  he  apparently  succeeds  in  so 
doing,  the  reason  is  that  he  already  knows  the  result 
which  he  is  seeking,  whilst  Stevinus,  although  he  too 
doubtless  knows,  approximately  at  least,  what  he  is 
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in  search  of,  nevertheless  could  have  found  it  directly 
by  his  manner  of  procedure,  even  if  he  had  not  known 
it.  When  the  static  relationship  is  rediscovered  in 
such  a  manner  it  has  a  higher  value  than  the  result  of 
a  metrical  experiment  would  have,  which  always  de- 
viates somewhat  from  the  theoretical  truth.  The  de- 
viation increases  with  the  disturbing  circumstances, 
as  with  friction,  and  decreases  with  the  diminution  of 
these  difficulties.  The  exact  static  relationship  is 
reached  by  idealisation  and  disregard  of  these 
turbing  elements.  It  appears  in  the  Archimedean  ami 

inian  procedures  as  an  hypothesis  without  whirh 
the  individual  facts  of  expe:  .  oiild  at  once  be- 

corie  involved  in  logical  contradictions.     Not  until 
we  have  possessed  this  hypothesis  can  we  by  op- 
ing with  the  exact  concepts  reconstruct  the  facts  and 
ac<  uire  a  scientific  and  logical  mastery  of  them.    The 

r  ami  the  inclined  plane  are  self  created  ideal  ob- 
je<  s  of  mechanics.  These  objects  alone  completely 
sai  sfy  the  logical  demands  v.  make  of  them  ; 

th<  physical  lever  satisfies  these  conditions  only  in 
rn«  isure  in  which  it  approaches  the  ideal  lever.  The 
na  ural  inquirer  strives  to  adapt  his  ideals  to  reality. 


(S««  pace  iso ) 

Our  modern  notions  with  regard  to  the  nature  of 
air  ire  a  direct  continuation  of  the  ar.  An- 

goras proves  the  corporeality  of  air  from  i; 
an<  e  to  compression  in  closed  bags  of  skin,  and  from 
the  /athering  up  of  the  expelled  air  (in  the  form  of 
;bul  :,ies?)  by  wat«-r  •  AristOtl<  .    /  .  IV.,  9).     Ac- 

cor  ling  to  Empedocles,  the  air   prevents  the  water 
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from  penetrating  into  the  interior  of  a  vessel  immersed 
with  its  aperture  downwards  (Gomperz,  Griechische 
Denker,  I.,  p.  191).  Philo  of  Byzantium  employs  for 
the  same  purpose  an  inverted  vessel  having  in  its  bot- 
tom an  orifice  closed  with  wax.  The  water  will  not 
penetrate  into  the  submerged  vessel  until  the  wax 
cork  is  removed,  wherupon  the  air  escapes  in  bubbles. 
An  entire  series  of  experiments  of  this  kind  is  per- 
formed, in  almost  the  precise  form  customary  in  the 
schools  to-day  {Philonis  lib.  de  ingeniis  spiritualibus ,  in 
V.  Rose's  Anecdota  grceca  et  latino].  Hero  describes 
in  his  Pneumatics  many  of  the  experiments  of  his 
predecessors,  with  additions  of  his  own ;  in  theory  he 
is  an  adherent  of  Strato,  who  occupied  an  intermedi- 
ate position  between  Aristotle  and  Democritus.  An 
absolute  and  continuous  vacuum,  he  says,  can  be 
produced  only  artificially,  although  numberless  tiny 
vacua  exist  between  the  particles  of  bodies,  including 
air,  just  as  air  does  among  grains  of  sand.  This  is 
proved,  in  quite  the  same  ingenuous  fashion  as  in  our 
present  elementary  books,  from  the  possibility  of  rare- 
fying and  compressing  bodies,  including  air  (inrush- 
ing  and  outrushing  of  the  air  in  Hero's  ball).  An  ar- 
gument of  Hero's  for  the  existence  of  vacua  (pores) 
between  corporeal  particles  rests  on  the  fact  that  rays 
of  light  penetrate  water.  The  result  of  artificially  in- 
creasing a  vacuum,  according  to  Hero  and  his  prede- 
cessors, is  always  the  attraction  and  solicitation  of 
adjacent  bodies.  A  light  vessel  with  a  narrow  aper- 
ture remains  hanging  to  the  lips  after  the  air  has  been 
exhausted.  The  orifice  may  be  closed  with  the  finger 
and  the  vessel  submerged  in  water.  "It  the  finger 
be  released,  the  water  will  rise  in  the  vacuum  created, 
although  the  movement  of  the  liquid  upward  is  not 
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according  to  nature.  The  phenomenon  of  the  cup- 
, -glass  is  the  same;  these  glasses,  when  placed 
on  the  body,  not  only  do  not  fall  off,  although  they 
are  heavy  enough,  but  they  also  draw  out  adjacent 
particles  through  the  pores  of  the  body."  The  bent 
siphon  is  also  treated  at  length.  "The  filling  of  the 
siphon  on  exhaustion  of  the  air  is  accomplished  by 
liquid's  closely  following  the  exhausted  air,  for 
the  reason  that  a  continuous  vacuum  is  inconceiv- 
able." If  the  two  arms  of  the  siphon  are  of  the  same 
length,  nothing  flows  out.  "The  water  is  held  in 
equilibrium  as  in  a  balance."  Hero  accordingly  con- 
ceives of  the  flow  of  s  analogous  to  the  move- 
ment of  a  chain  hanging  with  unequal  lengths  over  a 
pul.ey.  The  union  of  the  two  columns,  which  for  us 
is  -reserved  by  the  pressure  of  the  atmospher- 
car -d  for  in  his  case  by  the  "inconceivability  of  a 
coi  tinuous  vacuum."  It  is  shown  at  length,  not  that 
the  smaller  mass  of  water  is  attract* -d  and  di 
alo  ig  by  the  greater  md  that  conformabi 
thi  principle  water  cannot  flow  upwards,  but  rather 
tha  the  phenomenon  is  in  harmony  with  the  principle 
of  ommunicating  vessels.  The  i.ttyamlin- 
gei  ious  tricks  w  :o  describes  in  his  Pufutn 
am  in  his  Automata,  and  which  v  gned  partly 
to  ,-ntertain  an  :  to  excite  wonder,  off- 
ch;  ming  picture  of  the  material  civilisation  of  the  day 
rat  er  than  excite  our  scientific  ;  The  auto- 
ma  c  sounding  of  trumpets  and  th«  opening  of  i 
pie  doors,  with  the  t  loduced, 
are  not  science  properly  so 
call  1.  Y-  t  II.  m's  writ:  !  notions  c .  .nti  il>uted 

1    the    diffusion   of    physical    knowl- 
(coi  ipare  W.  Schmidt,    /  W*         Leipsic,   1899, 
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and  Diels,  System  des  Strata,  Sitzungsberichte  dcr  Ber- 
liner Akademie,  1893). 

VII. 
(See  page  129.) 

It  has  often  been  asserted  that  Galileo  had  prede- 
cessors of  great  prominence  in  his  method  of  think- 
ing, and  while  it  is  far  from  our  purpose  to  gainsay 
this,  we  have  still  to  emphasise  the  fact  that  Galileo 
overtowered  them  all.  The  greatest  predecessor  of 
Galileo,  to  whom  we  have  already  referred  in  another 
place,  was  Leonardo  da  Vinci,  1452-1519;  now,  it 
was  impossible  for  Leonardo's  achievements  to  have 
influenced  the  development  of  science  at  the  time,  for 
the  reason  that  they  were  not  made  known  in  their 
entirety  until  the  publication  of  Venturi  in  1797.  Leo- 
nardo knew  the  ratio  of  the  times  of  descent  down 
the  slope  and  the  height  of  an  inclined  plane.  Fre- 
quently also  a  knowledge  of  the  law  of  inertia  is  at- 
tributed to  him.  Indeed,  some  sort  of  instinctive 
knowledge  of  the  persistence  of  motion  once  begun 
will  not  be  gainsaid  to  any  normal  man.  But  Leo- 
nardo seems  to  have  gone  much  farther  than  this. 
He  knows  that  from  a  column  of  checkers  one  of  the 
pieces  may  be  knocked  out  without  disturbing  the 
others ;  he  knows  that  a  body  in  motion  will  move 
longer  according  as  the  resistance  is  less,  but  he  be- 
lieves that  the  body  will  move  a  distance  proportional 
to  the  impulse,  and  nowhere  expressly  speaks  of  the 
persistence  of  the  motion  when  the  resistance  is  alto- 
gether removed.  (Compare  Wohlwill,  Bibliotheca  Ma- 
thematica,  Stockholm,  1888,  p.  19).  Benedetti  (1530- 
1590)  knows  that  falling  bodies  are  accelerated,  and 
explains  the  acceleration  as  due  to  the  summation 
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of  the  impulses  of  gravity  (Divers,  speculat.  math,  ct 
physic,  liber,  Tatirini,  1585).  He  ascribes  the  progres- 
sive motion  of  a  projectile,  not  as  the  Peripatetics 
did,  to  the  agency  of  the  medium,  but  to  the  virtus 
imprcssa,  though  without  attaining  perfect  clearness 
ird  to  these  problems.  Galileo  seems  actu- 
ally to  have  proceeded  from  Benedetti's  point  of  view, 
for  his  youthful  productions  are  allied  to  those  of 
Benedetti.  Galileo  also  assumes  a  virtus  imprcssa, 
which  he  conceives  to  decrease  in  efficiency,  and  ac- 
cording to  Wohlwill  it  appears  that  it  was  not  until 
1604  that  he  came  into  full  possession  of  the  laws  of 
falling  bodies. 

G.  Vailati,  who  i  ted  muc  on  to  Be- 

necetti's  investigatio:  delta  R.  Acatf.  <1i  Torino, 

Vo  .  XXXIII.,  iScjS1.,  finds  the  (  f  Bene- 

de  ti  to  be  that  he  subjected  the  Aristote!  s  to 

rm  .hematical  and  critical  scrutiny  and  correction,  and 
en   eavored  to  lay  bare  th«  ir  inherent  cc>  ons, 

thi  >  ;ng    the  :     further    progre-^.      H- 

kn  avs  thdt  tho  ion  of  the  Aristotelians,  that 

th<  velocity  of  falling  -ely  proportional 

to   the  density   of    the    surrounding    medium,   is   un- 
tei  ible  and  possible  onh  ial  cases.     Let  the 

ve   >city  of  descent   b<.-  proportional  to  /  —  q,  whr 
is     ic  weight  of  the  body  and  q  the  \\\  :pulsion 

du    to  the  medium.      If  only  half  the  velocity  of  de- 
set  up   .  Hum  of  double  the  den 
tl  -                   p — q—i  —a  relation 
wh  (                                         case  />  —  %</.      1  dies 

am     -ipward    impulsion   even    to   til        I  ' 

s  of  tlr  fall,  in  his  opinion,  \vitli 

the  same  velocit  .   detti  reaches  this  result  by 
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conceiving  equal  bodies  falling  alongside  each  other 
first  disconnected  and  then  connected,  where  the  con- 
nexion cannot  alter  the  motion.  In  this  he  approaches 
to  the  conception  of  Galileo,  with  the  exception  that 
the  latter  takes  a  profounder  view  of  the  matter. 
Nevertheless,  Benedetti  also  falls  into  many  errors; 
he  believes,  for  example,  that  the  velocity  of  descent 
of  bodies  of  the  same  size  and  of  the  same  shape  is 
proportional  to  their  weight,  that  is,  to  their  density. 
His  reflexions  on  catapults,  no  less  than  his  views  on 
the  oscillation  of  a  body  about  the  center  of  the  earth 
in  a  canal  bored  through  the  earth,  are  interesting, 
and  contain  little  to  be  criticised.  Bodies  projected 
horizontally  appear  to  approach  the  earth  more  slowly. 
Benedetti  is  accordingly  of  the  opinion  that  the  force 
of  gravity  is  diminished  also  in  the  case  of  a  top  rotat- 
ing with  its  axis  in  a  vertical  position.  He  thus  does 
not  solve  the  riddle  fully,  but  prepares  the  way  for 
the  solution. 

VIII. 

(See  page  134.) 

If  we  are  to  understand  Galileo's  train  of  thought, 
we  must  bear  in  mind  that  he  was  already  in  posses- 
sion of  instinctive  experiences  prior  to  his  resorting 
to  experiment. 

Freely  falling  bodies  are  followed  with  more  diffi- 
culty by  the  eye  the  longer  and  the  farther  they  have 
fallen ;  their  impact  on  the  hand  receiving  them  is  in 
like  measure  sharper ;  the  sound  of  their  striking 
louder.  The  velocity  accordingly  increases  with  the 
time  elapsed  and  the  space  traversed.  But  for  scien- 
tific purposes  our  mental  representations  of  the  facts 
of  sensual  experience  must  be  submitted  to  conceptual 
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formulation.  Only  thus  may  they  be  used  for  discov- 
ering by  abstract  mathematical  rules  unknown  prop- 
erties conceived  to  be  dependent  on  certain  initial 
properties  having  definite  and  assignable  arithmetic 
values;  or,  for  completing  what  has  been  only  partly 
:i.  This  formulation  is  effected  by  isolating  and 
emphasising  what  is  deemed  of  importance,  by  neg- 
lecting what  is  subsidiary,  l-y  ,;-//.;//;/:-,  by  it/fall's- 
ing.  The  e  :it  deten  he  form 

chosen  is  adequate  to  the  facts.     Without  some  pre- 
conceived opinion  the  t  .t  is  impossible,  be- 
cause its  form   is  determined  by  the  opinion.     For 
ho-.v  and  on  what  could  we  experiment  if  we  did  not 
pn  viously  have   some   suspicion   of   \\l.at    we   were 
ab)Ut?     The  complfnuntal  function  which  the  ex; 
m<  nt  is  to  fulfil  is  determined  entirely  by  our  prior 
ex  >erience.     The  experiment   confirms,   modifies,  or 
o\  .Tthrows  our  suspicion.   The  modern  inquirer  would 
as  :  in  a  similar  predicament :  Of  '  mction? 
V>  lat  function  of  /  is  r?     Galileo  asks,  in  his  ingenu- 
01  3  and   primitive   v.                        oportional  to  /,  i 
pi  >portional  to  /?    Galileo,  t:                ts  his  way  along 
s\  ithetically,  but  reaches  his  goal  nevertheless.    S 
te  natic,  routine  methods  are  the  final  outcome  of 
Be  in                <lo  not  stand  perfectly  developed  at  the 
di  posal  of  genius  in  th  (Com- 
pi  re  the  article  "  Ueber  Gedankenexperimente,"  / 
Sf  rift ///'                                                rrtiht,  18^7, 

I  • 

(Sec  pace  140.) 

An  an  exhaustive  study  in 

1884  .IV.,   pp.  365-410,   and   Vol. 
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XV.,  pp.  70-135,  337-387,  entitled  "Die  Entdeckung 
des  Beharrungsgesetzes,"  E.  Wohlwill  has  shown  that 
the  predecessors  and  contemporaries  of  Galileo,  nay, 
even  Galileo  himself,  only  very  gradually  abandoned 
the  Aristotelian  conceptions  for  the  acceptance  of  the 
law  of  inertia.  Even  in  Galileo's  mind  uniform  cir- 
cular motion  and  uniform  horizontal  motion  occupy 
distinct  places.  WohlwilPs  researches  are  very  ac- 
ceptable and  show  that  Galileo  had  not  attained  per- 
fect clearness  in  his  own  new  ideas  and  was  liable  to 
frequent  reversion  to  the  old  views,  as  might  have 
been  expected. 

Indeed,  from  my  own  exposition  the  reader  will 
have  inferred  that  the  law  of  inertia  did  not  possess 
in  Galileo's  mind  the  degree  of  clearness  and  univer- 
sality that  it  subsequently  acquired.  (See  pp.  140  and 
143.)  With  regard  to  my  exposition  at  pages  140- 
141,  however,  I  still  believe,  in  spite  of  the  opinions 
of  Wohlwill  and  Poske,  that  I  have  indicated  the 
point  which  both  for  Galileo  and  his  successors  must 
have  placed  in  the  most  favorable  light  the  transition 
from  the  old  conception  to  the  new.  How  much  was 
wanting  to  absolute  comprehension,  may  be  gathered 
from  the  fact  that  Baliani  was  able  without  difficulty 
to  infer  from  Galileo's  statement  that  acquired  velo- 
city could  not  be  destroyed, — a  fact  which  Wohlwill 
himself  points  out  (p.  112).  It  is  not  at  all  surpris- 
ing that  in  treating  of  the  motion  of  heavy  bodies, 
Galileo  applies  his  law  of  inertia  almost  exclusively 
to  horizontal  movements.  Yet  he  knows  that  a  mus- 
ket-ball possessing  no  weight  would  continue  rectiline- 
arly  on  its  path  in  the  direction  of  the  barrel.  {Dia- 
logues on  the  two  World- Systems,  German  translation, 
Leipsic,  1891,  p.  184.)  His  hesitation  in  enunciating 
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in  its  most  general  terms  a  law  that  at  first  blush  ap- 
pears so  startling,  is  not  surprising. 

(Seepage 

\Ve  cannot  adequately  appreciate  the  extent  of 
Galileo's  achievement  in  the  analysis  of  the  motion  of 
projectiles  until  we  examine  his  predecessors'  endeav- 
ors in  this  field.  Santbach  (1561)  is  of  opinion,  that  a 
cannon-ball  nward  in  a  straight  line  until  its 

velocity  is  exhausted  and  then  drops  to  the  ground  in 

1  direction.     Tartaglia  (1537)  compounds 
pa  h  of  a  projectile  out  of  a  straight  line,  the  arc  of  a 
circle,  and  lasth  _;ent  to  the  arc.     He 

is  perfectly  aware,  as  Rivius  later  (1582)  more  dis- 
tii  ctly  states,  that  accurately  viewed  tin-  path  is 
ci:  ved  at  all  points,  since  the  deflective  action  of 
r  ceases ;  but  he  is  yet  unable  to  arrive 
at  a  complete  analysis.  The  initial  portion  of 
p;  :h  is  well  calculated  to  arouse  the  illt:  ;>res- 

si   n  that   the  action  of  gravity  has  been  annullc 
th  ;  velocity  of  the  projection, — an  illusion  to  which 
c\  :n  Benedetti  fell  a  victim.     (See  Appendix,  vn.f  p. 
i:  ).)     We  fail  to  observe  any  descent  in   the  initial 
pt-  *t  of  the  curve,  and  forget  to  take  into  account 
si  nrtness  of  the  corresponding  time  of  the  des< 
B    a  similar  oversight  a  jc-t  of  water  may  assume  the 
aj  icarance  of  a  solid  b<  ;>ended  in  the  air,  if 

or  j  is  unmindful  of  the  fact  that  it  is  made  up  of  a 
m  ss  of  rapidly  alternating  minute  particles.  The 
sa  ne  ill-  :i.<-t  with  in  the  centrifugal  pendulum, 

'ie  top,  in  Aitken's  flexible  chain  rendered  rigid 
1  rapid  rotation  (Philosophical  Jlfagazinf,  1878),  in 
tl.  locomotive  which  rushes  safely  across  a  defc< 
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bridge,  through  which  it  would  have  crashed  if  at 
rest,  but  which,  owing  to  the  insufficient  time  of  des- 
cent and  of  the  period  in  which  it  can  do  work,  leaves 
the  bridge  intact.  On  thorough  analysis  none  of 
these  phenomena  are  more  surprising  than  the  most 
ordinary  events.  As  Vailati  remarks,  the  rapid  spread 
of  firearms  in  the  fourteenth  century  gave  a  distinct 
impulse  to  the  study  of  the  motion  of  projectiles,  and 
indirectly  to  that  of  mechanics  generally.  Essentially 
the  same  conditions  occur  in  the  case  of  the  ancient 
catapults  and  in  the  hurling  of  missiles  by  the  hand, 
but  the  new  and  imposing  form  of  the  phenomenon 
doubtless  exercised  a  great  fascination  on  the  curios- 
ity of  people. 

So  much  for  history.  And  now  a  word  as  to  the 
notion  of  "composition."  Galileo's  conception  of  the 
motion  of  a  projectile  as  a  process  compounded  of 
two  distinct  and  independent  motions,  is  suggestive 
of  an  entire  group  of  similar  important  epistemologi- 
cal  processes.  We  may  say  that  it  is  as  important  to 
perceive  the  non  dependence  of  two  circumstances  A 
and  B  on  each  other,  as  it  is  to  perceive  the  dependence 
of  two  circumstances  A  and  C  on  each  other.  For 
the  first  perception  alone  enables  us  to  pursue  the 
second  relation  with  composure.  Think  only  of  how 
serious  an  obstacle  the  assumption  of  non-existing 
causal  relations  constituted  to  the  research  of  the 
Middle  Ages.  Similar  to  Galileo's  discovery  is  that 
of  the  parallelogram  of  forces  by  Newton,  the  compo- 
sition of  the  vibrations  of  strings  by  Sauveur,  the  com- 
position of  thermal  disturbances  by  Fourier.  Through 
this  latter  inquirer  the  method  of  compounding  a  phe- 
nomenon out  of  mutually  independent  partial  phe- 
nomena by  means  of  representing  a  general  integral 
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as  the  sum  of  particular  integrals  has  penetrated  into 
every  nook  and  corner  of  physics.  The  decomposi- 
tion of  phenomena  into  mutually  independent  parts 
has  been  aptly  characterised  by  P.  Volkmann  as  /.»•«»- 
lation,  and  the  composition  of  a  phenomenon  out  of 
such  parts,  superposition.  The  two  processes  combined 
enable  us  to  comprehend,  or  reconstruct  in  thought, 
piecemeal,  what,  as  a  -chsle,  it  would  be  impossible 
for  us  to  grasp. 

•  Nature  with  its  myriad  phenomena  assumes  a 
unified  aspect  only  in  the  rarest  cases;  in  the  major- 
ity of  instances  it  exhibits  a  thoroughly  composite 
character  .  .  .  ;  it  is  accordingly  one. of  the  duties  of 
science  to  conceive  phenomena  as  made  up  of  sets  of 
p«  rtial  phenomena,  and  at  first  to  study  these  partial 
phenomena  in  their  Not  until  we  know  to 

w  lat  extent  each  circumstance  shares  in  the  phenom- 
e  on  as  an  entirety  do  we  acquire  a  comma 
t    e  \  '     (Ci   I'.  Volkmann,  Erkenntnissthf*- 

r  tischf  i.  snschaft,  1896,  p.  70. 

<     .  also  my   Principles   </  //-  :  :on,    pp. 

i  :3»  151.  452). 

XI. 

(See  pagr 

The  perspicuous  deduction  of  the  expression  for 
c  mtrifugal  force  based  on  the  principle  of  Hamilton's 
\  Ddograph  may  also  be  mentioned.  If  a  body  move 
i  liformly  in  a  circle  of  radius  r  (Fig.  237),  the  velo- 
c  ty  v  at  the  point  A  of  the  path  is  transformed  by 
t  16  traction  of  the  string  into  the  velo(  like 

r  ;  gnitude  but  different  direction  at  the  point  /?.  If 
f  om  O  as  centre  (Fig.  238)  we  lay  off  as  to  magni- 
t  ide  and  direction  all  the  velocities  the  body  succes- 
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sively  acquires,  these  lines  will  represent  the  sum 
of  the  radii  v  of  the  circle.  For  OM  to  be  trans- 
formed into  ON,  the  perpendicular  component  to  it, 
MNy  must  be  added.  During  the  period  of  revolu- 
tion T  the  velocity  is  uniformly  increased  in  the  direc- 
tions of  the  radii  r  by  an  amount  Znv.  The  numeri- 


Fig.  237. 


Fig.  238. 


cal  measure  of   the   radial    acceleration  is   therefore 

O  2 

(p=-—,  and  since  vT=27tr,  therefore  also  cp=—. 

If  to  OM=v  the  very  small  component  w  is  added 
(Fig.  239),  the  resultant  will  strictly  be  a  greater 

/_____ <Z£/ 

velocity  Vv2-\-w2  =v-\-  —,  as  the  approximate  ex- 
traction of  the  square  root  will  show.     But  on  contin- 

w2 
uous  deflection  ^-  vanishes  with  respect  to  v  ;  hence, 

&v 

only  the  direction,    but   not  the  magnitude,   of   the 
velocity  changes. 

XII. 

(See  page  162.) 

Even  Descartes  thought  of  explaining  the  centri- 
petal impulsion  of  floating  bodies  in  a  vortical  me- 
dium, after  this  manner.  But  Huygens  correctly  re- 
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marked  that  on  this  hypothesis  we  should  have  to 
assume  that  the  lightest  bodies  received  the  greatest 
centripetal  impulsion,  and  that  all  heavy  bodies  would 
without  exception  have  to  be  lighter  than  the  vortical 
medium.  Huygens  observes  further  that  like  phe- 
nomena are  also  necessarily  presented  in  the  case  of 
bodies,  be  they  what  they  may,  that  do  not  participate 
in  the  whirling  movement,  that  is  to  say,  such  as 
mi^ht  exist  without  centrifugal  force  in  a  vortical 
medium  affected  with  centrifugal  force.  For  exam- 
ple, a  sphere  composed  of  any  material  whatsoever 
but  moveable  only  along  a  s:  axis,  sa\ 

is  impelled  toward  the  axis  of  rotation  in  a  whirling 
rredium. 

In  a  closed  vessel  containing  water  Huygens 
paced  small  particles  of  sealing  wax  which  are 
s  ightly  than  water  and  hence  touch  the  bot- 

t  >m  of  the  vessel.      If  the  vessel  be  rotated,  the  ; 
t  cles  of  sealing  wax  will  flock  toward  the  outer  rim 
(     the  vessel.     If  the  vessel  be  then  suddenly  brought 
t  >  rest,   the  water  will  continue  to  rotate  while 
1  irticKs  of  sealing  wax  which  touch  the  bottom  and 
i  re  therefore  more  rapidly  arrested   in   their   rnove- 
i  tent,  will  now  be  impelled  toward   the  axis  of   tin- 
>  jssel.     In  this  process  Huygens  saw  an  exact  replica 
(  f  gravity.  r  whirling  in  one  direction  only, 

<  id  not  appear  to  fulnl  his  requirements.     Ultimat 

1  e  thought,  it  would  sweep  everything  with  it.      He 

<  icordingly  assumed  ether-particles  that  sped  rapidly 
i  bout  in  all  directions,  it   being  his  theory  that  in  a 
( losed  space,  circular,  as  contrasted  with  radial,  mo- 
t     is  would  of  themselves  preponderate.     This  ether 
i  ^peared  to  him  adequate  to  explain  gravity.     The 
(  etailed  exposition  of  this  kinetic  theory  of  gravity  is 
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found  in  Huygens's  tract  On  the  Cause  of  Gravitation 
(German  trans,  by  Mewes,  Berlin,  1893).  See  also 
Lasswitz,  Geschichte  der  Atomistik,  1890,  Vol.  II.,  p. 
344- 

XITI. 
(See  page  187  ) 

It  has  been  impossible  for  us  to  enter  upon  the 
signal  achievements  of  Huygens  in  physics  proper. 
But  a  few  points  may  be  briefly  indicated.  He  is  the 
creator  of  the  wave-theory  of  light,  which  ultimately 
overthrew  the  emission  theory  of  Newton.  His  at- 
tention was  drawn,  in  fact,  to  precisely  those  features 
of  luminous  phenomena  that  had  escaped  Newton. 
With  respect  to  physics  he  took  up  with  great  enthu- 
siasm the  idea  of  Descartes  that  all  things  were  to  be 
explained  mechanically,  though  without  being  blind 
to  its  errors,  which  he  acutely  and  correctly  criticised. 
His  predilection  for  mechanical  explanations  rendered 
him  also  an  opponent  of  Newton's  action  at  a  distance, 
which  he  wished  to  replace  by  pressures  and  impacts, 
that  is,  by  action  due  to  contact.  In  his  endeavor  to 
do  so  he  lighted  upon  some  peculiar  conceptions,  like 
that  of  magnetic  currents,  which  at  first  could  not 
compete  with  the  influential  theory  of  Newton,  but 
has  recently  been  reinstated  in  its  full  rights  in  the 
unbiassed  efforts  of  Faraday  and  Maxwell.  As  a 
geometer  and  mathematician  also  Huygens  is  to  be 
ranked  high,  and  in  this  connexion  reference  need  be 
made  only  to  his  theory  of  games  of  chance.  His 
astronomical  observations,  his  achievements  in  theo- 
retical and  practical  dioptrics  advanced  these  depart- 
ments very  considerably.  As  a  technicist  he  is  the 
inventor  of  the  powder-machine,  the  idea  of  which 
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has  found  actualisation  in  the  modern  gas-machine, 
i  physiologist  he  surmised  the  accommodation  of 
the  eye  by  deformation  of  the  lens.  All  these  things 
can  scarcely  be  mentioned  here.  Our  opinion  of  Huy- 
gens  grows  as  his  labors  are  made  better  known  by  the 
complete  edition  of  his  works.  A  brief  and  reveren- 
tial sketch  of  his  scientific  career  in  all  its  phases  is 
given  by  J.  Bosscha  in  a  pamphlet  entitled  Christian 
Huyghcns,  ReJe  am  200.  Gtdachtnisstage  seines  Lebens- 
,  German  trans,  by  Engelmann,  Leipsic,  1895. 

\!V. 
page  190.) 

Rosenberger  is  correct  in  his  statement  (At 
vnt  seine  physikalisckc*  Priiutpi€*t  1895)  t!  idea 

of  u  gravitation  did   not  originate  with  New- 

to   ,  but  that  Nev.  many  highh 

ec  ssors.  But  it  may  be  safely  asserted  that  it  \ 
wi  h  all  of  them,  a  question  of  conjecture,  of  a  groping 
a:  1  imp-  if-  <  t  grasp  of  the  problem,  and  that  no  one 
be  ore  Newton  grappled  with  the  notion  so  compre- 
h-  isiv  ly  and  energetically;  so  that  above  and  beyond 
th  :  great  m  .<-al  problem,  which  Knsenl  erger 

•cc  iced«  s,  there  still  remains  to  Newton  the  credit  of 
a    olossal  feat  of  the  imagination. 

Among  Newton's  forerunners  may  first  be  men- 
tit  ned  Copernicus,  who  (in  154  "I  am  at 
le  st  of  opinion  that  gr  nothing  more  than  a 
na  ural  tendency  implanted  in  p;:  v  the  d; 
pr  evidence  of  the  Master  of  the  Universe,  by  virtue  of 
wl  ich,  they,  collecting  together  in  the  shape  of  a 
sp  re,  do  form  tin -ir  own  proper  unity  and  integrity. 
Ai  d  it  is  to  be  assumed  that  this  propensity  is  in- 
nt  also  in  the  sun,  the  moon,  and  the  other  plan- 
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ets."     Similarly,   Kepler  (1609),    like  Gilbert  before 
him  (1600),  conceives  of  gravity  as  the  analogue  of 
magnetic  attraction.   By  this  analogy,  Hooke,  it  seems, 
is  led  to  the  notion  of  a  diminution  of  gravity  with  the 
distance  ;  and  in  picturing  its  action  as  due  to  a  kin< 
of  radiation,  he  even  hits  upon  the  idea  of  its  actin{ 
inversely  as  the  square  of   the   distance.     He  evei 
sought  to  determine  the  diminution  of  its  effect  (i6J 
by  weighing  bodies  hung  at  different  heights  from  th( 
top   of  Westminster  Abbey  (precisely  after  the  moi 
modern  method  of  Jolly),  by  means  of  spring-balance 
and  pendulum  clocks,  but  of  course  without  results 
The  conical  pendulum   appeared  to  him    admirabl] 
adapted  for  illustrating  the  motion  of  the  planets 
Thus  Hooke  really  approached  nearest  to  Newton's 
conception,  though  he  never  completely  reached  tl 
latter's  altitude  of  view. 

In  two  instructive  writings  {Kepler's  Lehre  von  dt 
Gravitation,  Halle,  1896:  Die  Gravitation  bei  Galile 
u.  Borelli,  Berlin,  1897)  E.  Goldbeck  investigates  th( 
early  history  of  the  doctrine  of  gravitation  with  Keplei 
on  the  one  hand  and  Galileo  and  Borelli  on  the  othe 
Despite  his  adherence  to  scholastic,  Aristotelian  nc 
tions,  Kepler  has  sufficient  insight  to  see  that  there  ii 
a  real  physical  problem   presented  by  the  phenomei 
of  the  planetary  system;  the  moon,   in  his  view, 
swept  along  with  the  earth  in  its  motion  round  tl 
sun,  and  in  its  turn  drags  the  tidal  wave  along  wil 
it,  just  as  the  earth  attracts  heavy  bodies.     Also,  f< 
the  planets  the  source  of  motion  is  sought  in  the  sui 
from  which  immaterial  levers  extend  that  rotate  wit] 
the   sun  and  carry  the  distant  planets  around   moi 
slowly  than  the  near  ones.     By  this  view,  Kepler  wj 
enabled  to  guess  that  the  period  of  rotation  of  the  sui 
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was  less  than  eighty-eight  days,  the  period  of  revolu- 
tion of  Mercury.  At  times,  the  sun  is  also  conceived 
as  a  revolving  magnet,  over  against  which  are  placed 
the  magnetic  planets.  In  Galileo's  conception  of  the 
universe,  the  formal,  mathematical,  and  esthetical 
point  of  view  predominates.  He  rejects  each  and 
every  assumption  of  attraction,  and  even  scouted  the 
idea  as  childish  in  Kepler.  The  planetary  system  had 
not  yet  taken  the  shape  of  a  genuine  p  problem 

for  him.  Yet  he  assumed  with  Gilbert  that  an  imma- 
terial geometric  point  can  exercise  no  physical  action, 
and  he  did  very  much  toward  demonstrating  the  ter- 
restrial nature  of  the  heavenly  b<>  :\  his 
work  on  the  satellites  of  the  Jupiter)  conceives  the 
ph  nets  as  floating  between  layers  of  ether  of  diffe: 
de  isities.  Tlu-y  have  a  natural  tendency  to  approach 
th  ir  central  body,  (the  t«-nn  attraction  is  avoided,) 
wl  ich  is  offset  by  the  centrifugal  force  set  up  by  the 
*e  olution.  Borelli  illustrates  his  theory  by  an  experi- 
m  nt  .uilar  to  that  described  l>  1'ig.  106, 
p.  162.  As  \\ill  be  seen,  he  approac  .closely 
to  Newton.  His  theory  is,  though,  a  combination  of 
D  scartes's  and  Newton's. 

(S«e  page  191.) 

Newton  illustrated  the  identity  of   t.  :  i^rav- 

it)  with  the  universal  gr.i  med  the 

m«  tions  of  the  celestial  bodies,  as  follows.  He  con- 
ed a  stone  to  be  hurl*  d  with  successive  increases 
of  lorizontal  velocity  from  the  top  of  a  ln^h  inoun- 
tai  i  Neglecting  the  resistance  of  the  air,  the  para- 
bo  as  successively  described  by  the  stone  will  increase 
in  ength  until  finalh  ill  fall  clear  of  the  earth 
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altogether,  and  the  stone  will  be  converted  into 
satellite  circling  round  the  earth.  Newton  begins  witl 
the  fact  of  universal  gravity.  An  explanation  of  the 
phenomenon  was  not  forthcoming,  and  it  was  not  hi< 
wont,  he  says,  to  frame  hypotheses.  Nevertheless  he 
could  not  set  his  thoughts  at  rest  so  easily,  as  is  ap- 
parent from  his  well-known  letter  to  Bentley.  That 
gravity  was  immanent  and  innate  in  matter,  so  that 
one  body  could  act  on  another  directly  through  empty 
space,  appeared  to  him  absurd.  But  he  is  unable  to 
decide  whether  the  intermediary  agency  is  material  or 
immaterial  (spiritual?).  Like  all  his  predecessors  and 
successors,  Newton  felt  the  need  of  explaining  gravi- 
tation, by  some  such  means  as  actions  of  contact.  Yet 
the  great  success  which  Newton  achieved  in  astron- 
omy with  forces  acting  at  a  distance  as  the  basis  of 
deduction,  soon  changed  the  situation  very  consider- 
ably. Inquirers  accustomed  themselves  to  these  forces 
as  points  of  departure  for  their  explanations  and  the 
impulse  to  inquire  after  their  origin  soon  disappeared 
almost  completely.  The  attempt  was  now  made  to 
introduce  these  forces  into  all  the  departments  of 
physics,  by  conceiving  bodies  to  be  composed  of  par- 
ticles separated  by  vacuous  interstices  and  thus  acting 
on  one  another  at  a  distance.  Finally  even,  the  re- 
sistance of  bodies  to  pressure  and  impact,  this  is  to 
say,  even  forces  of  contact,  were  explained  by  forces 
acting  at  a  distance  between  particles.  As  a  fact,  the 
functions  representing  the  former  are  more  compli- 
cated than  those  representing  the  latter. 

The  doctrine  of  forces  acting  'at  a  distance  doubt- 
less stood  in  highest  esteem  with  Laplace  and  his 
contemporaries.  Faraday's  unbiassed  and  ingenious 
conceptions  and  Maxwell's  mathematical  formulation 
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of  them  again  turned  the  tide  in  favor  of  the  forces 
of  contact.  Divers  difficulties  had  raised  doubts  in 
the  minds  of  astronomers  as  to  the  exactitude  of  New- 
ton's law,  and  slight  quantitative  variations  of  it  were 
looked  for.  After  it  had  been  demonstrated,  however, 
that  electricity  travelled  with  finite  velocity,  the  ques- 
tion of  a  like  state  of  affairs  in  connexion  with  the 
analogous  action  of  gravitation  again  naturally  arose. 
As  a  fact,  gravitation  bears  a  close  resemblance  to 
electrical  forces  acting  at  a  distar.  in  the  single 

respect  that  so  far  as  we  know,  attraction  only  and 
not  repulsion  takes  place  in  the  case  of  gravitation. 
Foppl  ("Ueber  eine  Erweiterung  des  Gra\  itations- 
gesetzes,  nek.  Akad.,  1897,  p.  ' 

sec.)  is  of  opinion,  that  we  may,  without  becoming 
in\  olved  in  contradictions,  assume  also  with  respect 
to  gravitation  negative  masses,  which  attract  one  an- 
otl  er  but  repel  positive  masses,  and  assume  therefore 
als  )finitf  fields  of  gravitation,  similar  to  the  electric 
fie  1-  U-  (in  his  report  on  actions  at  a  distance 

m;  ie  for  the  German  Naturforschei 
18  7)  enumerates  many  experiments  for  establisl 
a     elocity  of   propagation   for  gravitation,  which  go 

;  as  far  as  Laplace.     The  result  is  to  be  regarded 

as  i  negative  one,  for  the  velocities  which  it  is  at  all 

to  consider  as  such,  do  not  accord  with  one 

:«h  they  are  all  very  large  multiples  of 

th    velocity  of  light.    Paul  Gerber  alone  ("Ueber 

.liche  u.  zeitlicl.  -  itung  der  (.  on," 

'  .-.'//.  u.  Phys.,  1898,  II. \  from  the  \ 

tl  motion  of  Mercury,  forty-one  seconds  in  a  cen- 

tti       finds  the  velocity  of  propagation  of  gravitation 

the  same  as  that  of  light.     This  would  speak  in 

fa^  or  of  the  ether  as  the  medium  of  gravitation.   (Com- 
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pare  W.  Wien,  "Ueber  die  Moglichkeit  einer  elektn 
magnetischen  Begriindung  der  Mechanik,"  Archives 
Ne'er  landatses,  The  Hague,  1900,  V.,  p.  96.) 

XVI. 
(See  page  195.) 

It  should  be  observed  that  the  notion  of  mass  as 
quantity  of  matter  was  psychologically  a  very  natur; 
conception  for  Newton,    with  his  peculiar   develop- 
ment    Critical  inquiries  as  to  the  origin  of  the  con- 
cept of  matter  could  not  possibly  be  expected  of 
scientist  in  Newton's  day.     The  concept  develope( 
quite  instinctively ;  it  is  discovered  as  a  datum  pei 
fectly  complete,  and  is  adopted  with  absolute  ingenu- 
ousness.    The  same  is  the  case  with  the  concept  oi 
force.   But  force  appears  conjoined  with  matter.  And, 
inasmuch  as  Newton  invested  all  material  particl< 
with  precisely  identical  gravitational  forces,  inasmucl 
as  he  regarded  the  forces  exerted  by  the  heavenh 
bodies  on  one  another  as  the  sum  of  the  forces  of  tin 
individual  particles  composing  them,  naturally  the; 
forces  appear  to  be  inseparably  conjoined  with  th< 
quantity  of  matter.     Rosenberger  has  called  attentioi 
to  this  fact  in  his  book,  Newton  und  seine  physikalischei 
Principien  (Leipzig,  1895,  especially  page  192). 

I  have  endeavored  to  show  elsewhere  (Analysis  oj 
the  Sensations,   Chicago,  1897)  how  starting  from  th< 
constancy  of  the  connexion  between  different  sensa- 
tions we  have  been  led  to  the  assumption  of  an  abso- 
lute constancy,  which  we  call  substance,  the  most  ol 
vious  and  prominent  example  being  that  of  a  moveable 
body  distinguishable  from  its  environment.     And  see- 
ing that  such  bodies  are  divisible  into  homogeneoi 
parts,  of  which  each  presents  a  constant  complexuj 
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of  properties,  we  are  induced  to  form  the  notion  of  a 
substantial  something  that  is  quantitatively  variable, 
which  we  call  matter.  But  that  which  we  take  away 
from  one  body,  makes  its  appearance  again  at  some 
other  place.  The  quantity  of  matter  in  its  entirety, 
thus,  proves  to  be  constant.  Strictly  viewed,  how- 
ever, we  are  concerned  with  precisely  as  many  sub- 
stantial quantities  as  bodies  have  properties,  and 
there  is  no  other  function  left  for  matter  save  that  of 
representing  the  constancy  of  connexion  of  the  several 
properties  of  bodies,  of  which  man  is  one  only.  (Com- 
pare my  Principles  of  Hf^t,  Gorman  edition,  1896, 


X  V  1  1  . 
(See  p«*r 

Of  the  theories  of  the  tides  enunciated  before 
N  wton,  that  of  Galileo  alone  may  be  briefly  men- 
ti<  ned.  Galileo  explains  the  tides  as  due  to  the  rela- 
ti  e  motion  of  the  solid  and  liquid  parts  of  the  earth, 
a:  1  regards  this  fact  as  direct  evidence  of  the  motion 
of  the  earth  and  as  a  canl 
ar  jument  in  favor  of  the  Co- 
p<  -mean  system.  If  the  earth 
(1  ig.  240)  rotates  from  the 
\v  st  to  the  east,  and  is  affected 
at  the  same  time  with  a  pro- 
gi  :ssional  motion,  the  parts  of 
th  •  earth  at  a  will  move  with  the  sum,  and  the  parts 
at  b  with  the  difference,  of  the  two  velocities.  The 
w;  ter  in  the  bed  of  the  ocean,  which  is  unable  to  fol- 
io this  change  in  velocity  quickly  enough,  behaves 
lil  i  the  water  in  a  plate  swung  rapidly  back  and  forth, 
or  like  that  in  the  bottom  of  a  skiff  which  is  rowed 
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with  rapid  alterations  of  speed :  it  piles  up  now 
the  front  and  now  at  the  back.     This  is  substantial!] 
the  view  that  Galileo  set  forth  in  the  Dialogue  on  tht 
Two  World  Systems.     Kepler's  view,  which  supposes 
attraction  by  the  moon,  appears  to  him  mystical  an< 
childish.     He  is  of  the  opinion  that  it  should  be  rel< 
gated  to  the  category  of  explanations  by  "sympathy" 
and  "antipathy,"  and  that  it  admits  as  easily  of  refu- 
tation as  the  doctrine  according  to  which  the  tides 
are  created  by  radiation  and  the  consequent  expansioi 
of  the  water.     That  on  his  theory  the  tides  rise  onl; 
once  a  day,  did  not,  of  course,  escape  Galileo's  atten- 
tion.    But  he  deceived  himself  with  regard  to  th< 
difficulties  involved,  believing  himself  able  to  explaii 
the  daily,  monthly,  and  yearly  periods  by  considerinj 
the  natural  oscillations  of  the  water  and  the  altera- 
tions to  which  its  motions  are  subject.     The  principle 
of  relative  motion  is  a  correct  feature  of  this  theory, 
but  it  is  so  infelicitously  applied   that  only  an  e: 
tremely  illusive  theory  could  result.     We  will  first 
convince  ourselves  that  the  conditions  supposed  t( 
be  involved  would  not  have    the  effect  ascribed   t< 
them.     Conceive  a  homogeneous    sphere   of   water 
any  other  effect  due  to  rotation  than  that  of  a  corre< 
ponding  oblateness  we  should  not  expect.    Now,  su] 
pose  the  ball  to  acquire  in  addition  a  uniform  motioi 
of  progression.     Its  various  parts  will  now  as  befoi 
remain  at  relative  rest  with  respect  to  one  another. 
For  the  case  in  question  does  not  differ,  according  to 
our  view,  in  any  essential  respect  from  the  preceding, 
inasmuch  as  the  progressive  motion  of   the    sphere 
may  be  conceived  to  be  replaced  by  a  motion  in  the 
opposite  direction  of  all  surrounding  bodies.     Even 
for  the  person  who  is  inclined  to  regard  the  motion 
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as  an  "absolute"  motion,  no  change  is  produced  in 
the  relation  of  the  parts  to  one  another  by  uniform 
motion  of  progression.  Now,  let  us  cause  the  sphere, 
the  parts  of  which  have  no  tendency  to  move  with  re- 
spect to  one  another,  to  congeal  at  certain  points,  so 
that  sea-btds  with  liquid  water  in  them  are  produced. 
The  undisturbed  uniform  rotation  will  continue,  and 
consequently  Galileo's  theory  is  erroneous. 

But  Galileo's  idea  appears  at  first  blush  to  be  ex- 
treni'  ly  plausibl'  is  the  paradox  explained?     It 

is  due  entirely  to  a  negative  conception  of  the  law  of 
inertia.  If  we  ask  what  acceleration  >T  expe- 

riences, everything  is  clear.     Water  having  no  weight 
would  be  hurled  off  at   the  beginning  of  rotation; 
wa.er  having  weight,  on  the  other  hand,  would  de 
sci  ibe  a  central  motion  around  the  center  of  the  earth 
\Y  th  its  slight  velocity  (  nit  would  be  forced 

m<  re  and  more  toward  the  th,  with 

ju  t  enough  of  its  <  al  acceleration  coui 

ac  ed   by   the   resistance  of  the  i.  rm-ath, 

as  to  make  the  remainder,  conjointly  with  t!u  ^ivon 
ta  p-  sufficient  for  motion  in  a  circle. 

L<  oking  at  it  from  this  point  of  view,  all  doubt  and 
ol  ;curity  vanishes.  But  it  must  in  justice  be  added 
th  t  it  was  aim  ^sible  for  Galileo,  unless  his 

rnatural,  to  have  gone  to  the  bot 
of  the  matter.    He  would  have  be<  cdtoant 

p,i  e  the  great  intellectual  achievements  of  Huygens 
an  1  Newton. 

in. 

(See  page  218.) 

ii.  Streintz's  objection  (Die  physikalischen  Grund- 

883,  p.  1171,  that  a  com- 
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parison  of  masses  satisfying  my  definition  can  be  ef- 
fected only  by  astronomical  means,  I  am  unable 
admit.  The  expositions  on  pages  202,  218-221  ampb 
refute  this.  Masses  produce  in  each  other  accelen 
tions  in  impact,  as  well  as  when  subject  to  electric 
and  magnetic  forces,  and  when  connected  by  a  string 
on  Atwood's  machine.  In  my  Elements  of  Physics 
(second  German  edition,  1891,  page  27)  I  have  shown 
how  mass-ratios  can  be  experimentally  determined  on 
a  centrifugal  machine,  in  a  very  elementary  and  pop- 
ular manner.  The  criticism  in  question,  therefore, 
may  be  regarded  as  refuted. 

My  definition  is  the  outcome  of  an  endeavor  to 
establish  the  interdependence  of  phenomena  and  to  re- 
move all  metaphysical  obscurity,  without  accomplish- 
ing on  this  account  less  than  other  definitions  have 
done.  I  have  pursued  exactly  the  same  course  with 
respect  to  the  ideas,  "  quantity  of  electricity"  ("On 
the  Fundamental  Concepts  of  Electrostatics,"  1883, 
Popular  Scientific  Lectures,  Open  Court  Pub.  Co.,  Chi- 
cago, 1898),  "temperature,"  "quantity  of  heat"  (Zeit- 
schrift  fur  den  physikalischen  und  chemischen  Unterricht, 
Berlin,  1888,  No.  i),  and  so  forth.  With  the  view 
here  taken  of  the  concept  of  mass  is  associated,  how- 
ever, another  difficulty,  which  must  also  be  carefully 
noted,  if  we  would  be  rigorously  critical  in  our  analy- 
sis of  other  concepts  of  physics,  as  for  example  the 
concepts  of  the  theory  of  heat.  Maxwell  made  refer- 
ence to  this  point  in  his  investigations  of  the  concept 
of  temperature,  about  the  same  time  as  I  did  with  re- 
spect to  the  concept  of  heat.  I  would  refer  here  to 
the  discussions  on  this  subject  in  my  Principles  of 
Heat  (German  edition,  Leipsic,  1896),  particularly 
page  41  and  page  190. 
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XIX. 
(See  page  296.) 

My  views  concerning  physiological  time,  the  sen- 
sation of  time,  and  partly  also  concerning  physical 
I  have  expressed  elsewhere  (see  Analyst's  of  the 
Sensations,  1886,  Chicago,  Open  Court  Pub.  Co.,  1897, 
pp.  109-118,  179-181).  As  in  the  study  of  thermal 
phenomena  we  take  as  our  measure  of  temperature  an 

'rarily  chosen  indicator  of  rolunif,  which  varies  in 
almost  parallel  correspondence  with  our  sensation  of 
heat,  and  which  is  not  liable  to  the  uncontrollable 
disturbances  of  our  organs  of  sensation,  so,  for  simi- 
lar reasons,  we  select  as  of  time  an  arbi- 
tri  n.'\  <  hosen  motion,  (the  angle  of  the  earth's  rotation, 
or  path  of  a  free  b  ceeds  in  almost 
pa  allel  correspond*  i  our  sensation  of  t. 
If  we  have  once  made  ch-ar  to  ourselvt-s  that  we  are 
co  icerned  only  with  the  ascertainment  of  the  inter- 
dt  endence  of  <1  out  as  early  as 

i  ( Ueber  den  /.fits inn  dfs  Ohres,  Sitzungsberichtc  der 
K  ener  Akademie}  and   1866  itschnjt 

P,  ttosophie),  all   metaphysii  al   obscurities  disapp 
(C  jmpar 

Berlin,  1887.) 

I  ha  ivored  also  ( /  of  Heat,  German 

ec  tion,  pa^e  51)  to  point  out  the  reason  for  the  natu- 
ra  t  of  man  to  hyposlatisc  the  concepts  which 

ha  'e  great  value  for  him,  particularly  those  at  which 
he  arrives  instinctively,  without  a  knowledge  of  their 
de  Mopment.  The  considerations  which  I  there  ad- 
di:  cd  for  the  concept  of  temperature  may  be  easily 
ap  >lied  to  the  concept  of  time,  and  render  the  origin 
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of  Newton's  concept  of  "absolute"  time  intelligible. 
Mention  is  also  made  there  (page  338)  of  the  connex- 
ion obtaining  between  the  concept  of  energy  and  the 
irreversibility  of  time,  and  the  view  is  advanced  thai 
the  entropy  of  the  universe,  if  it  could  ever  possibb 
be  determined,  would  actually  represent  a  species 
absolute  measure  of  time.  I  have  finally  to  refer  he 
also  to  the  discussions  of  Petzoldt  ("Das  Gesetz  d< 
Eindeutigkeit,"  Vierteljahrsschrift  fur  wissenschaftlicht 
Philosophic,  1894,  PaSe  J4^)j  t°  which  I  shall  reply  ii 
another  place. 

xx. 

(See  page  238.) 

Of  the  treatises  which  have  appeared  since  188; 
on  the  law  of  inertia,  all  of  which  furnish  welcomi 
evidence  of  a  heightened  interest  in  this  question, 
can  here  only  briefly  mention  that  of  Streintz  (Physi- 
kalische  Grundlagen  der  Mechanik,  Leipsic,  1883)  an< 
that  of  L.  Lange  (Die  geschichtliche  Entwicklung  de 
Bewegungsbegriffes,  Leipsic,  1886). 

The  expression  "absolute  motion  of  translation 
Streintz  correctly  pronounces  as  devoid  of  meaning 
and  consequently  declares  certain  analytical  deduc- 
tions, to  which  he  refers,  superfluous.  On  the  othei 
hand,  with  respect  to  rotation,  Streintz  accepts  New- 
ton's position,  that  absolute  rotation  can  be  distin- 
guished from  relative  rotation.  In  this  point  of  view, 
therefore,  one  can  select  every  body  not  affected  with 
absolute  rotation  as  a  body  of  reference  for  the  ex- 
pression of  the  law  of  inertia. 

I  cannot  share  this  view.  For  me,  only  relative 
motions  exist  (Erhaltung  der  Arbeit,  p.  48 ;  Science  of 
Mechanics,  p.  229),  and  I  can  see,  in  this  regard,  no 
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distinction  between  rotation  and  translation.  When  a 
body  moves  relatively  to  the  fixed  stars,  centrifugal 
forces  are  produced  ;  when  it  moves  relatively  to  some 
different  body,  and  not  relatively  to  the  fixed  stars, 
no  centrifugal  forces  are  produced.  I  have  no  objec- 
tion to  calling  the  first  rotation  "absolute"  rotation, 
if  it  be  remembered  that  nothing  is  meant  by  such  a 
designation  except  rdat:  .v//  with  rfspect  to  the 

fixed  stars.  Can  we  fix  Newton's  bucket  of  water, 
rotate  the  fixed  stars,  and  then  prove  the  absence  of 
centrifugal  forces? 

The  experiment  is  impossible,  the  idea  is  mean- 
ingless, for  the  two  cases  are  not,  in  sense-perception, 
d  stinguishable  from  each  other.  I  accordingly  re- 
g  ird  these  two  cases  as  the  same  case  and  Newton's 
d  stinction  as  an  illusion  {Science  ot  page 

2;2). 

But  the  statement  is  correct  that  it  is  possible  to 
f  id  one's  bearings  in  a  balloon  shrouded  in  foj 
r  cans  of  a  body  which  does  not  rotate  with  respect 
t  i  the  fixed  st.  i  1  ;t  this  is  nothing  more  than  an 
i  direct  orientation  with  respect  to  the  fixed  Stars;  it 
i  a  mechanical,  substituted  for  an  optical,  orienta- 
t  on. 

I  wish   to  add   the  following  remarks  in  *HSW<  r  to 

J  treintz's  criticism  (  :  My  opinion  is  not  to 

1  2  confounded  with  that  of  Euler  (Streintz,  pp.  7,  50), 

A  ho,  as  Lange  has  clearly  never  arriv<  d  at 

i  ly  settled  and  intelligible  opinion  on   the  sul 

:  gain,  I  never  assumed  that  remote  masses  only,  and 

i  ot   near    ones,    determine    the   velocity   of   a   body 

-treintz,  p.  7);  I  simply  spoke  of  an  influence  / 

ctutfnt  of  distance.      In  the.  li^ht  of  my  expositions 

z  t  pages  222-245,  trie  unprejudiced  and  careful  reader 
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will  scarcely  maintain  with  Streintz  (p.  50),  that  after 
so  long  a  period  of  time,  without  a  knowledge  of 
Newton  and  Euler,  I  have  only  been  led  to  views 
which  these  inquirers  so  long  ago  held,  but  were 
afterwards,  partly  by  them  and  partly  by  others,  re- 
jected. Even  my  remarks  of  1872,  which  were  all 
that  Streintz  knew,  cannot  justify  this  criticism.  These 
were,  for  good  reasons,  concisely  stated,  but  they  are 
by  no  means  so  meagre  as  they  must  appear  to  one 
who  knows  them  only  from  Streintz's  criticism.  The 
point  of  view  which  Streintz  occupies,  I  at  that  time 
expressly  rejected. 

Lange's  treatise  is,  in  my  opinion,  one  of  the  best 
that  have  been  written  on  this  subject.  Its  methodi- 
cal movement  wins  at  once  the  reader's  sympathy.  Its 
careful  analysis  and  study,  from  historical  and  criti- 
cal points  of  view,  of  the  concept  of  motion,  have 
produced,  it  seems  to  me,  results  of  permanent  value. 
I  also  regard  its  clear  emphasis  and  apt  designation 
of  the  principle  of  "particular  determination"  as  a 
point  of  much  merit,  although  the  principle  itself,  as 
well  as  its  application,  is  not  new.  The  principle  is 
really  at  the  basis  of  all  measurement.  The  choice  of 
the  unit  of  measurement  is  convention;  the  number 
of  measurement  is  a  result  of  inquiry.  Every  natural 
inquirer  who  is  clearly  conscious  that  his  business  is 
simply  the  investigation  of  the  interdependence  of 
phenomena,  as  I  formulated  the  point  at  issue  a  long 
time  ago  (1865-1866),  employs  this  principle.  When, 
for  example  (Mechanics,  p.  218  et  seq.),  the  negative 
inverse  ratio  of  the  mutually  induced  accelerations  of 
two  bodies  is  called  the  mass-ratio  of  these  bodies, 
this  is  a  convention,  expressly  acknowledged  as  arbi- 
trary ;  but  that  these  ratios  are  independent  of  the 
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kind  and  of  the  order  of  combination  of  the  bodies  is 

/////  of  inquiry.      I   might  adduce  numerous  similar 

nstances  from  the  theories  of  heat  and  electricity  as 

well  as  from  other  provinces.    Compare  Appendix  II. 

Taking  it  in  its  simplest  and  most  perspicuous 
form,  the  law  of  inertia,  in  Lange's  view,  would  read 
as  follows : 

Three  material  points,  P\,  /a,  P9,  are  simultane- 
ously hurled  from  the  same  point  in  space  and  then 
K  ft  to  themselves.  The  moment  we  are  certain  that 
tin-  points  are  not  situated  in  the  same  straight  line, 
we  join  each  separately  with  <///v  fourth  point  in  space, 
These  lines  of  junction,  which  we  may  respec- 
thely  call  Git  G-2t  G*>  form,  at  their  point  of  meeting, 
a  hree  faced  solid  angle.  If  now  we  make  this  solid 
ar  gle  preserve,  with  unaltere  \,  its  form,  and 

c(  nstantly  determine  in  such  a  manner  its  position, 
tl  at  P\  shall  always  move  on  the  line  G\,  P-i  on  the 
li  ;e  (7a,  P»  on  the  line  (78,  these  lines  may  be  regarded 
a  the  axis  of  a  coordinate  or  inertial  system,  with 
r«  spect  to  which  every  other  material  point,  left  to  it- 
s  If,  will  move  in  a  straight  line.  The  spaces  de- 
s  ribed  by  the  free  points  in  the  paths  so  determined 
v  11  be  proportional  to  one  another. 

A  system  of  co6rdinates  with  respect  to  which 
t  ree  material  points  move  :  line  is,  ac- 

c  irding  to  Lange,  under  the  assumed  limitations,  a 
s  mple  convention.  That  with  respect  to  si  tern 

a  so  a  fourth  or  other  free  material  point  will  move  in 
a  straight  line,  and  that  the  paths  of  the  different 
I  Dints  will  all  be  proportional  to  one  another,  are  re- 
s  ?ts  of  inqu: 

In  the  first  place,  we  shall  not  dispute  the  fact 
t  iat  the  law  of  inertia  can  be  referred  to  such  a  system 
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of  time  and  space  coordinates  and  expressed  in  this 
form.  Such  an  expression  is  less  fit  than  Streintz's 
for  practical  purposes,  but,  on  the  other  hand,  is,  for 
its  methodical  advantages,  more  attractive.  It  espe- 
cially appeals  to  my  mind,  as  a  number  of  years  ago  I 
was  engaged  with  similar  attempts,  of  which  not  the 
beginnings  but  only  a  few  remnants  (Mechanics,  pp. 
234-235)  are  left.  I  abandoned  these  attempts,  be- 
cause I  was  convinced  that  we  only  apparently  evade 
by  such  expressions  references  to  the  fixed  stars  and 
the  angular  rotation  of  the  earth.  This,  in  my  opin- 
ion, is  also  true  of  the  forms  in  which  Streintz  and 
Lange  express  the  law. 

In  point  of  fact,  it  was  precisely  by  the  considera- 
tion of  the  fixed  stars  and  the  rotation  of  the  earth 
that  we  arrived  at  a  knowledge  of  the  law  of  inertia 
as  it  at  present  stands,  and  without  these  foundations 
we  should  never  have  thought  of  the  explanation* 
here  discussed  {Mechanics,  232-233).  The  considera- 
tion of  a  small  number  of  isolated  points,  to  the  ex- 
clusion of  the  rest  of  the  world,  is  in  my  judgment  in- 
admissible {Mechanics,  pp.  229-235). 

It  is  quite  questionable,  whether  a  fourth  material 
point,  left  to  itself,  would,  with  respect  to  Lange's 
"inertial  system,"  uniformly  describe  a  straight  line, 
if  the  fixed  stars  were  absent,  or  hot  invariable,  or 
could  not  be  regarded  with  sufficient  approximation 
as  invariable. 

The  most  natural  point  of  view  for  the  candid  in- 
quirer must  still  be,  to  regard  the  law  of  inertia  pri- 
marily as  a  tolerably  accurate  approximation,  to  refer 
it,  with  respect  to  space,  to  the  fixed  stars,  and,  with 
respect  to  time,  to  the  rotation  of  the  earth,  and  to 
await  the  correction,  or  more  precise  definition,  of 
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our  knowledge  from  future  experience,  as  I  have  ex- 
plained on  page  237  of  this  book. 

I  have  still  to  mention  the  discussions  of  the  law 
of  inertia  which  have  appeared  since  1889.    Reference 
may  first  be  made  to  the  expositions  of  Karl  Pearson 
f  Science,    1892,   page  477),   which   agree 
with  my  own.  s;r  rminology.      P.  and  J.  Fried- 

lander  (Absolute  itnd  •'.-£,  Berlin,  1896) 

have  endeavored  to  determine  the  question  by  means 
of  an  experiment  based  on  the  suggestions  made  by 
me  at  pages  217-218;  I  have  grave  doubts,  however, 
the  experiment  will  be  successful  from  the 
quantitative  side.  I  can  quite  freely  give  my  assent 
tc  the  discussions  of  Johannesson  i '  A/J  />V/ 
gtsetz,  Berlin,  1896),  although  the  question  remains 
u  isettled  as  to  the  means  by  which  the  motion  of  a 
b  >dy  not  perceptibly  accelerated  by  other  bodies  is  to 
b  *  determined.  For  the  sake  of  completeness,  the 
p  edominantly  dialectic  treatment  by  M.  K.  Yicaire, 
.5  'ft'///  scientifiqu  \elles,  1895*  as  well  as  th< 

v  -stigations  of  J.  G.  MacGregor,  Royal  Society  of  Can- 
a  Ta,  1895,  which  are  only  remotely  connected  with 
t  e  question  at  issu.  ,  remain  to  be  m-  I  have 

r  i  objections  to  Budde's  conception  of  space  as  a  sort 
c  medium  (compare  page  230),  although  I  think  that 
t  e  proj  :  this  medium  should  be  demonstrable 

r  lysically  in  some  other  mar.  :  they  should 

j?n  »t  be  assumed  ad  hoc.  If  all  apparent  actions  at  a 
<!  stance,  all  ace-  .rned  out  to  be  effected 

tl  ro  agency  of  a  medium,  then  the  question 

\\  :mld  appear  in  a  <'  '.  and  the  solution  is 

t<    b  it  perhaps  in   the  view  set  forth  on  page 
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XXI. 

(See  page  255.) 

Section  VIII.,  "Retrospect  of  the  Development 
of  Dynamics,"  was  written  in  the  year  1883.  It  con- 
tains, especially  in  paragraph  7,  on  pages  254  and 
255,  an  extremely  general  programme  of  a  future  sys- 
tem of  mechanics,  and  it  is  to  be  remarked  that  the 
Mechanics  of  Hertz,  which  appeared  in  the  year  1894,* 
marks  a  distinct  advance  in  the  direction  indicated. 
It  is  impossible  in  the  limited  space  at  our  disposal 
to  give  any  adequate  conception  of  the  copious  ma- 
terial contained  in  this  book,  and  besides  it  is  not  our 
purpose  to  expound  new  systems  of  mechanics,  but 
merely  to  trace  the  development  of  ideas  relating  to 
mechanics.  Hertz's  book  must,  in  fact,  be  read 
every  one  interested  in  mechanical  problems. 

Hertz's  criticisms  of  prior  systems  of  mechanics, 
with  which  he  opens  his  work,  contains  some  very 
noteworthy  epistemological  considerations, which  from 
our  point  of  view  (not  to  be  confounded  either  with 
the  Kantian  or  with  the  atomistic  mechanical  concepts 
of  the  majority  of  physicists),  stand  in  need  of  certain 
modifications.  The  constructive  images f  (or  better, 
perhaps,  the  concepts),  which  we  consciously  an< 
purposely  form  of  objects,  are  to  be  so  chosen  that 
the  "consequences  which  necessarily  follow  from  them 
in  thought "  agree  with  the  "  consequences  which  nec- 
essarily follow  from  them  in  nature."  It  is  demanded 
of  these  images  or  concepts  that  they  shall  be  logically 

*H.  Hertz,  Die  Principien  der  Mechanik  in  neuent  Zusammenhange  dar- 
gestellt,  Leipzig,  1894. 

t  Hertz  uses  the  term  Bild  (image  or  picture)  in  the  sense  of  the  old  Eng- 
lish philosophical  use  of  idea,  and  applies  it  to  systems  of  ideas  or  concepts 
relating  to  any  province, 
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admissible,  that  is  to  say,  free  from  all  self-contradic- 
tions ;  that  they  shall  be  correct,  that  is,  shall  con- 
form to  the  relations  obtaining  between  objects;  and 
finally  that  they  shall  be  appropriate,  and  contain  the 
least  possible  superfluous  features.  Our  concepts,  it 
is  true,  are  formed  consciously  and  purposely  by  us, 
but  they  are  nevertheless  not  formed  altogether  arbi- 
trarily, but  are  the  outcome  of  an  endeavor  on  our 
part  to  adapt  our  ideas  to  our  sensuous  environment. 
The  agreement  of  the  concepts  with  one  another  is  a 
requirement  which  is  logically  necessary,  and  this 
logical  necessity,  furthermore,  is  the  only  necessity 
that  we  have  knowledge  of.  The  belief  in  a  necessity 
ob'aining  in  nature  arises  only  in  cases  where  our 
co  icepts  are  closely  enough  adapted  to  nature  to 
en  ;ure  a  correspondence  between  the  logical  infer- 
en  :e  and  the  fact.  But  the  assumption  of  an  adeq 
at'  iptation  of  our  idr  !>e  refuted  at  any  moment 

b)  experience.     Hertz's  criterion  of  appropriateness 
cc  ncides  with  our  criterion  of  economy. 

Hrrt/'s  criticism  that  the  Galileo-Newtonian  sys- 
te  i  of  mechanics,  particularly  the  notion  of  force,  lacks 
cl  arness  (pages  7,  14,  15)  appears  to  us  justified  only 
in  the  case  of  logically  defective  expositions,  such  as 
H  ;rtz  doubtless  had  in  mind  from  his  student  days. 
H  himself  partly  retracts  his  criticism  in  another 
pi  .ce  (pages  9,  47) ;  or  at  any  rate,  he  qualifies  it.  But 
th  ;  logical  defects  of  some  individual  interpretation 
ca  mot  be  imputed  to  systems  as  such.  To  be  sure, 
it  is  not  permissible  to-day  (page  7)  "to  speak  of  a 
fo  ce  acting  in  one  aspect  only,  or,  in  the  case  of  cen- 
•  tr  ^etal  force,  to  take  account  of  the  action  of  inertia 
t*  ce,  once  as  a  mass  and  again  as  a  force."  But 
n-  ther'is  this  necessary,  since  Huygens  and  Newton 
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were  perfectly  clear  on  this  point.     To  characterise 
forces  as  being  frequently  "empty-running  wheels/ 
as  being  frequently  not  demonstrable  to  the  senses, 
can  scarcely  be  permissible.     In  any  event,  "forces" 
are  decidedly  in  the  advantage  on  this  score   as  com- 
pared with  "hidden  masses"  and  "hidden  motions. 
In  the  case  of  a  piece  of  iron  lying  at  rest  on  a  table, 
both  the  forces  in  equilibrium,  the  weight  of  the  iroi 
and  the  elasticity  of  the  table,  are  very  easily  demon- 
strable. 

Neither  is  the  case  with  energic  mechanics  so  ba( 
as  Hertz  would  have  it,  and  as  to  his  criticism  against 
the  employment  of  minimum  principles,  that  it  in- 
volves the  assumption  of  purpose  and  presuppose 
tendencies  directed  to  the  future,  the  present  worl 
shows  in  another  passage  quite  distinctly  that  th( 
simple  import  of  minimum  principles  is  contained  ii 
an  entirely  different  property  from  that  of  purpose. 
Every  system  of  mechanics  contains  references  to  the 
future,  since  all  must  employ  the  concepts  of  time, 
velocity,  etc. 

Nevertheless,  though  Hertz's  criticism  of  existinj 
systems  of  mechanics  cannot  be  accepted  in  all  theii 
severity,  his  own  novel  views  must  be  regarded  as 
great  step  in  advance.     Hertz,  after  eliminating  th< 
concept  of  force,  starts  from  the  concepts  of  time, 
space,  and  mass  alone,  with  the  idea  in  view  of  giv- 
ing expression  only  to  that  which  can  actually  be  ol 
served.     The  sole  principle  which  he  employs  ma] 
be  conceived  as  a  combination  of  the  law  of  inertia 
and  Gauss's  principle  of  least  constraint.   Free  masses 
move  uniformly  in  straight  lines.     If  they  are  put  in 
connexion  in  any  manner  they  deviate,  in  accordance 
with  Gauss's  principle,  as  little  as  possible  from  this 
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motion ;  their  actual  motion  is  more  nearly  that  of 
free  motion  than  any  other  conceivable  motion.  Hertz 
says  the  masses  move  as  a  result  of  their  connexion 
in  a  straightfst  path.  Every  deviation  of  the  motion 
of  a  mass  from  uniformity  and  rectilinearity  is  due,  in 
his  system,  not  to  a  force  but  to  rigid  connexion  with 
other  masses.  And  \\here  such  matters  are  not  vis- 
ible, he  conceives  hidden  masses  with  hidden  motions. 
All  physical  forces  are  conceived  as  the  effect  of  such 
actions.  Force,  force-function,  energy,  in  his  system, 
ar-  secondary  and  auxiliary  concepts  only.  Let  us 
look  at  the  most  important  points  singly,  and 
ask  to  what  extent  was  the  way  prepared  for  them. 
T  ic  notion  of  eliminating  force  may  be  reached  in 
tl  e  following  manner.  It  is  part  of  the  general  idea 

0  the   Galileo-Newtonian    system    of   mechanics   to 
c   nceive  of  all  connexions  as  replaced  by  forces  which 
d  :termine  the  motions  required  by  the  connexions; 
c  nversely,  everything  that  as  force  may  be 
c   nccived  to  be  due  to  a  connexion.     If  the  first  idea 
f:  jquently  appears  in  the  older  systems,  as  b« 

t  rically  simpler  and  more  immediate,  in  the  case  of 

1  ( -rtz  the  latter  is  the  more  prominent.      If  we  re: 

t   at  in  both  cases,  whether  forces  or  connexions  be 
I  -esupposed,  the  actual  dep  of  the  motions 

t!.>    n :,i     es  on  one  a  is  given  for  every  in- 

s  antaneous  conformation  of  <-m  by  linear  dif- 

f  rential  equations  between   the  co  ordinates  of  the 
n  as  -tence  of  these  equations  may  be 

c  »nsidered  the  essential  thing, — the  thing  established 
b  r  experience.     Physics  indeed  gradually  accustoms 
it     If  to  look  upon  the  description  of  the  facts  by  dif 
f<  rential  equations  as  its  proper  aim, — a  point  of  \ 
vhich  was  taken  also  in  Chapter  V.  of  the  present 
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work  (1883).  But  with  these  the  general  applicabil- 
ity of  Hertz's  mathematical  formulations  is  recognised 
without  our  being  obliged  to  enter  upon  any  further 
interpretation  of  the  forces  or  connexions. 

Hertz's  fundamental  law  may  be  described  as  a 
sort  of  generalised  law  of  inertia,  modified  by  connex- 
ions of  the  masses.  For  the  simpler  cases,  this  view 
was  a  natural  one,  and  doubtless  often  forced  itself 
upon  the  attention.  In  fact,  the  principle  of  the  con- 
servation of  the  center  of  gravity  and  of  the  conserva- 
tion of  areas  was  actually  described  in  the  present 
work  (Chapter  III.)  as  a  generalised  law  of  inertia. 
If  we  reflect  that  by  Gauss's  principle  the  connexion 
of  the  masses  determines  a  minimum  of  deviation  from 
those  motions  which  it  would  describe  for  itself,  we 
shall  arrive  at  Hertz's  fundamental  law  the  moment  we 
consider  all  the  forces  as  due  to  the  connexions.  For 
on  severing  all  connexions,  only  isolated  masses  mov- 
ing by  the  law  of  inertia  are  left  as  ultimate  elements. 

Gauss  very  distinctly  asserted  that  no  substantially 
new  principle  of  mechanics  could  ever  be  discovered. 
And  Hertz's  principle  also  is  only  new  in  form,  for  it 
is  identical  with  Lagrange's  equations.  The  minimum 
condition  which  the  principle  involves  does  not  refer 
to  any  enigmatic  purpose,  but  its  import  is  the  same 
as  that  of  all  minimum  laws.  That  alone  takes  place 
which  is  dynamically  determined  (Chapter  III.).  The 
deviation  from  the  actual  motion  is  dynamically  not 
determined;  this  deviation  is  not  present;  the  actual 
motion  is  therefore  unique.* 

*See  Petzoldt's  excellent  article  "Das  Gesetz  der  Eindeutigkeit"  (Vter- 
teljahrsschrift  fur  ivissenschaftliche  Philosophic,  XIX.,  page  146,  especially 
page  186).  R.  Henke  is  also  mentioned  in  this  article  as  having  approached 
Hertz's  view  in  his  tract  Ueber  die  Methode  der  kleinsten  Quadrate  (Leipsic, 
1894). 
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It  is  hardly  necessary  to  remark  that  the  physical 
side  of  mechanical  problems  is  not  only  not  disposed 
of,  but  is  not  even  so  much  as  touched,  by  the  elabo- 
ration of  such  a  formal  mathematical  system  of  me- 
chanics. Free  mas  c  uniformly  in  straight 
lines.  Masses  having  different  velocities  and  direc- 
tions if  connected  mutually  affect  each  other  as  to 
ity.  tli  termine  in  each  other  accelera- 
e  physical  experiences  enter  along  with 
ly  geometrical  and  arithmetical  theorems  into  the 
formulation,  for  which  the  latter  alone  would  in  no 
wise  be  adequate;  for  that  which  is  uniquely  deter- 
mined mathematically  and  geometrically  only,  is  for 
that  reason  not  also  uniquely  determined  mechani- 
cally. But  we  discussed  at  co:  !e  length  in 
C  iapter  II  ,  tli  it  the  physical  principles  in  question 
*  ?re  not  at  all  self-evident,  and  that  even  their  exact 
s  jnificance  was  by  no  means  easy  to  establish. 

In  the  beautiful  ideal  form  \  has  given 

t«    mechanics,  its  physical  contents  :.runk  to 

'ly  almost    imperceptible  residue.      1 
s  arcely  to  be  doubted  that  Descartes  if  he  lived  to- 
ri iy  would  have  seen  in  I  hanics,  far  more 
t  an  in  Lagrange's  "analytic  geometry  of  four  din 
s  jus,"  his  o               L      For  Descartes,  who  in  his  op- 
I  isition  to  the  occult  qualities  of  Scholasticism  would 
g  ant  no  other  pro]              to  matter  than  extension 
a  id  motion,  sou:                luce  all  mechanics  and  pi 
i«  5  to  a  geometry  of  motions,  on  the  assumption  of  a 
r  otion  indestructible  at  the  start. 

not  difficult  to  analyse  the  psychological  cir- 
c  njstances  which  led  Hertz  to  his  system.  After  in- 
q  ..rers  had  succeeded  in  representing  electric  and 
n  agnetic  forces  that  act  at  a  distance  as  the  results 
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of  motions  in  a  medium,  the  desire  must  again  have 
awakened  to  accomplish  the  same  result  with  respect 
to  the  forces  of  gravitation,  and  if  possible  for  all 
forces  whatsoever.  The  idea  was  therefore  very  nat- 
ural to  discover  whether  the  concept  of  force  generally 
could  not  be  eliminated.  It  cannot  be  denied  that 
when  we  can  command  all  the  phenomena  taking 
place  in  a  medium,  together  with  the  large  masses 
contained  in  it,  by  means  of  a  single  complete  pic- 
ture, our  concepts  are  on  an  entirely  different  plane 
from  what  they  are  when  only  the  relations  of  these 
isolated  masses  as  regards  acceleration  are  known. 
This  will  be  willingly  granted  even  by  those  who  are 
convinced  that  the  interaction  of  parts  in  contact  is 
not  more  intelligible  than  action  at  a  distance.  Th< 
present  tendencies  in  the  development  of  physics  an 
entirely  in  this  direction. 

If  we  are  not  content  to  leave  the  assumption 
occult  masses  and  motions  in  its  general  form,  but 
should  endeavor  to  investigate  them  singly  and  in  d< 
tail,  we  should  be  obliged,  at  least  in  the  present  state 
of  our  physical  knowledge,  to  resort,  even  in  the  sim- 
plest cases,  to  fantastic  and  even  frequently  question- 
able fictions,  to  which  the  given  accelerations  woul< 
be  far  preferable.  For  example,  if  a  mass  m  is  mov- 
ing uniformly  in  a  circle  of  radius  r,  with  a  velocil 
v,  which  we  are  accustomed  to  refer  to  a  centripet; 


mv 


force  -    -  proceeding  from  the  center  of  the  circl< 

we  might  instead  of.  this  conceive  the  mass  to  be 
rigidly  connected  at  the  distance  2r  with  one  of  the 
same  size  having  a  contrary  velocity.  Huygens's  cen- 
tripetal impulsion  would  be  another  example  of  a 
force  replaced  by  a  connexion.  As  an  ideal  program 
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Hertz's  mechanics  is  simpler  and  more  beautiful,  but 
for  practical  purposes  our  present  system  of  mechan- 
ics is  preferable,  as  Hertz  himself  (page  47),  with  his 
characteristic  candor,  admits.* 

XXII. 
page  255.) 

The  views  put  forward  in  the  first  two  chapters  of 
this  book  were  worked  out  by  me  a  long  time  ago. 
At  the  start  they  were  almost  without  exception  coolly 
ted,  and  only  gradually  gained  friends.  All  the 
essential  features  of  my  Mechanics  I  stated  originally 
in  i  brief  communication  of  five  octavo  pages  entitled 
On  the  Definition  of  Mass.  These  were  the  theorems 
nov  given  at  page  243  of  the  present  book.  The 
cm  imunication  was  rejected  by  Poggendorf's  Anna- 
leu  and  >t  appear  until  a  year  later  (1868),  in 

Ca  1's  Rfpertcrium.  In  a  lecture  deliver,  d  in  1871,  I 
ou  ined  my  epistemological  point  of  view  in  natural 
sci  nee  generally,  an  :>ecial  exactness  for  pi 

ics  The  concept  of  cause  is  replaced  there  by  the 
co:  cept  of  function;  the  determining  of  the  depend- 
en  e  of  phenomena  on  one  another,  the  economic  ex- 
po ition  of  actual  facts,  is  proclaimed  as  the  object, 
an  physical  concepts  as  a  means  to  an  end  solely, 
led  not  care  now  to  impose  upon  any  editor  the  re- 
sp<  nsibility  for  the  publication  of  the  contents  of  this 
lee  ure,  and  the  same  was  published  as  a  separate 
tra  t  in  1872^  In  iH74,  when  Kirchhoff  in  his  Me- 
ch<.  lies  came  out  with  his  theory  of  "description"  and 

Compare  J.  CU  *f»-chanik   bei   Hertz    und 

Bolt          nn"    (J*krl>*t;:  :!icke* 

1898). 
Erk*lt**g<itr  Arfcit,  Prague,  187*. 
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other  doctrines,  which  were  analogous  in  part  only  to 
my  views,  and  still  aroused  the  "universal  astonish- 
ment" of  his  colleagues,  I  became  resigned  to  my 
fate.  But  the  great  authority  of  Kirchhoff  gradually 
made  itself  felt,  and  the  consequence  of  this  also 
doubtless  was  that  on  its  appearance  in  1883  my  Me- 
chanics did  not  evoke  so  much  surprise.  In  view  of 
the  great  assistance  afforded  by  Kirchhoff,  it  is  alto- 
gether a  matter  of  indifference  with  me  that  the  pub- 
lic should  have  regarded,  and  partly  does  so  still,  my 
interpretation  of  the  principles  of  physics  as  a  contin- 
uation and  elaboration  of  Kirchhoff's  views  ;  whilst  in 
fact  mine  were  not  only  older  as  to  date  of  publica- 
tion, but  also  more  radical.* 

The  agreement  with  my  point  of  view  appears 
upon  the  whole  to  be  increasing,  and  gradually  to  ex- 
tend over  more  extensive  portions  of  my  work.  It 
would  be  more  in  accord  with  my  aversion  for  polem- 
ical discussions  to  wait  quietly  and  merely  observe 
what  part  of  the  ideas  enunciated  may  be  found  ac- 
ceptable. But  I  cannot  suffer  my  readers  to  remain 
in  obscurity  with  regard  to  the  existing  disagreements, 
and  I  have  also  to  point  out  to  them  the  way  in  which 
they  can  find  their  intellectual  bearings  outside  of 
this  book,  quite  apart  from  the  fact  that  esteem  for 
my  opponents  also  demands  a  consideration  of  their 
criticisms.  These  opponents  are  numerous  and  of  all 
kinds:  historians,  philosophers,  metaphysicians,  logi- 
cians, educators,  mathematicians,  and  physicists.  I 
can  make  no  pretence  to  any  of  these  qualifications  in 
any  superior  degree.  I  can  only  select  here  the  most 
important  criticisms,  and  answer  them  in  the  capacity 
of  a  man  who  has  the  liveliest  and  most  ingenuous  in- 

*See  the  preface  tp  the  fir§t  edition. 
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tercst  in  understanding  the  growth  of  physical  ideas. 
I  hope  that  this  will  also  make  it  easy  for  others  to 
find  their  way  in  this  field  and  to  form  their  own  judg- 
ment. 

P.  Volkmann  in  his  writings  on  the  epistemology* 
of  physics  appears  as  my  opponent  only  in  certain 
criticisms  on  individual  points,  and  particularly  by 
his  adherence  to  the  old  systems  and  by  his  predilec- 
tion for  them.  It  is  the  latter  trait,  in  fact,  that  sepa- 
->  us  ;  for  otherwise  Yolkmann's  views  have  much 
affinity  with  my  own.  He  accepts  my  adaptation  of 
\de<  rinciple  of  economy  and  of  comparison, 

i  though  his  expositions  differ  from  mine  in  imli- 
vidial  features  and  vary  in  terminology.  I,  for  my 
part,  find  in  his  writings  the  important  principle  of 
iso  ation  and  superposition,  appropriately  -ised 

an<    admirably  described,  and  I  willingly  accept  them. 
Ian  also  willing  to  admit  that  concepts  which  at  the 
sta  t  are  not  very  definite  must  acquire  t 
act  ve   consolidation  i    "circulation   of   knowl- 

edi  e,"  by  an  "oscillation  "  of  attention.      I  also  agree 
»  Volkmann  that  from  this  last  point  of  view  New- 
tor    acconip'  best  that   it 
wa     possible  to  do;   but   I  cannot  agree  with  Volk- 
ma  in   \sh<n  he  shares  the  opinion  of  Thomson  and 
Ta  t,  tlia-             in  the  face  of  the  substantially  d 
ent    •                -logical  needs  of  the  present  day,  N 
tor  s  achievement  is  definitive  a  On 
th<  contrary,  it  appears  to  me  that  if  Yolkmann's  pro- 
of "consolidation"  be  allowed  complete  swa 
mu  ,t  necessarily  lea                 nciations  not  differing  in 

T Htmnttkforttinkr  Cnm/rigr  Jrr  tf«t*rtviurn<  •• «,  1896, 

Ntwtf*'*  rkil#u>pk>.i  Kdnifsberg.  ib&.—EiMfukrung  in 

Jat     tnJimm  dtr  tktorttittht*  Pkytik.  Leipsic,  1900.    Our  references  are  to 
:<ed  work. 
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any  essential  point  from  my  own.  I  follow  with  gei 
uine  pleasure  the  clear  and  objective  discussions 
G.  Heymans.*  The  differences  which  I  have  with 
Hoflerf  and  PoskeJ  relate  in  the  main  to  individual 
points.  So  far  as  principles  are  concerned,  I  take 
precisely  the  same  point  of  view  as  Petzoldt,  §  and  we 
differ  only  on  questions  of  minor  importance.  The 
numerous  criticisms  of  others,  which  either  refer  to 
the  arguments  of  the  writers  just  mentioned,  or  are 
supported  by  analogous  grounds,  cannot  out  of  regard 
for  the  reader  be  treated  at  length.  It  will  be  suffi- 
cient to  describe  the  character  of  these  differences  by 
selecting  a  few  individual,  but  important,  points. 

A  special  difficulty  seems  to  be  still  found  in  ac- 
cepting my  definition  of  mass.  Streintz  (compare  p. 
540)  has  remarked  in  criticism  of  it  that  it  is  based 
solely  upon  gravity,  although  this  was  expressly  ex- 
cluded in  my  first  formulation  of  the  definition  (1868). 
Nevertheless,  this  criticism  is  again  and  again  put 
forward,  and  quite  recently  even  by  Volkmann  (loc. 
cit.,  p.  1 8).  My  definition  simply  takes  note  of  the 
fact  that  bodies  in  mutual  relationship,  whether  it  be 
that  of  action  at  a  distance,  so  called,  or  whether  rigid 
or  elastic  connexions  be  considered,  determine  in  one 
another  changes  of  velocity  (accelerations).  More  than 
this,  one  does  not  need  to  know  in  order  to  be  able  to 
form  a  definition  with  perfect  assurance  and  without 
the  fear  of  building  on  sand.  It  is  not  correct  as 

*Die  Gesetze  nnd  Elemente  des  wisscnschaftlichen  Denkens,  II.,  Leipzig 
1894. 

t  Studien  zur  gegeniviirtigen  Philosophic  dcr  mathematischen  J\Tcchanik, 
Leipzig,  1900. 

%  Vierteljahrsschrift  fur  -wissenschaftliche  Philosophic,  Leipzig,  1884,  page 
385. 

§  "  Das  Gesetz  der  Eindeutigkeit  (Vierteljahrsschrift  fur  "wissenschaftliche 
Ihilosophie,  XIX.,  page  146). 
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Honer  asserts  {he.  cit.,  p.  77),  that  this  definition 
tacitly  assumes  onf  and  the  same  force  acting  on  both 
masses.  It  does  not  assume  even  the  notion  of  force, 
since  the  latter  is  built  up  subsequently  upon  the  no- 
tion of  mass,  and  gives  then  the  principle  of  action 
and  reaction  quite  independently  and  without  falling 
into  Newton's  logical  error.  In  this  arrangement  one 
concept  is  not  misplaced  and  >  rest  on  another 

which  threatens  to  give  way  under  it.      This  is,  as  I 

it,  the  only  really  serviceable  aim  of  Volkmann's 
"circulation"  and  ''oscillation."     Aft-  r  we  have  de- 
1  mass  by  means  of  accelerations,  it  is  not  difficult 
Stain   from   our  defi:  parent!)  •  iant 

concepts  like  "capacity  for  acceleration,"  "cap;i 
for   Tier  '  (Hofl<  r  age  70).     To 

accomplish  anything  dynamically  with  the  concept  of 
ma?  s,  the  concept  in  question  must,  as  I  most  em- 
ph.  .ically  in  a  dynamical  concept.  Dynamics 

car  tot  be  constructed  with  quantity  of  matter  l-_ 
sell    but  the  same  can  at  mo^  ticially  and  arbi- 

tra    ly  attached  to  it  .  pages  71,  72).   Quantity 

of  i  latter  by  itself  is  never  mass,  neither  is  it  thermal 
caj  icily,  nor  heal  of  combustion,  nor  nutritive  value, 
noi  anything  of  the  kind.  Neither  does  "mass" 
pin  a  thermal,  but  only  a  «'.  il  role  (con 

.  H«"  lei  pages  71,  72).     On   the  other  h.md, 

the  different  physical  quantities  are  proportional  to 
on«  another,  and  two  or  three  bodies  of  unit  mass 
fon  i,  by  virtue  of  the  dynamic  definition,  a  body  of 
twi  e  or  three  times  the  m..  ilogously  tin- 

eas   also  with  thermal  capacity  !  of  the  ther- 

n.     Our  instinctive  craving  for  concepts 

ving  quantities  of  things,  to  which   Hutler  (he. 
(it     page  72)  is  doubtles  ^  to  give  expression, 
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and  which  amply  suffices  for  every-day  purposes,  is 
something  that  no  one  will  think  of  denying.  But 
a  scientific  concept  of  "quantity  of  matter"  should 
properly  be  deduced  from  the  proportionality  of  the 
single  physical  quantities  mentioned,  instead  of,  con- 
trariwise, building  up  the  concept  of  mass  upon 
"quantity  of  matter."  The  measurement  of  mass  by 
means  of  weight  results  from  my  definition  quite  nat- 
urally, whereas  in  the  ordinary  conception  the  meas- 
urability  of  quantity  of  matter  by  one  and  the  same 
dynamic  measure  is  either  taken  for  granted  outright, 
or  proof  must  be  given  beforehand  by  special  experi- 
ments, that  equal  weights  act  under  all  circumstances 
as  equal  masses.  In  my  opinion,  the  concept  of  mass 
has  here  been  subjected  to  thorough  analysis  for  the 
first  time  since  Newton.  For  historians,  mathema- 
ticians, and  physicists  appear  to  have  all  treated  the 
question  as  an  easy  and  almost  self-evident  one.  It 
is,  on  the  contrary,  of  fundamental  significance  and 
is  deserving  of  the  attention  of  my  opponents. 

Many  criticisms  have  been  made  of  my  treatment 
of  the  law  of  inertia.  I  believe  I  have  shown  (1868), 
somewhat  as  Poske  has  done  (1884),  that  any  deduc- 
tion of  this  law  from  a  general  principle,  like  the  law 
of  causality,  is  inadmissible,  and  this  view  has  now 
won  some  support  (compare  Heymans,  loc.  cit.,  page 
432).  Certainly,  a  principle  that  has  been  universally 
recognised  for  so  short  a  time  only  cannot  be  regarded 
as  a  priori  self-evident.  Heymans  (loc.  cit.,  p.  427)  cor- 
rectly remarks  that  axiomatic  certainty  was  ascribed 
a  few  centuries  ago  to  a  diametrically  opposite  form 
of  the  law.  Heymans  sees  a  supra-empirical  element 
only  in  the  fact  that  the  law  of  inertia  is  referred  to 
absolute  space,  and  in  the  further  fact  that  both  in 
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the  law  of  inertia  and  in  its  ancient  diametrically  op- 
posite form  something  constant  is  assumed  in  the  con- 
dition of  the  body  that  is  left  to  itself  (loc.  cit.,  page 
433)-  ^Ve  shall  have  something  to  say  further  on  re- 
garding the  first  point,  and  as  for  the  latter  it  is  psy- 
chologically intelligible  without  the  aid  of  metaphys- 
ics, because  constant  features  alone  have  the  power 
to  satisfy  us  either  intellectually  or  practically, — 
which  is  the  reason  that  we  are  constantly  seeking  for 
tin  -in.  Now,  looking  at  the  matter  from  an  entirely 
unprejudiced  point  of  view,  the  case  of  these  axio- 
c  certainties  will  be  found  to  be  a  very  peculiar 
orie.  One  will  \\\  with  Aristotle  to  con- 

vince tin-  common  man  that  a  stone  hurled  from  the 
h;  nd  would  be  necessarily  brought  to  rest  at  once  after 
it ;  release,  were  it  not  for  the  air  which  ruslud  in  be- 
h  nd  and  forced  it  forwards.  But  he  would  put  just 
a  little  credence  in  GaliN o's  theory  of  infinite  uni- 
f<  rm  motion.  On  the  other  hand,  Benedetti's  theory 

0  the  gradual  diminution  of  tl:  inch 

1  ;longs  to  the  period  of  unp;  <1  thought  and  of 
1  Deration   from   ancient   preconceptions,  will  be  ac- 
c  pt               the  common   man  without   contradiction. 
T  his  theory,  in  fact,  is  an  immediate  reflexion  of  ex- 
\  :rience,  while   the    first-mentioned    theories,   which 
i<  calise  experience  in  contrary  directions,  are  a  pro- 
c!  let  of  technical  professional  reasoning.     They  exer- 
c  se  the  illusion  of  axiomatic  certainty  only  upon  the 
u  ind  of  the  scholar  whose  entire  customary  train  of 
t   ought  won                rown  out  of  gear  by  a  disturbance 

ts  of  his  thinking.  The  behavior  of 
i:  lirers  toward  the  law  of  inertia  seems  to  me  from 
a  psychological  point  of  vi.  w  to  be  adequately  ex- 
I  aincd  by  this  circumstance,  and  I  am  inclined  to 
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allow  the  question  of  whether  the  principle  is  to  be 
called  an  axiom,  a  postulate,  or  a  maxim,  to  rest  in 
abeyance  for  the  time  being.  Heymans,  Poske,  and 
Petzoldt  concur  in  finding  an  empirical  and  a  supra- 
empirical  element  in  the  law  of  inertia.  According  to 
Heymans  (loc.  cit.,  p.  438)  experience  simply  afforde< 
the  opportunity  for  applying  an  a  priori  valid  prin- 
ciple. Poske  thinks  that  the  empirical  origin  of  the 
principle  does  not  exclude  its  a  priori  validity  (Joe. 
cit.,  pp.  401  and  402).  Petzoldt  also  deduces  the  law 
of  inertia  in  part  only  from  experience,  and  regards  it 
in  its  remaining  part  as  given  by  the  law  of  unique 
determination.  I  believe  I  am  not  at  variance  with 
Petzoldt  in  formulating  the  issue  here  at  stake  as  fol- 
lows :  It  first  devolves  on  experience  to  inform  us 
what  particular  dependence  of  phenomena  on  one  an- 
other actually  exists,  what  the  thing  to  be  determinec 
is, — and  experience  alone  can  instruct  us  on  this 
point.  If  we  are  convinced  that  we  have  been  suffi- 
ciently instructed  in  this  regard,  then  when  adequate 
data  are  at  hand  we  regard  it  as  unnecessary  to  keep 
on  waiting  for  further  experiences ;  the  phenomenon 
is  determined  for  us,  and  since  this  alone  is  determi- 
nation, it  is  uniquely  determined.  In  other'words,  if 
I  have  discovered  by  experience  that  bodies  determine 
accelerations  in  one  another,  then  in  all  circumstances 
where  such  determinative  bodies  are  lacking  I  shall 
expect  with  unique  determination  uniform  motion  in 
a  straight  line.  The  law  of  inertia  thus  results  imme- 
diately in  all  its  generality,  without  our  being  obliged 
to  specialise  with  Petzoldt ;  for  every  deviation  from 
uniformity  and  rectilinearity  takes  acceleration  for 
granted.  I  believe  I  am  right  in  saying  that  the  same 
fact  is  twice  formulated  in  the  law  of  inertia  and  in 
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tin  statement  that  forces  determine  accelerations  (p. 
143).  If  this  be  granted,  then  an  end  is  also  put  to 
the  discussion  as  to  whether  a  vicious  circle  is  or  is 
not  contained  in  the  application  of  the  law  of  inertia 
(Poske,  Hofler). 

Mv  inference  as  to  the  probable  manner  in  which 
Galileo  reached  clearness  regarding  the  law  of  inertia 
was  drawn  from  a  passage  in  his  third  Dialogue,* 
which  was  literally  transcribed  from  the  Paduan  edi- 
tion of  1744,  Vol.  III.,  page  124,  in  my  tract  on  The 
Con  zy  (Eng.  Trans.,  in  part,  in  my 

•Y////YT,    third    edition,    Chicago, 

The  Open  Court  Publishing  Co.).  Conceiving  a  body 
w  lich  is  rolling  down  an  inclined  plane  to  be  con- 
ducted upon  rising  inclined  planes  of  varying  slopes, 
tl  e  slight  retardation  whi.-li  it  sii:i«-rs  on  absolutely 
s:  looth  rising  planes  of  small  inclination,  and  the  re- 
t  rdation  zero,  or  unending  uniform  motion  on  a  hori- 
z  -ntal  plan*-,  must  have  occurred  to  him.  Wohlwill 
v  as  the  first  to  obj<  ay  of  looking  at  the 

r  atter  (see  page  524),  and  others  have  since  joined 

•  •  Con*tat  jam,  quod  mobile  ex  quiete  in  A  descendant  per  AB,  gradus 

a    juirit  velocitatis  juxta  temporis  ipsius  incremeotum :  gradum  vrro  in  B 

e   M  maximum  acquisitorum.  et  suapte  nalura   immuiabiliter   impressum. 

blatis  scilicet  caiuit  accelerations  novae,  aut  retardationis :  accelerations 


Fig. 


I  mam.  si  adhnc  super  extenso  piano  ulterias  progrederetar ;  retardationis 
••  dum  super  planum  acclive  BC  fit  reflexio  :  in  horizontal!  autem  GH 
•  ,uabili«  motus  juxta  gradam  velocitatis  ex  A  in  B  acquisitae  in  innnituin 
<  .tenderer 

I  plain  now  that  a  movable  body,  starting  from  rest  at  A  and  de- 
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him.  He  asserts  that  uniform  motion  in  a  circle  and 
horizontal  motion  still  occupied  distinct  places  in  Ga- 
lileo's thought,  and  that  Galileo  started  from  the  an- 
cient concepts  and  freed  himself  only  very  gradually 
from  them.  It  is  not  to  be  denied  that  the  different 
phases  in  the  intellectual  development  of  the  great  in- 
quirers have  much  interest  for  the  historian,  and  somt 
one  phase  may,  in  its  importance  in  this  respect,  be 
relegated  into  the  background  by  the  others.  One 
must  needs  be  a  poor  psychologist  and  have  little 
knowledge  of  oneself  not  to  know  how  difficult  it  is 
to  liberate  oneself  from  traditional  views,  and  how 
even  after  that  is  done  the  remnants  of  the  old  ideas 
still  hover  in  consciousness  and  are  the  cause  of  occa- 
sional backslidings  even  after  the  victory  has  been 
practically  won.  Galileo's  experience  cannot  have 
been  different.  But  with  the  physicist  it  is  the  in- 
stant in  which  a  new  view  flashes  forth  that  is  oi 
greatest  interest,  and  it  is  this  instant  for  which  he 
will  always  seek.  I  have  sought  for-  it,  I  believe  I 
have  found  it ;  and  I  am  of  the  opinion  that  it  left  its 
unmistakable  traces  in  the  passage  in  question.  Poske 
(Joe,  cit.y  page  393)  and  Hofler  (Joe.  cit.,  pages  in, 
112)  are  unable  to  give  their  assent  to  my  interpreta- 
tion of  this  passage,  for  the  reason  that  Galileo  does 
not  expressly  refer  to  the  limiting  case  of  transition 
from  the  inclined  to  the  horizontal  plane ;  although 


scending  down  the  inclined  plane  AB,  acquires  a  velocity  proportional  to 
the  increment  of  its  time  :  the  velocity  possessed  at  B  is  the  greatest  of  the 
velocities  acquired,  and  by  its  nature  immutably  impressed,  provided  all 
causes  of  new  acceleration  or  retardation  are  taken  away:  I  say  accelera- 
tion, having  in  view  its  possible  further  progress  along  the  plane  extended  ; 
retardation,  in  view  of  the  possibility  of  its  being  reversed  and  made  to 
mount  the  ascending  plane  BC.  But  in  the  horizontal  plane  G7/its  uniform 
motion,  with  the  velocity  acquired  in  the  descent  from  A  to  B,  will  be  con- 
tinued ad  infinitum." 


APPEXD/X.  565 

Poske  grants  that  the  consideration  of  limiting  cases 
\\as  frequently  employed  by  Galileo,  and  although 
HOfler  admits  having  actually  tested  the  educational 
efficacy  of  this  device  with  students.  It  would  indeed 
be  a  matter  of  surprise  if  Galileo,  who  may  be  re- 
garded as  the  inventor  of  the  principle  of  continuity, 
should  not  in  his  long  intellectual  career  have  applied 
the  principle  to  this  most  important  case  of  all  for 
him.  It  is  also  to  be  considered  that  the  passage 
does  not  form  part  of  the  broad  and  general  discus- 
sions of  the  Italian  dialogue,  but  is  tersely  couched,  in 
the  dogmatic  form  of  a  n  suit,  in  Latin.  And  in  this 
way  also  the  "\  ..utably  impressed"  may 

have  crept  in.* 

granting  that  Galileo  reached  hit  knowledge  of  the  law  of  inertia 
nly  gradually,  and  that  it  was  presented  to  him  merely  as  an  accidental  dis- 
overy,  nevertheless  the  following  passages  which  are  taken  from  the  Paduan 
•dition  of  1744  will  show  that  bis  limitation  of  the  law  to  horizontal  n 
vas  justified  by  the  inherent  nature  of  the  subject  treated  ;  and  the  assump- 
ion  that  Galileo  toward  the  end  of  his  scientific  career  did  not  possess  a  full 
knowledge  of  the  law.  can  hardly  be  maintained. 

11  Sagr.    Maquandol'.i  pia masse  non  a  perpendicolo.  ma  in- 

linata  verso  qualche  parte,  qual  dovrebbe  esser*  it  moto  della  palla  ?  and- 
ebbe  ella  forse.  come  net  1'altro  tiro,  per  la  linea  perpendicolare.  e  ritor- 
tando  anco  poi  per  I'istessa  ?  " 

;  I.  Questo  non  farcbbe  ella.  ma  uscita  del  petto  seguiterebbe  il 
.no  moto  per  la  linea  recta,  che  continua  la  dirittura  della  canna,  se  non  in 
juanto  il  proprio  peso  la  farebbc  declinar  da  tal  dirittura  verso  terra." 

"Sagr.    T..  ttora  della  canna  e  la  regolatriee  del  moto  della 

palla  :  n*  foori  di  tal  linea  si  muove,  o  muoverebbe.  se  'I  peso  proprio  non 
la  facesse  delinare  in  K'  '  •  •  ."—Dimlogo  «0/ra  i  din  mattimi  tisttmi  del 
•MM*. 

"  Sagr.  But  if  the  gun  were  not  placed  in  the  perpendicular,  but  were  in- 
clined in  »ome  direction  ;  what  then  wtfuld  be  the  motion  of  tin-  ball  ?  Would 
it  follow,  perhaps,  as  in  the  other  case,  the  perpendicular,  and  in  returning 
fall  also  by  the  same  I i. 

:  :. it  it  will  not  do.  but  having  left  the  cam  Mow  its 

own  motion  in  the  straight  .  is  a  continuation  of  the  axis  of  the 

Narrel,  save  in  so  far  as  its  own  weight  shall  cause  it  to  deviate  from  tli.it 
i  '•action  toward  the  ear 

Sagr.  So  that  the  axis  of  the  barrel  it  the  regulator  of  the  motion  of  the 
sail:  '-r  does  nor  will  move  outside  of  that  line  unless  its  own 

weight  causes  it  to  drop  downwards.  .  .  /' 
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The  physical  instruction  which  I  enjoyed  was  in 
all  probability  just  as  bad  and  just  as.  dogmatic  as  it 
was  the  fortune  of  my  older  critics  and  colleagues  to 
enjoy.  The  principle  of  inertia  was  then  enunciated 
as  a  dogma  which  accorded  perfectly  with  the  system. 
I  could  understand  very  well  that  disregard  of  all  ob- 
stacles to  motion  led  to  the  principle,  or  that  it  must 
be  discovered,  as  Appelt  says,  by  abstraction  ;  never- 
theless, it  always  remained  remote  and  within  the 
comprehension  of  supernatural  genius  only.  And 
where  was  the  guarantee  that  with  the  removal  of  all 
obstacles  the  diminution  of  the  velocity  also  ceased? 
Poske  (Joe,  cit.,  p.  395)  is  of  the  opinion  that  Galileo, 
to  use  a  phrase  which  I  have  repeatedly  employed, 
"  discerned"  or  "perceived"  the  principle  immediately. 
But  what  is  this  discerning?  Enquiring  man  looks 
here  and  looks  there,  and  suddenly  catches  a  glimpse 
of  something  he  has  been  seeking  or  even  of  some- 
thing quite  unexpected,  that  rivets  his  attention. 
Now,  I  have  shown  how  this  "discerning"  came 
about  and  in  what  it  consisted.  Galileo  runs  his  eye 
over  several  different  uniformly  retarded  motions,  and 
suddenly  picks  out  from  among  them  a  uniform,  in- 


"Attendere  insuper  licet,  quod  velocitatis  gradus,  quicunque  in  mobili 
reperiatur,  est  in  illo  suapte  natura  indelebiliter  irnpressus,  dum  externae 
causae  accelerations,  aut  retardationis  tollantur,  quod  in  solo  horizontal! 
piano  contingit :  nam  in  planis  declivibus  adest  jam  causa  accelerationis 
majoris,  in  acclivibus  vero  retardationis.  Ex  quo  pariter  sequitur,  motum  in 
horizontali  esse  quoque  aeternum:'si  enim  est  aequabilis,  non  debiliatur, 
aut  remittitur,  et  multo  minus  tollitur." — Discorsi e  dimostrazioni  matema- 
tiche.  Dialogo  terzo. 

"  Moreover,  it  is  to  be  remarked  that  the  degree  of  velocity  a  body  has  is 
indestructibly  impressed  in  it  by  its  own  nature,  provided  external  causes  of 
acceleration  or  retardation  are  wanting,— which  happens  only  on  horizontal 
planes:  for  on  descending  planes  there  is  greater  acceleration,  and  on  as- 
cending planes  retardation.  Whence  it  follows  that  motion  in  a  horizontal 
plane  is  perpetual:  for  if  it  remains  the  same,  it  is  not  diminished,  or 
abated,  much  less  abolished." 
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finitely  continued  motion,  of  so  peculiar  a  character 
that  if  it  occurred  by  itself  alone  it  would  certainly 
be  regarded  as  something  altogether  different  in  kind. 
But  a  very  minute  variation  of  the  inclination  trans- 
forms this  motion  into  a  finite  retarded  motion,  such 
as  we  have  frequently  met  with  in  our  lives.  And 
now,  no  more  difficulty  is  experienced  in  recognising 
th-  i .1' -ntity  between  all  obstacles  to  motion  and  re- 
ttion  by  gravity, — wherewith  the  ideal  type  of  un- 
influenced, infinite,  uniform  motion  is  gained.  As  I 

:  this  passage  of  Galileo's  while  still  a  young  man, 
a  new  li^ht  concerning  the  necessity  of  this  ideal  link 
in  our  mechanics,  entirely  different  from  that  of  the 
dogmatic  exposition,  flashed  upon  me.  I  believe  that 
?very  one  will  have  the  same  experience  who  will  ap- 
proach this  passage  without  prior  bias.  I  have  not 
:he  least  doubt  that  Galileo  above  all  others  experi- 
snccd  that  \\&\\\.  V  ritics  see  to  it  how  their 

assent  also  is  to  be  avoided. 

I  have  now  another  important  point  to  discuss  in 
opposition  to  C.  Neumann,*  \  ell-known  publi- 

cation on  this  topic  preceded  minef  shortly.  I  con- 
tent ction  and  velocity  which  is  taken 
into  account  in  tin-  law  of  inertia  had  no  comprehen- 
sible meaning  if  the  law  was  r-(<ii'<l  to  "absolute 
space."  As  a  matter  of  fact,  we  can  metrically  d< 
mine  din  ction  and  I  only  in  a  space  of  which 
the  points  are  marked  directly  or  indirectly  by  given 
bodies.  Neumann's  treatise  and  my  own  were  suc- 
cessful in  directing  attention  anew  to  this  point,  which 


\'ewtom' ttkcn  Theoru,  Leipzig,  1870. 

i  '(**£ dtr  .A-  r,  187*.    (Translated  in  part  in  the  article 

:.ir  Scientific  f^cturet.  third  edition, 
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had  already  caused  Newton  and  Euler  much  intellec- 
tual discomfort;  yet  nothing  more  than  partial  at- 
tempts at  solution,  like  that  of  Streintz,  have  resulted. 
I  have  remained  to  the  present  day  the  only  one  who 
insists  upon  referring  the  law  of  inertia  to  the  earth, 
and  in  the  case  of  motions  of  great  spatial  and  tempo- 
ral extent,  to  the  fixed  stars.  Any  prospect  of  com- 
ing to  an  understanding  with  the  great  number  of  my 
critics  is,  in  consideration  of  the  profound  differences 
of  our  points  of  view,  very  slight.  But  so  far  as  I 
have  been  able  to  understand  the  criticisms  to  which 
my  view  has  been  subjected,  I  shall  endeavor  to  an- 
swer them. 

Hofler  is  of  the  opinion  that  the  existence  of  "ab- 
solute motion"  is  denied,  because  it  is  held  to  be 
"inconceivable."  But  it  is  a  fact  of  "more  painstak- 
ing self-observation"  that  conceptions  of  absolute 
motion  do  exist.  Conceivability  and  knowledge  of 
absolute  motion  are  not  to  be  confounded.  Only  the 
latter  is  wanting  here  (Joe.  cit.,  pages  120,  164).  .  .  . 
Now,  it  is  precisely  with  knowledge  that  the  natural 
inquirer  is  concerned.  A  thing  that  is  beyond  the 
ken  of  knowledge,  a  thing  that  cannot  be  exhibited  to 
the  senses,  has  no  meaning  in  natural  science.  I  have 
not  the  remotest  desire  of  -setting  limits  to  the  imagi- 
nation of  men,  but  I  have  a  faint  suspicion  that  the 
persons  who  imagine  they  have  conceptions  of  "  ab- 
solute motions,"  in  the  majority  of  cases  have  in  mind 
the  memory  pictures  of  some  actually  experienced 
relative  motion  ;  but  let  that  be  as  it  may,  for  it  is  in 
any  event  of  no  consequence.  I  maintain  even  more 
than  Hofler,  viz.,  that  there  exist  sensory  illusions  of 
absolute  motions,  which  can  subsequently  be  repro- 
duced at  any  time.  Every  one  that  has  repeated  my 
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experiments  on  the  sensations  of  movement  has  ex- 
perienced the  full  sensory  power  of  such  illusions. 
One  imagines  one  is  flying  off  with  one's  entire  en- 
vironment, which  remains  at  relative  rest  with  respect 
to  the  body  ;  or  that  one  is  rotating  in  a  space  that  is 
distinguished  by  nothing  that  is  tangible.  But  no 
measure  can  be  applied  to  this  space  of  illusion ;  its 
existence  cannot  be  proved  to  another  person,  and  it 
cannot  be  employed  for  the  metrical  and  conceptual 
description  of  the  facts  of  mechanics;  it  has  nothing 
to  do  with  the  space  of  geometry.*  Finally,  when 
p.  133)  brings  forward  the  argument 
that  "in  every  relative  motion  one  at  least  of  the 
bodies  moving  with  reference  to  each  other  must  be 
affected  with  absolute  motion," — I  can  only  say  that 
fo  •  the  person  who  considers  absolute  motion  as  mean- 
in  ;less  in  physics,  this  argument  has  no  force  what- 
ex  er.  But  I  have  no  further  concern  here  with  philo- 
s-  ,)hical  questions.  To  go  into  details  as  Hotter  has 
ir  some  places  /<v.  <•//.,  pp.  124-126)  would  serve 
n  purpose  before  an  understanding  had  been  reached 
o  the  main  question. 

Heymans  (Joe.  fit-,  pp.  412,  448)  remarks  that  an 
ii  ductive,  empirical  mechanics  could  have  arisen,  but 
tl  at  as  a  matter  of  fact  a  different  mechanics,  based 
o  i  the  non-empirical  concept  of  absolute  motion,  has 
a  isen.  The  fact  that  the  principle  of  inertia  has 
a  ways  been  suffered  to  hold  for  absolute  motion 
v  lich  is  nowhere  demonstrable,  instead  of  being  re- 


•  I  flatter  myself  on  being  able  to  resist  the  temptation  to  infuse  lightness 
ir  o  •  serious  discussion  by  showing  its  ridiculous  si<!« .  l>ut  in  reflecting  on 
tl      e  problems  I  was  involuntarily  forced  to  think  of  thr  question  wl. 
.Me  but  eccentric  man  once  debated  with  me  as  to  whether  .< 
o     .loth  in  one's  dreams  is  as  long  as  a  real  yard  of  cloth.  -  Is  the  dream  yard 
t    be  really  introduced  into  mechanics  as  a  standard  of  measured. 
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garded  as  holding  good  for  motion  with  respect  to 
some  actually  demonstrable  system  of  co-ordinates,  is 
a  problem  which  is  almost  beyond  power  of  solution 
by  the  empirical  theory.  Heymans  regards  this  as  a 
problem  that  can  have  a  metaphysical  solution  only. 
In  this  I  cannot  agree  with  Heymans.  He  admits 
that  relative  motions  only  are  given  in  experience. 
With  this  admission,  as  with  that  of  the  possibility  of 
an  empirical  mechanics,  I  am  perfectly  content.  The 
rest,  I  believe,  can  be  explained  simply  and  without 
the  aid  of  metaphysics.  The  first  dynamic  principles 
were  unquestionably  built  up  on  empirical  founda- 
tions. The  earth  was  the  body  of  reference ;  the  tran- 
sition to  the  other  co-ordinate  systems  took  place 
very  gradually.  Huygens  saw  that  he  could  refer  the 
motion  of  impinging  bodies  just  as  easily  to  a  boat  on 
which  they  were  placed,  as  to  the  earth.  The  devel- 
opment of  astronomy  preceded  that  of  mechanics  con- 
siderably. When  motions  were  observed  that  were 
at  variance  with  known  mechanical  laws  when  re- 
ferred to  the  earth,  it  was  not  necessary  immediately 
to  abandon  these  laws  again.  The  fixed  stars  were 
present  and  ready  to  restore  harmony  as  a  new  sys- 
tem of  reference  with  the  least  amount  of  changes  in 
the  concepts.  Think  only  of  the  oddities  and  difficul- 
ties which  would  have  resulted  if  in  a  period  of  great 
mechanical  and  physical  advancement  the  Ptolemaic 
system  had  been  still  in  vogue, — a  thing  not  at  all  in- 
conceivable. 

But  Newton  referred  all  of  mechanics  to  absolute 
space!  Newton  is  indeed  a  gigantic  personality;  little 
worship  of  authority  is  needed  to  succumb  to  his  in- 
fluence. Yet  even  his  achievements  are  not  exempt 
from  criticism.  It  appears  to  be  pretty  much  one  and 
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the  same  thing  whether  we  refer  the  laws  of  motion  to 
absolute  space,  or  enunciate  them  in  a  perfectly  ab- 
stract form  ;  that  is  to  say,  without  specific  mention 
of  any  system  of  reference.  The  latter  course  is  un- 
precarious  and  even  practical ;  for  in  treating  special 
cases  every  student  of  mechanics  looks  for  some  ser- 
viceable system  of  reference.  But  owing  to  the  fact 
that  the  first  course,  wherever  there  was  any  real 
issue  at  stake,  was  nearly  always  interpreted  as  having 
the  same  meaning  as  the  latter,  Newton's  error  was 
fraught  with  much  less  danger  than  it  would  other- 
wise have  been,  and  has  for  that  reason  maintained 
itself  so  long.  It  is  psychologically  and  historically 
intelligible  that  in  an  age  deficient  in  epistemological 
ciitique  empirical  laws  should  at  times  have  been 
e  aborated  to  a  point  where  they  had  no  meaning.  It 
c  nnot  therefore  be  dee;  isable  to  make  meta- 

p  ivsical  problems  out  of  the  errors  and  oversights  of 
o  ur  scientific  forefathers,  but  it  is  rather  our  duty  to 
c  irrect  them,  be  they  small  people  or  gre.  t.  1  would 
i:  )t  be  understood  as  saying  that  this  has  never  hap- 
\  med. 

Petzoldt  (/<v  p.  19201  v,  ho  is  in  ac- 

c  >rd  with  me  in  tion  of  absolute  motion,  ap- 

r  .-als  to  a  principle  of  Avenarius,*  by  a  consideration 
r  which  he  proposes  to  re-move  the  difficulties  in- 
v  >lved  in  the  problem  of  e  motion.  I  am  per- 

f  ctly  familiar  with  the  principle  of  Avenarius,  but  I 
c  .nnot  understand  how  all  tl.  al  difficulties  in- 

v  lived  in  the  present  problem  can  be  avoided  by  re- 
ft rrin^  motions  to  one's  own  body.  On  the  contrary, 
ii  r(  .dencies  abstraction  must 

•  Dtr  mtntcklitht  Wettbffrijr,  Leipzig,  1891,  p.  130, 
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be  made  from  one's  own  body,  so  far  as  it  exercises 
any  influence.* 

The  most  captivating  reasons  for  the  assumption 
of  absolute  motion  were  given  thirty  years  ago  by  C. 
Neumann  (Joe.  cit.,  p.  27).  If  a  heavenly  body  be 
conceived  rotating  about  its  axis  and  consequently 
subject  to  centrifugal  forces  and  therefore  oblate, 
nothing,  so  far  as  we  can  judge,  can  possibly  be 
altered  in  its  condition  by  the  removal  of  all  the  re- 
maining heavenly  bodies.  The  body  in  question  will 
continue  to  rotate  and  will  continue  to  remain  oblate. 
But  if  the  motion  be  relative  only,  then  the  case  of 
rotation  will  not  be  distinguishable  from  that  of  rest. 
All  the  parts  of  the  heavenly  body  are  at  rest  with  re- 
spect to  one  another,  and  the  oblateness  would  neces- 
sarily also  disappear  with  the  disappearance  of  the 
rest  of  the  universe.  I  have  two  objections  to  make 
here.  Nothing  appears  to  me  to  be  gained  by  making 
a  meaningless  assumption  for  the  purpose  of  eliminat- 
ing a  contradiction.  Secondly,  the  celebrated  mathe- 
matician appears  to  me  to  have  made  here  too  free  a 
use  of  intellectual  experiment,  the  fruitfulness  and 
value  of  which  cannot  be  denied.  When  experiment- 
ing in  thought,  it  is  permissible  to  modify  unimportant 
circumstances  in  order  to  bring  out  new  features  in  a 
given  case;  but  it  is  not  to  be  antecedently  assumed 
that  the  universe  is  without  influence  on  the  phenom- 
enon here. in  question.  If  it  is  eliminated  and  contra- 
dictions still  result,  certainly  this  speaks  in  favor  of 
the  importance  of  relative  motion,  which,  if  it  involves 
difficulties,  is  at  least  free  from  contradictions. 


*  Analyse  der  Empfindungen,  zweite  Auflage,  Jena,  1900,  pp.  n,  12.  33,  38, 
208;  English  translation,  Chicago,  The  Open  Court  Pub.  Co.,  1897,  pp.  13  et 
seq. 
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Volkmann  (Joe.  ft'/.,  p.  53)  advocates  an  absolute 
orientation  by  means  of  the  ether.  I  have  already 
spoken  on  this  point  (comp.  pp.  230,  547),  but  I  am 
extremely  curious  to  know  how  one  ether  particle  is  to 
be  distinguished  from  another.  Until  some  means  of 
distinguishing  these  particles  is  found,  it  will  be  pref- 
erable to  abide  by  the  fixed  stars,  and  where  these 
forsake  us  to  confess  that  the  true  means  of  orienta- 
tion is  still  to  be  found. 

Taking  everything  together,  I  can  only  say  that  I 
cannot  well  see  what  is  to  be  altered  in  my  exposi- 
tions. The  various  points  stand  in  necessary  connex- 
ion. After  it  has  been  discovered  that  the  behavior 
cf  bodies  toward  one  another  is  one  in  which  acceler- 
ations are  determined, — a  discovery  which  was  twice 
f  emulated  by  Galileo  and  Newton,  once  in  a  general 
i  nd  again  in  a  special  foi  law  of  inertia, — it  is 

]  ossible  to  give  only  one  rational  definition  of  mass, 
;  nd  that  a  purely  dynamical  definition.  It  is  not  at 
;  U,  in  my  judgment,  a  matter  of  taste.*  The  concept 
i  f  force  and  the  principle  of  action  and  reaction  fol- 
of  themselves.  And  the  elimination  of  absolute 

lotion   is  equivalent  to  the  elimination   of  what   is 

hysically  meaningless. 

It  would  be  not  only  taking  a  very  subjective  and 
:  hort-sighted  view  of  science,  but  it  would  also  be 
:  jolhan!  I  to  expect  that  my 

iews  in  their  precise  individual  form  should  be  in- 
t  Drporatcil  without  opposition  into  the  intellectual 
j  /stems  of  my  contemporaries.  Tin:  history  of  sci- 
«  nee  teaches  that  the  subjective,  scientific  philoso- 


•  My  definition  of  mas*  take*  a  more  organic  and  more  natural  place  in 
I  ertz'*  mechanic*  than  his  own,  for  it  contains  implicitly  the  germ  of  his 
fundamental  law  " 
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phies  of  individuals  are  constantly  being  corrected 
and  obscured,  and  in  the  philosophy  or  constructive 
image  of  the  universe  which  humanity  gradually 
adopts,  only  the  very  strongest  features  of  the 
thoughts  of  the  greatest  men  are,  after  some  lapse  of 
time,  recognisable.  It  is  merely  incumbent  on  the  in- 
dividual to  outline  as  distinctly  as  possible  the  main 
features  of  his  own  view  of  the  world. 

XXIII. 
(See  page  273.) 

Although  signal  individual  performances  in  sci- 
ence cannot  be  gainsaid  to  Descartes,  as  his  studies 
on  the  rainbow  and  his  enunciation  of  the  law  of  re- 
fraction show,  his  importance  nevertheless  is  con- 
tained rather  in  the  great  general  and  revolutionary 
ideas  which  he  promulgated  in  philosophy,  mathe- 
matics, and  the  natural  sciences.  The  maxim  of 
doubting  everything  that  has  hitherto  passed  for  es- 
tablished truth  cannot  be  rated  too  high ;  although  it 
was  more  observed  and  exploited  by  his  followers 
than  by  himself.  Analytical  geometry  with  its  mod- 
ern methods  is  the  outcome  of  his  idea  to  dispense 
with  the  consideration  of  all  the  details  of  geometrical 
figures  by  the  application  of  algebra,  and  to  reduce 
everything  to  the  consideration  of  distances.  He  was 
a  pronounced  enemy  of  occult  qualities  in  physics, 
and  strove  to  base  all  physics  on  mechanics,  which 
he  conceived  as  a  pure  geometry  of  motion.  He  has 
shown  by  his  experiments  that  he  regarded  no  physi- 
cal problem  as  insoluble  by  this  method.  He  took 
too  little  note  of  the  fact  that  mechanics  is  possible 
only  on  the  condition  that  the  positions  of  the  bodies 
are  determined  in  their  dependence  on  one  another  by 
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a  relation  of  force,  by  a  function  of  time;  and  Leibnitz 
frequently  referred  to  this  deficiency.  The  mechani- 
cal concepts  which  Descartes  developed  with  scanty 
and  vague  materials  could  not  possibly  pass  as  copies 
of  nature,  and  were  pronounced  to  be  phantasies  even 
by  Pascal,  Huygens,  and  Leibnitz.  It  has  been  re- 
marked, however,  in  a  former  place,  how  strongly 
Descartes's  ideas,  in  spite  of  these  facts,  have  per- 
sisted to  the  present  day.  He  also  exercises  a  power- 
ful influence  upon  physiology  by  his  theory  of  vision, 
and  by  his  contention  that  animals  were  machines, — 
a  theory  which  he  naturally  had  not  the  courage  to 
:id  to  human  beings,  but  by  which  he  anticipated 
:he  idea  of  reflex  motion  (compare  Duhem,  L'tvolutwn 
ies  theories  physiques,  Lou  vain,  1896). 


(See  page  376.) 

To  the  exposition  given  on  pages  377  and  378,  in 
:he  year  1883,  I  have  the  following  remarks  to  add. 
It  will  be  seen  that  the  principle  of  least  action,  like 
ill  other  minimum  principles  in  mechanics,  is  a  sim- 
ple expression  of  the  fact  that  in  the  instances  in 
juestion  precisely  so  much  happens  as  possibly  can 
lappen  under  the  circumstances,  or  as  is  determined, 
/iz.,  uniquely  determined,  by  them.  The  deduction 
)f  cases  of  equilibrium  from  unique  determination  lias 
ilready  been  discussed,  and  the  same  question  will  be 
.onsidered  in  a  lat»  r  place.  With  respect  to  dynamic 
juestions,  the  import  of  the  principle  of  unique  de- 
ermination  has  been  better  and  more  perspicuously 
'icidated  than  in  my  case  by  J.  Petzoldt  in  a  work 
ntitled  Maxima,  Minima  und  Oekonomie  (Altenburg, 
1891).  He  says  (/o,  age  u):  "In  the  case  of 
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all  motions,  the  paths  actually  traversed  admit  of  be- 
ing interpreted  as  signal  instances  chosen  from  an  in- 
finite number  of  conceivable  instances.  Analytically, 
this  has  no  other  meaning  than  that  expressions  may 
always  be  found  which  yield  the  differential  equations 
of  the  motion  when  their  variation  is  equated  to  zero, 
— for  the  variation  vanishes  only  when  the  integral 
assumes  a  unique  value." 

As  a  fact,  it  will  be  seen  that  in  the  instances 
treated  at  pages  377  and  378  an  increment  of  velocity 
is  uniquely  determined  only  in  the  direction  of  the 
force,  while  an  infinite  number  of  equally  legitimate 
incremental  components  of  velocity  at  right  angles  to 
the  force  are  conceivable,  which  are,  however,  for  the 
reason  given,  excluded  by  the  principle  of  unique  de- 
termination. I  am  in  entire  accord  with  Petzoldt 
when  he  says  :  "  The  theorems  of  Euler  and  Hamilton, 
and  not  less  that  of  Gauss,  are  thus  nothing  more 
than  analytic  expressions  for  the  fact  of  experience 
that  the  phenomena  of  nature  are  uniquely  deter- 
mined." The  uniqueness  of  the  minimum  is  determi- 
native. 

I  should  like  to  quote  here,  from  a  note  which  I 
published  in  the  November  number  of  the  Prague 
Lotos  for  1873,  the  following  passage:  "The  static 
and  dynamical  principles  of  mechanics  may  be  ex- 
pressed as  isoperimetrical  laws.  The  anthropomor- 
phic conception  is,  however,  by  no  means  essential, 
as  may  be  seen,  for  example,  in  the  principle  of  vir- 
tual velocities.  If  we  have  once  perceived  that  the 
work  A  determines  velocity,  it  will  readily  be  seen 
that  where  work  is  not  done  when  the  system  passes 
into  all  adjacent  positions,  no  velocity  can  be  ac- 
quired, and  consequently  that  equilibrium  obtains. 
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The  condition  of  equilibrium  will  therefore  be  8A  =  0; 
where  A  need  not  necessarily  be  exactly  a  maximum 
or  minimum.  These  laws  are  not  absolutely  restricted 
to  mechanics;  they  may  be  of  very  general  scope. 
If  the  change  in  the  form  of  a  phenomenon  B  be  de- 
pendent on  a  phenomenon  A,  the  condition  that  B 
shall  pass  over  into  a  certain  form  will  be  S./  =0." 

As  will  be  seen,  I  grant  in  the  foregoing  passage 
that  it  is  possible  to  discover  analogies  for  the  prin- 
ciple of  least  action  in  the  most  various  departments 
of  physics  without  reaching  them  through  the  circuit- 
ous course  of  mechanics.  I  look  upon  mechanics,  not 
as  the  ultimate  explanatory  foundation  of  all  the  other 
pio\  at  rather,  owing  to  its  superior  formal 

d<  velopment,  as  an  admirable  prototype  of  such  an 
e:  planation.  In  this  respec  <  w  differs  appar- 

ei  tly  little  from  that  of  the  majority  of  physicists,  but 
tl  e  difference  is  an  essential  one  after  all.  In  further 
e  jcidation  of  my  meaning,  I  should  like  to  refer  to 
t)  e  discussions  which  I  have  given  in  my  Principles 

0  Heat  (particularly  pages  192,  318,  and  356,  German 
e  lition),  and  also  to  my  article  "On  Comparison  in 

1  lysics"  (/'  -.tific  Lfctures,  English  trans- 
I;  tion,  page  236).     Noteworthy  articles  touching  on 
t   is   point    are:    C.   Neumann,    "Das    Ostwald'sche 
/  worn  des   Energieumsatzes"  {Berichtc  dcr  k.  sacks. 
C  escltschaft,  1892,  p.  184),  and  Ostwald,  "  Ueber  das 
I  rincip  des   ausgezeichneten  Falles"  (faf.  cit.,  1893, 
p    600). 

(See  page  480.) 

The  A  us,;  ^lehre  of  1844,  in  which  Grassmann 

e  ipounded  his  ideas  for  the  first  time,  is  in  many  re- 
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spects  remarkable.  The  introduction  to  it  contains 
epistemological  remarks  of  value.  The  theory  of  spa- 
tial extension  is  here  developed  as  a  general  science, 
of  which  geometry  is  a  special  tri-dirnensional  case  ; 
and  the  opportunity  is  taken  on  this  occasion  of  sub- 
mitting the  foundations  of  geometry  to  a  rigorous  cri- 
tique. The  new  and  fruitful  concepts  of  the  addition 
of  line-segments,  multiplication  of  line-segments,  etc., 
have  also  proved  to  be  applicable  in  mechanics. 
Grassmann  likewise  submits  the  Newtonian  principles 
to  criticism,  and  believes  he  is  able  to  enunciate  them 
in  a  single  expression  as  follows:  "The  total  force 
(or  total  motion)  which  is  inherent  in  an  aggregate  of 
material  particles  at  any  one  time  is  the  sum  of  the 
total  force  (or  total  motion)  which  has  inhered  in  it 
at  any  former  time,  and  all  the  forces  that  have  been 
imparted  to  it  from  without  in  the  intervening  time; 
provided  all  forces  be  conceived  as  line-segments 
constant  in  direction  and  in  length,  and  be  referred 
to  points  which  have  equal  masses."  'By  force  Grass- 
mann understands  here  the  indestructibly  impressed 
velocity.  The  entire  conception  is  much  akin  to  that 
of  Hertz.  The  forces  (velocities)  are  represented  as 
line-segments,  the  moments  as  surfaces  enumerated 
in  definite  directions,  etc., — a  device  by  means  of 
which  every  development  takes  a  very  concise  and 
perspicuous  form.  But  Grassmann  finds  the  main 
advantage  of  his  procedure  in  the  fact  that  every  step 
in  the  calculation  is  at  the  same  time  the  clear  ex- 
pression of  every  step  taken  in  the  thought ;  whereas, 
in  the  common  method,  the  latter  is  forced  entirely 
into  the  background  by  the  introduction  of  three  arbi- 
trary co-ordinates.  The  difference  between  the  ana- 
lytic and  the  synthetic  method  is  again  done  away 
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with,  and  the  advantages  of  the  two  are  combined. 
The  kindred  procedure  of  Hamilton,  which  has  been 
illustrated  by  an  example  on  page  528,  will  give  some 
idea  of  these  advantages. 

XXVI. 
(See  page  485.) 

In  the  text  I  have  employed  the  term  "cause"  in 

the  sense  in  which  it  is  ordinarily  used.      I  may  add 

that  with   Dr.  Carus,*  following  the  practice  of  the 

German   philosophers,  I  distinguish  "cause,"  or  Real- 

/,  from  BrktnmtnitsgnauL     I  also  agree  with  Dr. 

is  in  the  statement  that  "the  signification  of  cause 
a:id  effect  is  to  a  great  extent  arbitrary  and  depends 
n  uch  upon  the  proper  tact  of  the  observer,  "f 

The  notion  of  cause  possesses  significance  only  as 
n  means  of  provisional  knowledge  or  orientation.  In 
r  ly  exact  and  profound  i  ition  of  an  event  the 

i  iquirer  must  regard  the  phenomena  as  </<•/<•//,/<•///  on 
t  it  another  in  the  same  way  that  the  geometer  regards 
t  ie  sides  and  angles  of  a  triangle  as  dependent  on  one 
,  nether.  II «•  will  constantly  keep  before  his  mind,  in 
i  lis  way,  all  the  conditions  of  fact. 

.n. 

(See  page  494.) 

My  conception  of  economy  of  thought  was  devel- 

•  ped  out  of  my  experience  as  a  teacher,  out  of  the 

fork  of  practical  instruction.      I  possessed  this  con- 

i  eption  as  early  as   1861,  when  I  began  my  lectures 

,  s  Privat  D<  time  believed  that  I  was 

See  hi*  CrttmJ.   r*i«  hf  **</  Zwtck,  R.  v.  Grumbkow,  Dresden,  1881, 
F**d*mf*tal  ProbUmt,  pp.  79-91,  Chicago:  The  Open  Court  Publish- 
,1891. 
t  f-»*dam<*tal  ProbUm*,  p.  84. 
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in  exclusive  possession  of  the  principle, — a  conviction 
which  will,  I  think,  be  found  pardonable.  I  am  now, 
on  the  contrary,  convinced  that  at  least  some  presenti- 
ment of  this  idea  has  always,  and  necessarily  must 
have,  been  a  common  possession  of  all  inquirers  who 
have  ever  made  the  nature  of  scientific  investigation 
the  subject  of  their  thoughts.  The  expression  of  this 
opinion  may  assume  the  most  diverse  forms;  for  ex- 
ample, I  should  most  certainly  characterise  the  guid- 
ing theme  of  simplicity  and  beauty  which  so  distinctly 
marks  the  work  of  Copernicus  and  Galileo,  not  only 
as  sesthetical,  but  also  as  economical.  So,  too,  New- 
ton's Regulcz  philosophandi  are  substantially  influenced 
by  economical  considerations,  although  the  economi- 
cal principle  as  such  is  not  explicitly  mentioned.  In 
an  interesting  article,  "An  Episode  in  the  History  of 
Philosophy,"  published  in  The  Open  Court  for  April 
4,  1895,  Mr.  Thomas  J.  McCormack  has  shown  that 
the  idea  of  the  economy  of  science  was  very  near  to 
the  thought  of  Adam  Smith  {Essays}.  In  recent  times 
the  view  in  question  has  been  repeatedly  though  di- 
versely expressed,  first  by  myself  in  my  lecture  Ueber 
die  Erhaltung  der  Arbeit  (1875),  then  by  Clifford  in 
his  Lectures  and  Essays  (1872),  by  Kirchhoff  in  his 
Mechanics  (1874),  and  by  Avenarius  (1876).  To  an 
oral  utterance  of  the  political  economist  A.  Herrmann 
I  have  already  made  reference  in  my  Erhaltung  der 
Arbeit  (p.  55,  note  5);  but  no  work  by  this  author 
treating  especially  of  this  subject  is  known  to  me. 

I  should  also  like  to  make  reference  here  to  the 
supplementary  expositions  given  in  my  Popular  Scien- 
tific Lectures  (English  edition,  pages  186  et  seq.)  and 
in  my  Principles  of  Heat  (German  edition,  page  294). 
In  the  latter  work,  the  criticisms  of  Petzoldt  (Viertel- 
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jahrsschrift  fur  wisscnsckaftlichc  Philosophit,  1891)  are 
considered.  Husserl,  in  the  first  part  of  his  work, 
Logische  Untersuchiingen  (1900),  has  recently  made 
some  new  animadversions  on  my  theory  of  mental 
economy ;  these  are  in  part  answered  in  my  reply  to 
Petzoldt.  I  believe  that  the  best  course  is  to  post- 
pone an  exhaustive  reply  until  the  work  of  Husserl  is 
completed,  and  then  see  whether  some  understanding 
cannot  be  reached.  For  the  present,  however,  I 
should  like  to  premise  certain  remarks.  As  a  natural 
inquirer,  I  am  accustomed  to  begin  with  some  special 
and  definite  inquiry,  and  allow  the  same  to  act  upon 
me  in  all  its  phases,  and  to  ascend  from  the  special 
aspects  to  more  general  points  of  view.  I  followed 
this  custom  also  in  the  investigation  of  the  develop- 
mt  nt  of  physical  knowledge.  I  v.  ,is  obliged  to  pro- 
ce  d  in  this  manner  for  the  reason  that  a  theory  of 
th  ory  was  too  difficult  a  task  for  me,  being  doubly 
di  icult  in  a  province  in  which  a  minimum  of  indis- 
pi  :able,  general,  and  iml-  pendent  truths  from  which 
C\  Tything  can  be  deduced  is  not  furnished  at  the 
st  rt,  but  must  first  be  sought  for.  An  undertaking 
of  this  character  would  doubtless  have  more  prospect 
of  being  successful  if  one  took  mathematics  as  one's 
si;  >ject-matter.  I  accordingly  directed  my  attention 
to  individual  phenomena  :  tin-  adaptation  of  ideas  to 
fa  ts,  the  adaptation  of  ideas  to  one  another,*  mental 

•  /V«/ar  Scitntific  Iscturtt.  English  edition,  pp.  144  «*  seq.,  where  the 
•d  ptation  of  thoughts  to  one  another  is  described  as  the  object  of  theory 
pn  >er.  Grassmann  appears  to  roe  to  say  pretty  much  the  same  in  the  iniro- 
du  tion  to  his  AtadtknunftUkre  of  1844,  page  xix :  "The  first  division  of  all 
thi  sciences  is  that  into  real  and  formal,  of  which  the  real  sciences  depict 
in  thought  as  something  independent  of  thought,  and  find  their  truth 
in  agreement  of  thought  with  that  reality;  the  formal  sciences,  on  the 
oil  r  hand,  have  as  their  object  that  which  has  been  posited  by  thought 
•n  itself,  find  their  truth  in  the  agreement  of  the  mental  processes  with  one 
ax*  th- 
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economy,  comparison,  intellectual  experiment,  the 
constancy  and  continuity  of  thought,  etc.  In  this  in- 
quiry, I  found  it  helpful  and  restraining  to  look  upon 
every-day  thinking  and  science  in  general,  as  a  bio- 
logical and  organic  phenomenon,  in  which  logical 
thinking  assumed  the  position  of  an  ideal  limiting 
case.  I  do  not  doubt  for  a  moment  that  the  investi- 
gation can  be  begun  at  both  ends.  I  have  also  de- 
scribed my  efforts  as  epistemological  sketches.*  It 
may  be  seen  from  this  that  I  am  perfectly  able  to  dis- 
tinguish between  psychological  and  logical  questions, 
as  I  believe  every  one  else  is  who  has  ever  felt  the 
necessity  of  examining  logical  processes  from  the 
psychological  side.  But  it  is  doubtful  if  anyone  who 
has  carefully  read  even  so  much  as  the  logical  analysis 
of  Newton's  enunciations  in  my  Mechanics,  will  have 
the  temerity  to  say  that  I  have  endeavored  to  erase 
all  distinctions  between  the  "blind"  natural  thinking 
of  every-day  life  and  logical  thinking.  Even  if  the 
logical  analysis  of  all  the  sciences  were  complete,  the 
biologico-psychological  investigation  of  their  develop- 
ment would  continue  to  remain  a  necessity  for  me,— 
which  would  not  exclude  our  making  a  new  logical 
analysis  of  this  last  investigation.  If  my  theory  of 
mental  economy  be  conceived  merely  as  a  teleological 
and  provisional  theme  for  guidance,  such  a  concep- 
tion does  not  exclude  its  being  based  on  deeper  foun- 
dations,f  but  goes  toward  making  it  so.  Mental  econ- 
omy is,  however,  quite  apart  from  this,  a  very  clear 
logical  ideal  which  retains  its  value  even  after  its  logi- 
cal analysis  has  been  completed.  The  systematic 
form  of  a  science  can  be  deduced  from  the  same  prin- 

*  Principles  of  Heat,  Preface  to  the  first  German  edition. 

t  Analysis  of  the  Sensations,  second  German  edition,  pages  64-65. 
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ciples  in  many  different  manners,  but  some  one  of 
these  deductions  will  answer  to  the  principle  of  econ- 
omy better  than  the  rest,  as  I  have  shown  in  the  case 
of  Gauss's  dioptrics.*  So  far  as  I  can  now  see,  I  do 
not  think  that  the  investigations  of  Husserl  have 
affected  the  results  of  my  inquiries.  As  for  the  rest, 
I  must  wait  until  the  remainder  of  his  work  is  pub- 
lished, for  which  I  sincerely  wish  him  the  best  suc- 
cess. 

When  I  discovered  that  the  idea  of  mental  econ- 
omy had  been  so  frequently  emphasised  before  and 
after  my  enunciation  of  it,  my  estimation  of  my  per- 
sonal achievement  was  necessarily  lowered,  but  tin- 
idea  itself  appeared  to  me  rather  to  gain  in  value  on 
th  s  account;  and  what  appears  to  Husserl  as  a  de- 
gr  idation  of  scientific  thought,  the  association  of  it 
ri  &  vulgar  or  "blind"  (?)  thinking,  seemed  to  me  to 
bt  precisely  an  exaltation  of  it.  It  has  outgrown  the 
sc  mlar's  study,  being  deeply  rooted  in  the  life  of  lui- 
in  .nity  and  reacting  powerfully  upon  it. 


III. 

(Se«  page  497  ) 

The  paragraph  on  page  497,  which  was  written  in 
33,  met  with  little  response  from  the  majority  of 
p!  ysicists,  but  it  will  be  noticed  that  physical  exposi- 
ti  ns  have  since  then  closely  approached  to  the  ideal 
th  ire  indicated.  Hcrt/'s  "Investigations  on  the  Prop- 
ttion  of  Electric  Force"  (1892)  affords  a  good  in- 
st  ;nce  of  tl  ription  of  pin-nonirna  by  simple 

ntial  equations. 

M,aD  edition,  paice  M4. 
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XXIX. 

(See  page  501.) 

In  Germany,  Mayer's  works  at  first  met  with  a  very 
cool,  and  in  part  hostile,  reception ;  even  difficulties 
of  publication  were  encountered;  but  in  England 
they  found  more  speedy  recognition.  After  they  had 
been  almost  forgotten  there,  amid  the  wealth  of  new 
facts  being  brought  to  light,  attention  was  again 
called  to  them  by  the  lavish  praise  of  Tyndall  in  his 
book  Heat  a  Mode  of  Motion  (1863).  The  consequence 
of  this  was  a  pronounced  reaction  in  Germany,  which 
reached  its  culminating  point  in  Diihring's  work  Robert 
Mayer,  the  Galileo  of  the  Nineteenth  Century  (1878).  It 
almost  appeared  as  if  the  injustice  that  had  been 
done  to  Mayer  was  now  to  be  atoned  for  by  injustice 
towards  others.  But  as  in  criminal  law,  so  here,  the 
sum  of  the  injustice  is  only  increased  in  this  way,  for 
no  algebraic  cancelation  takes  place.  An  enthusiastic 
and  thoroughly  satisfactory  estimate  of  Mayer's  per- 
formances was  given  by  Popper  in  an  article  in  Aus- 
land  (1876,  No.  35),  which  is  also  very  readable  from 
the  many  interesting  epistemological  aper$us  that  it 
contains.  I  have  endeavored  {Principles  of  Heat)  to 
give  a  thoroughly  just  and  sober  presentation  of  the 
achievements  of  the  different  inquirers  in  the  domain 
of  the  mechanical  theory  of  heat.  It  appears  from 
this  that  each  one  of  the  inquirers  concerned  made 
some  distinctive  contribution  which  expressed  their 
respective  intellectual  peculiarities.  Mayer  may  be 
regarded  as  the  philosopher  of  the  theory  of  heat  and 
energy;  Joule,  who  was  also  conducted  to  the  prin- 
ciple of  energy  by  philosophical  considerations,  fur- 
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nishes  the  experimental  foundation  ;  and  Helmholtz 
gave  to  it  its  theoretical  physical  form.  Helmholtz, 
Clausius,  and  Thomson  form  a  transition  to  the  views 
of  Carnot,  who  stands  alone  in  his  ideas.  Each  one 
of  the  first- mentioned  inquirers  could  be  eliminated. 
The  progress  of  the  development  would  have  been 
retarded  thereby,  but  it  would  not  have  been  checked 
(compare  the  edition  of  Mayer's  works  by  Weyrauch, 
Stuttgart,  1893). 

(See  pace  5«4.) 

The  principle  of  energy  is  only  reated  in 

tl  e  text,  and  I  should  like  to  add  here  a  few  remarks 

0  i  the  following  four  treatises,  discussing  this  subject, 
vhich  have  app-  nee   1883:   Die  physikalischcn 
C  rundsatze   dfr   tlektrischen    /  .    !        J . 

1  op;  ma,  1883  ;   /)/>  />/;•/,  ,-v*  <{< •>  .  by 
C  .  Helm,  Leipsic,  1887;  /?</                                '-/iti/lung 
a  r  Energie,  by   M.  Planck,  Leipsic,    1887;    and   Das 
J  rob/em  dfr  Con:                       r  Mathtmatik  und  Af< 

/  #,  by  F.  A.  Muller,  Mar  N86. 

The  independent  works  of  Popper  and  I  i 

1  the  aim   t  -ue,  in   perfect  accord,  and  they 
r  lite  agrro  in  t!  <  t  with   my  own  researches, 
F  )  much  so  h               iat  I  have  seldom  read  anything 
t  iat,  without  the  obliteration  of  individual  differences, 
?  jpc-al.  «1  in  ,               1  degree  t<>  my  mind.     These  two 
a  ithors  espt>               -  (,-t  in   their  attempt  to  enum 

2  gt-ncral  science  of  energetics;  and  a  '/  of 
t  tis  kind  is  also  found  in  a  note  to  my  treati- 

/  '     /  r/*Ng  -//./'  .      Si  net-  ' 

§  .tics"  has  I  by  1 1-  1m,  Ost- 

\  aid,  and  others. 
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In  1872,  in  this  same  treatise  (pp.  42  et  seqq.),  I 
showed  that  our  belief  in  the  principle  of  excluded 
perpetual  motion  is  founded  on  a  more  general  belief 
in  the  unique  determination  of  one  group  of  (mechani- 
cal) elements,  afiy  .  .  .,  by  a  group  of  different  ele- 
ments, xyz  .  .  .  Planck's  remarks  at  pages  99,  133, 
and  139  of  his  treatise  essentially  agree  with  this; 
they  are  different  only  in  form.  Again,  I  have  re- 
peatedly remarked  that  all  forms  of  the  law  of  causal- 
ity spring  from  subjective  impulses,  which  nature  is 
by  no  means  compelled  to  satisfy.  In  this  respect 
my  conception  is  allied  to  that  of  Popper  and  Helm. 

Planck  (pp.  21  et  seqq.,  135)  and  Helm  (p.  25  et 
seqq.)  mention  the  "metaphysical"  points  of  view 
by  which  Mayer  was  controlled,  and  both  remark 
(Planck,  p.  25  et  seqq.,  and  Helm,  p.  28)  that  also 
Joule,  though  there  are  no  direct  expressions  to  justify 
the  conclusion,  must  have  been  guided  by  similar 
ideas.  To  this  last  I  fully  assent. 

With  respect  to  the  so-called  "metaphysical" 
points  of  view  of  Mayer,  which,  according  to  Helm- 
holtz,  are  extolled  by  the  devotees  of  metaphysical 
speculation  as  Mayer's  highest  achievement,  but  which 
appear  to  Helmholtz  as  the  weakest  feature  of  his 
expositions,  I  have  the  following  remarks  to  make. 
With  maxims,  such  as,  "Out  of  nothing,  nothing 
comes/'  "The  effect  is  equivalent  to  the  cause,"  and 
so  forth,  one  can  never  convince  another  of  anything. 
How  little  such  empty  maxims,  which  until  recently 
were  admitted  in  science,  can  accomplish,  I  have 
illustrated  by  examples  in  my  treatise  Die  Erhaltung 
der  Arbeit.  But  in  Mayer's  case  these  maxims  are,  in 
my  judgment,  not  weaknesses.  On  the  contrary,  they 
are  with  him  the  expression  of  a  powerful  instinctive 
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yearning,  as  yet  unsettled  and  unclarified,  after  a 
sound,  substantial  conception  of  what  is  now  called 
energy.  This  desire  I  should  not  exactly  call  meta- 
physical. \Ve  now  know  that  Mayer  was  not  wanting 
in  the  conceptual  power  to  give  to  this  desire  clear- 
ness. Mayer's  attitude  in  this  point  was  in  no  respect 
different  from  that  of  Galileo,  Black,  Faraday,  and 
other  great  inquirers,  although  perhaps  many  were 
more  taciturn  and  cautious  than  he. 

I  have  touched  upon  this  point  before  in  my  A 
sis  <>/'  the  Sfnsatwns,  Jena,  1886,  English  translation, 
Chicago,  1897,  p.  174  et  seqq.  Aside  from  the  fact 
that  I  do  not  share  the  Kantian  point  of  view,  in  fact, 
occupy  no  metaphysical  point  of  view,  not  even  th;it 
o!  Berkeley,  as  hast  rs  of  my  last-mentioned 

tieatise  have  assumed,  I  agree  with  F  A.  Mailer's 
r<  marks  on  this  question  (p.  104  et  s«  <jq.).  For  a 
n  ore  exhaustive  discussion  of  the  principle  of  energy 
s  e  my  Principles 
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drostatics, 86-88 ;  various  in 
deduction  of  his  hydrostatic  prin- 
ciple, 104  ;  illustration  of  his  prin- 
ciple, 106. 
«,  510. 

Areas,  law  of  the  conservation  of, 
»93-305- 

509.  5'i.  5'7.  5»8. 

Artificer,  mental,  492  et  seq. 

Assyrian  inonuinn 

Atmosphere.    See  Air. 

Atoms,  mental  artifices,  492. 

Attraction,  146. 

Atwood's  machine,  149. 

Automata,  511. 

Avenarius,  R  .  x.  571,  580. 

Axiomatic  certainties,  561. 

Babbage.  on  calculating  machines. 
488. 

Babo.  Von.  150. 

Baliani.  524. 

Ballistic  pendulutr 

Balls,  elattic.  symbolising  pressures 
in  liquid.  419. 

\.  rotation  of,  301. 

Barometer,  height  of  mountains  de- 
termined by,  115,  117. 

Base,  pressure  of  liquids  on,  90,  99. 

Belangrr.  on  impulse.  .• 

ti,  520  et  seq.,  561. 

Berkeley,  587. 

Bernoulli,  Daniel,    his   geometrical 
demonstration    of    the    parallelo- 
gram of  forces,  40-42; 
Bernoulli  s    demonstr  . 
on  the  law  of  areas,  293;  on  the 
principle  of  vit  viva,  343.  348,  on 
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the  velocity  of  liquid  efflux,  403; 
his  hydrodynamic  principle,  408; 
on  the  parallelism  of  strata,  409; 
his  distinction  of  hydrostatic  and 
hydrodynamic  pressure,  413. 

Bernoulli,  James,  on  the  catenary, 
74  ;  on  the  centre  of  oscillation,  311 
et  seq  ;  on  the  brachistochrone, 
426;  on  the  isoperimetrical  prob- 
lems, 428  et  seq.;  his  character,  428; 
his  quarrel  with  John,  431 ;  his  Pro- 
gramma,  430. 

Bernoulli,  John,  his  generalisation  of 
the  principle  of  virtual  velocities, 
56;  on  the  catenary,  74;  on  centre 
of  oscillation,  333,  335  ;  on  the  prin 
ciple  of  vis  viva,  343  ;  on  the  anal- 
ogies between  motions  of  masses 
and  light,  372;  his  liquid  pendulum- 
410;  on  the  brachistochrone,  425  et 
seq.;  his  character,  427;  his  quar- 
rel with  James,  431 ;  his  solution  of 
the  isoperimetrical  problem,  431. 

Black,  124,  587. 

Boat  in  motion,  Huygen's  fiction  of 
a,  315,  325-  57°- 

Body,  definition  of,  506. 

Bolyai,  493. 

Bomb,  a  bursting,  293. 

Borelli,  533. 

Bosscha,  J.,  531. 

Bouguer,  on  the  figure  of  the  earth, 
395- 

Boyle,  his  law,  125  et  seq.;  his  inves- 
tigations in  aerostatics,  123. 

Brachistochrone,  problem  of  the,  425 
et  seq. 

Brahe,  Tycho,  on  planetary  motion, 
187. 

Bruno,  Giordano,  his  martyrdom, 
446. 

Bubbles,  392. 

Bucket  of  water,  Newton's  rotating, 
227,  232,  543. 

Budde,  547. 


Cabal^  489. 

Calculating  machines,  488. 
Calculus,  differential,  424  ;   of  varia- 
tions, 436  et  seq. 


Canal,  fluid,  equilibrium  of,  396  et 
seq. 

Cannon  and  projectile,  motion  of, 
291. 

Canton,  on  compressibility  of  liquids, 
92. 

Carnot,  his  performances,  501,  585; 
his  formula,  327. 

Carus,  P.,  on  cause,  516. 

Catenary,  The,  74,  379,  425. 

Cauchy,  47. 

Causality,  483  et  seq.,  502. 

Cause  and  effect,  economical  charac- 
ter of  the  ideas,  485;  equivalence 
of,  502,  503 ;  Mach  on,  555  ;  Carus 
on,  579. 

Causes,  efficient  and  final,  368. 

Cavendish,  124. 

Cells  of  the  honeycomb,  453. 

Centimetre  gramme-second  system, 
285. 

Central,  centrifugal,  and  centripetal 
force.  See  Force. 

Centre  of  gravity,  14  et  seq.:  descent 
of,  52 ;  descent  and  ascent  of,  174 
et  seq.,  408 ;  the  law  of  the  conser- 
vation of  the,  287-305. 

Centre  of  gyration,  334. 

Centre  of  oscillation,  173  et  seq.,  331- 
335;  Mersenne,  Descartes,  and 
Huygens  on,  174  et  seq.;  relations 
of,  to  centre  of  gravity,  180-185; 
convertibility  of,  with  point  of  sus- 
pension, 186. 

Centre  of  percussion,  327. 

Centripetal  impulsion,  528  et  seq. 

Chain,  Stevinus's  endless,  25  et  seq., 
500;  motion  of,  on  inclined  plane, 

347- 

Change,  unrelated,  504. 
Character,  an  ideal  universal,  481. 
Chinese  language,  482. 
Church,  conflict  of  science  and,  446. 
Circular  motion,  law  of,  160,  161. 
Clairaut,  on  vis  viva,  work,  etc.,  348; 

on  the  figure  of  the  earth,  395;  on 

liquid  equilibrium,  396  et  seq.;  on 

level  surfaces,  etc.,  398. 
Classen,  J.,  555. 
Classes  and  trades,  the  function  of, 

in  the  development  of  science,  4. 
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Claasius.  497,  499,  501,  585. 

Clifford,  580. 

Coefficients,   indeterminate.  La- 
grange's,  471  et  seq. 

Collision  of  bodies.     See  Imf 

Colors,  analysis  of,  481. 

Column,  a  heavy,  at  rest,  258. 

Commandinus,  87. 

Communication,  the  economy  of,  78. 

Comparative   physics,   necessity  of, 
49». 

Component  of  force,  34. 

Composition,  of  forces,  tee  / 
Gauss's  principle  and  the,  364  ;  no- 
tion of,  526. 

Compression  of   liquids  and  gases, 
407. 

<  onradus.  Balthasar.  308. 

Conservation,  of  energy,  499  et  seq. 
585  et  seq  ;  of  quantity  of  motion, 
Descartes  and  Leibnitz  on.  : 
purpose  of  the  ideas  of,  $04. 
:onservation  of  momentum,  of  the 
centre  of    gravity,  and    of   areas, 
laws  of,  287-303;  these  laws,   the 
expression  of  the  laws  of  action 
and  reaction  and  inertia,  303. 
Conservation  of  momentum  .> 
interpreted,  336  et  s<q. 
'onstancy  of  quantity  of  matter,  mo- 
tion, and  energy,  theological  basis 
of,  456. 

ontlraint,  335,  352;  least,  principle 
of.  350-364.  55o 

nntinuity  the  principle  of,  140,  490 
et  seq  ,  565. 

ontinuum.  physico-mechanical,  109. 
oordinates,  forces  •  function  of, 
397 

Oper:  7.  531,  580. 

oriolis,  on  vii  viva  and  work 
ounter-phenomena,  503. 
ounter-work.  363,  366. 
ounting,  economy  of.  486. 
ourtivron,  his  law  of  equili 
73« 

air-gun,  i: 
**nls  oceanic,  301. 
.nios  Rufuv  310. 
urve-elements,  variation  of.  432. 
urve*.  maxima  and  minima  of,  429. 


Cycloids,  143.  186,  379,  427. 

Cylinder,  double,  on  a  horizontal 
surface,  60;  rolling  on  an  inclined 
plane,  345. 

Cylinders,  axal,  symbolising  the  re- 
lations of  the  centres  of  gravity  and 
oscillation,  183. 

D'Alembert,  his  settlement  of  the 
dispute  concerning  the  measure  of 
force,  149,  276;  his  principle,  331- 
343- 

n  the  law  of  areas,  293. 

theories,  452,  459. 
Declination  from  free  motion,  352- 

356. 
Deductive  development  of  science, 

4*1- 

Democrttus,  318. 
Demonstration,  the  mania  for,  18,82; 

artificial,  82. 
Departure  from  free  motion,  333. 

'  units,  178. 

Descartes,  on  the  measure  of  force, 

148.230,270,272-176;  on  qua: 

motion,  conservation  of   momen- 

-'•q  ;  character  of 

his  physical  inquiries,  273,  528,  553, 

cchanical  ideas,  230. 
Descei  rd  planes.  134  et 

seq.;  law  .  f  hords  of  cir- 

cles,   138;     vertical,    motion     of, 
treated   by  Hamilton's   pri 
383;   quickest,   curve   of,  426;    of 
tc  of  gravity,  32,  174  et  seq., 
408. 
Description,  a  fundamental  feature 

of  science,  3.  553. 

Design,  evidences  of,  in  nature,  432. 
Determinants,  economy  of,  487. 
Determination,  particular,  344. 

inative  factors  of  physical 
processes. 

520. 
Differences,  of  quantities,  their  role 

uure,  236;  of  velocities,  325. 
Differential  calculus,  424. 
tial  laws.  255.  461. 

:  y  of,  279. 

Dioptrics.  Gauss's  economy  of,  489 
Disillusionment,  due  to  insight,  77. 
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Dream-yard,  569. 

Duhem,  575. 

Diihring,  x,  352,  584. 

Dynamics,  the  development  of  the 
principles  of,  128-255 ;  retrospect 
of  the  development  of,  245-255; 
founded  by  Galileo,  128;  proposed 
new  foundations  for,  243  ;  chief  re- 
sults of  the  development  of,  245, 
246;  analytical,  founded  by  La- 
grange  on  the  principle  of  virtual 
velocities,  467. 

Earth,  figure  of,  395  et  seq. 

Economical  character  of  analytical 
mechanics,  480. 

Economy  in  nature,  459. 

Economy  of  description,  5. 

Economy  of  science,  481-494. 

Economy  of  thought,  the  basis  and 
essence  of  science,  ix,  6,  481 ;  of 
language,  481 ;  of  all  ideas,  482  ;  of 
the  ideas  cause  and  effect,  484 ;  of 
the  laws  of  nature,  485  ;  of  the  law 
of  refraction,  485 ;  of  mathematics, 
486;  of  determinants,  487;  of  cal- 
culating machines,  488;  of  Gauss's 
dioptrics,  moment  of  inertia,  force- 
function,  489;  history  of  Mach's 
conception  of,  579, 

Efflux,  velocity  of  liquid,  402  et  seq. 

Egyptian  monuments,  i. 

Eighteenth  century,  character  of,  458. 

Elastic  bodies,  315,  317,  320. 

Elastic  rod,  vibrations  of,  490. 

Elasticity,  revision  of  the  theory  of, 
496. 

Electromotor,  Page's,  262  ;  motion  of 
a  free,  296,  et  seq. 

Elementary  laws,  see  Differential 
laws. 

Ellipsoid,  triaxal,  73;  of  inertia,  186; 
central,  186. 

Empedocles,  509,  517. 

Encyclopaedists,  French,  463. 

Energetics,  the  science  of,  585. 

Energy,  Galileo's  use  of  the  word, 
271;  conservation  of,  499  et  seq.; 
potential  and  kinetic,  272,  499 ; 
principle  of,  585  et  seq.  S»e  Vis 
viva. 


Enlightenment,  the  age  of,  458. 

Epstein,  541. 

Equations,  of  motion,  342;  of  me- 
chanics, fundamental,  270. 

Equilibrium,  the  decisive  conditions 
of,  53;  dependence  of;  on  a  maxi- 
mum or  minimum  of  work,  69  ;  sta- 
ble, unstable,  mixed,  and  neutral 
equilibrium,  70-71 ;  treated  by 
Gauss's  principle,  355  ;  figures  of, 
393;  liquid,  conditions  of,  386  et 
seq. 

Equipotential  surfaces.  See  Level 
Surfaces, 

Eigal,  499. 

Error,  our  liability  to,  in  the  recon- 
struction of  facts,  79. 

Ether,  orientation  by  means  of  the, 
573- 

Enter, 'on  the  lot  de  repos,  68;  on 
moment  of  inertia,  179,  182,  186;  on 
the  law  of  areas,  293  ;  his  form  of 
D'Alembert's principle,  337;  onvis 
viva,  348;  on  the  principle  of  least 
action,  368,  543,  576;  on  the  isoperi- 
metrical  problems  and  the  calculus 
of  variations,  433  et  seq  ;  his  theo- 
logical proclivities,  449,  455;  his 
contributions  to  analytical  me- 
chanics, 466  ;  on  absolute  motion, 
543,  568. 

Exchange  of  velocities  in  impact,  315. 

Experience,  i  et  seq.,  481,  490. 

Experimenting  in  thought,  523,  582. 

Experiments,  509,  514. 

Explanation,  6. 

Extravagance  in  nature,  459. 

Facts  and  hypotheses,  494,  496,  498. 

Falling  bodies,  early  views  of,  128; 
investigation  of  the  laws  of,  130  et 
seq.,  520  et  seq.;  laws  of,  accident 
of  their  form,  247  et  seq.;  see  Des- 
cent. 

Falling,  sensation  of,  206. 

Faraday,  124,  503,  530,  534,  587. 

Feelings,  the  attempt  to  explain  them 
by  motion,  506. 

Fermat,  on  the  method  of  tangents, 
423 

Fetishism;  in  modern  ideas,  463. 
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Fiction   of  a   boat   in   motion,    Huy- 

gens's.  315 

Figure  of  the  earth.  395  et  seq. 
Films,  liquid.  386.  392  et  seq. 
Fixed  stars,  543  et  seq.,  568. 
Flow,  lines  of,  400;  of  liquids,  416  et 

seq. 

Fluids,  the  principles  of  statics  ap- 
plied to.  86-no.     See  Liquid*. 
hypotheses,  496. 

535- 

Force,  moment  of,  37  ;  the  experien- 
•:ature  of.  42-44  ;  conception  of; 
in  statics,  84  ;    general   attributes 
of.  85;  the  Galilean  notion 
dispute  concerning  the  mea 
148,  250,   2  •  ifugal 

s.nd  centripetal,  158  et  seq  ;   New- 
ton on,  192,  197  oving. 
'03.243;  resident,  impress*  d.  cen- 
tripetal, accelerative,  moving.  238 
39;    the   Newtonian    measure  of. 
03,  239,  276;  lines  of  400. 
F  rce-function.  398  et  seq.,  479.  489; 

-iarnilton  on,  330. 
F  rce  relations,  character  of. 
\    rces,  the  parallclogra 

3.  143;  principle  of  the  mmposi- 
ion  and  r-  '   33-48,  197  et 

eq.;  triangle  of,  108  ;  mutual  inde- 
-eodencr 

iva  ;  Newton  on  the  parallelogram 
f,    192,     197;    impressed.     • 
rated,  effective,  gained  an  : 
j6;   molecular.  384  et  seq.;  func- 
ons  of  coordinates,  397,  40: 
al,  397;  at  •  distance,  534  < 
F'    ma  I  development  of  scien 
1       mul.i-.  mechanical,  369-486. 
F    icau 1 1  and  Toepler.  optical  method 

f.  125- 
F    icaulfs  pendulum.  302. 

5*. 

Pi  t  rigid  body,  rotation  of,  295. 
Fr  •  systems,  mutual  action  of,  187. 
iqnids, 
.   S;  motion  of  liquids' under.  416 

.          >q. 

Fr    '- lander,  P.  and  ].. 

',   tlieir  office 
i  4  science,  492. 


Fundamental  equations  of  mechan- 
ics, 270. 

Funicular  machine,  32. 

Funnel,  plunged  in  water,  412;  rotat- 
ing liquid  in,  303. 

"Galileo,"  name  for  unit  of  acceler- 
ation, 285. 

Galileo, his  dynamical  achievements, 
128-155;  his  deduction  of  the  law 
of  the  lever,  12,  514;  his  explana- 
tion of  the  inclined  plane  by  the 
lever,  23 ;  his  recognition  of  the 
principle  of  virtual  velocities,  51; 
e<earches  in  hydrostatics,  90; 
his  theory  of  the  vacuum,  112  et 
seq  ;  his  discovery  of  the  laws  of 
falling  bodies,  130  et  seq  ,  c- 

:  character  of  his  in- 
quiries, 140;  his  foundation  of  the 
law  of  inertia,  143,  524  et  s< 
et  seq  ;  on  the  notion  of  accelera- 
U5;  tabular  presentment  of 
his  discoveries,  147;  on  the  pendu- 
lum and  the  motion  of  proj> 
152  et  seq.,  525  et  seq.;  founds  dy- 
-••*;  his  pendulum,  162; 
his  reasoning  on  the  laws  of  falling 
bodies,  130,  131,  247;  his  favorite 
concepts,  250;  on  impact,  308-312; 
his  struggle  wit:  ...  446; 

on  the  strength  of  material 
does  not  mingle  science*- 
ology,   457;    on    inertia.    5 
predecessors,  520  et  seq  ;  on  gravi- 
tation. 533;  'on    the   tides,  537  et 
seq..  580,  587. 

Gaseous  bodies,  the  principles  of 
statics  applied  to.  no 

Gases,  flow  of,  405 ;  compression  of, 
407. 

Gauss,  his  view  of  the  principle  of 
1 1  velocities,  76;  on  absolute 
units.   27-  .  pie  of  least 

constraint,  350-364.  550  et  seq.,  576; 
on  the  statics  of  liquids,  390;  his 
dioptrics,  489. 

Gcrber,  Paul.  535. 

Gilbert.  462.  532.  533. 

Goldbeck.  E..  532. 

Gomperz.  518. 
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Grassi,  94. 

Grassmann,  480,  577  et  seq.,  581. 

Gravitation,  universal,  190,  531  et 
seq.,  533. 

Gravitational  system  of  measures, 
284-286. 

Gravity,  centre  of.  See  Centre  of 
gravity. 

Greeks,  science  of,  509  et  seq. 

Green's  Theorem,  109. 

Guericke,  his  theological  specula- 
tions, 448;  his  experiments  in  aero- 
statics, 117  et  seq.;  his  notion  of 
air,  118  ;  his  air-pump,  120:  his  air- 
gun,  123. 

Gyration,  centre  of,  334. 

Halley,  448- 

Hamilton,  on  force-function,  350;  his 
hodograph,  527;  his  principle,  380- 
384,  480,  576. 

Heat,  revision  of  the  theory  of,  496. 

Helm,  585  et  seq. 

Helmholtz,  ix ;  on  the  conservation 
of  energy,  499,  501.  585. 

Hemispheres,  the  Magdeburg,  122. 

Henke,  R.,  552. 

Hermann,  employs  a  form  of  D'Alem- 
bert's  principle,  337;  on  motion  in 
a  resisting  medium,  435. 

Hero,  his  fountain,  411;  on  the  mo- 
tion of  light,  422 ;  on  maxima  and 
minima,  451,  511,  518  et  seq. 

Herrmann,  A..  580. 

Hertz's  system  of  Mechanics,  548  et 
seq.,  583. 

Heymans,  558  et  seq.,  569  et  seq. 

Hiero,  86. 

Hipp,  chronoscope  of,  151. 

Hodograph,  Hamilton's,  527. 

Hofler,  558  et  seq.,  568. 

Holder,  O.,  514. 

Hollow  space,  liquids  enclosing,  392. 

Homogeneous,  279. 

Hooke,  532. 

Hopital,  L',  on  the  centre  of  oscilla- 
tion, 331 ;  on  the  brachistochrone, 
426. 

Horror  vacu>,  112. 

Hume,  on  causality,  484. 

Husserl,  581  et  seq. 


Huygens,  dynamical  achievements 
of,  155-187;  his  deduction  of  the 
law  of  the  lever,  15-16;  criticism 
of  his  deduction,  17-18  ;  his  rank  as 
an  inquirer,  155;  character  of  his 
researches,  156  et  seq.;  on  centri- 
fugal and  centripetal  force,  158  et 
seq  ;  his  experiment  with  light 
balls  in  rotating  fluids  and  his  ex- 
planation of  gravity,  162,  528  et 
seq.;  on  the  pendulum  and  oscilla- 
tory motion,  162  et  seq.;  on  the 
centre  of  oscillation,  173  et  seq.; 
his  principle  of  the  descent  and 
rise  of  the  centre  of  gravity,  174; 
his  achievements  in  physics,  186, 
187,  530;  his  favorite  concepts,  251; 
on  impact,  313-327,  570;  on  the 
principle  of  -vis  viva,  343,  348 ;  on 
the  figure  of  the  earth,  395;  his  op- 
tical researches,  425;  does  not  min- 
gle science  and  theology,  457,  575. 

Hydraulic  ram,  Montgolfier's,  411. 

Hydrodynamic  pressure,  413. 

Hydrodynamics,  402-420. 

Hydrostatic  pressure,  413. 

Hydrostatics,  384-402. 

Hypotheses  and  facts,  494. 

Images,  constructive,  548  et  seq. 

Inclined  plane,  the  principle  of  the, 
24-33,  515  et  seq.;  Galileo's  deduc- 
tion of  its  laws,  151 ;  descent  on, 
354  ;  movable  on  rollers.  357  et  seq. 

Indeterminate    coefficients,    La- 
grange's,  471  et  seq. 

Inelastic  bodies,  317,  318. 

Inertia,  history  and  criticism  of  the 
law  of,  141,  143,  232,  238,  520,  524  et 
seq.,  542  et  seq.,  560  et  seq  ,  563  et 
seq.,  567  et  seq.;  moment  of,  179, 
182,  186,  489;  bodies  with  variable 
moments  of,  302;  Newton  on,  238, 

243- 

Inertial  system,  515. 

Impact,  the  laws  of,  305-330;  fc 
of,  compared  with  pressure,  312; 
in  the  Newtonian  view,  317  et  seq.; 
oblique,  327;  Maupertuis's  treat- 
ment of,  365. 

Impetus,  275. 
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Impuls- 

Inquirers,  the  great,  character  and 
value  of  their  performances,  7; 
their  different  tasks,  76;  their  atti- 
tude towards  religion,  457;  their 
philosophy,  516. 

Inquiry,  typical  modes  of 

Instinct,  mechanical,  importance  of, 

Instinctive  knowledge,  its  cogency, 
origin,  and  character,  i,  16-28,  83. 
Instincts,  our  animal,  463. 
Instruction,  various  methods  of.  5. 

1  laws,  255,  461. 
.:ence,  conception    of,   in  na- 

461. 
Interdependence  of  the  facts  of  na- 

t  ire,  5«>2r//.i«/«r. 
Internal   forces,  action  of,   on   free 

*  ystems.  2> 

In  ernational  language,  481. 
If   latic: 

Is  pertmetrical    problems,    4: 
lulcr's  classification  of,  433. 
Is  thermal  surfaces,  400. 

].    obi,  76.  381,  4)9;   on   ; 

east  a 
J<   lett.  on  the  calculus  •  ' 

3761  teq. 
J     lannesson,  $17. 

J    ly,  * 

j  it*.  501, 384. 

J    foments,  economical  char. • 
11.  483- 

K   nt,  on  causality,  484. 

K    Mr,  186. 

K    pier,  his  laws  of  planetary  motion. 
87;  possibility  of  his  disco 
be  laws  of  falling  bodies,  848;  on 
and  minima,  423;  on  as- 
.  463;   on  gra 
ides.  338. 

K  log  ram  me,  961. 

K  logrammc-metr> 

energy, 272.  499 

K         hoff.  ix.  381,  555  et  seq.,  580. 

K  awledge,  instinctive,  I.  26-28,83; 
he  communication  of.  the  founda- 
ion  of  science,  4  ;  the  nature  of.  5: 


the  necessary  and  sufficient  condi- 
tions of,  10. 

on  the  cells  of    the  honey- 
comb, 453. 

Laborde,  apparatus  of,  150. 

Lagrange,  his  deduction  of  the  law  of 
the  lever,  13  ;  his  deduction  of  the 
principle  of  virtual  velocities,  65- 
67;  criticism  of  this  last  deduction, 
67-68;  his  form  of  D'Alembert's 
principle,  337;  on  ris  vira,  349  ;  01 
the  principle  of  least  actic: 
on  the  calculus  of  variations,  436  et 
seq.;  emancipates  ph>sics  from  the- 
ology, 457;  his  analytical  mechan- 
ics, x,  466,  553;  his  indeterminate 
coefficients,  471  et  seq. 

on  the  composition  of  forces. 

Lange.  542  et  seq. 

Language,  economical  character  of, 
481 ;  possibility  of  a  universal,  482; 
the  Chinese,  482. 

Laplace.  463  334- 

Lasswitf,  330. 

Lateral  pressure.  103. 

Laws  of  nature,  502. 

Laws,  rules  for  the  mental  recon- 
struction of  facts,  83-84,  485. 

Least  action,  principle  of,  364-380; 
geological  kernel,  434;  anal- 
ogies of,  577. 

Least  constraint,  principle  of.  350- 

364 

the  measure  of  force, 
-76.  575 ;  on  quan- 
»;  on  the  motion 

of  lit  the  brachisto- 

chrone.  426;  as  a  theologian,  449. 
Level  surfaces,  98,  398  et  seq. 
Lever,  the  principle  of  the,  8-25,  512 
et  seq.;  '•potential,"  20;  applica- 
tion of  its  principles  to  the  expla- 
nation of  the  other  machines,  22; 
its  laws  deduced  by  Newton's  prin- 
ciples, 363-267;  conditions    of   its 
rigidity.   96;    Maupertuis's   treat- 

:  t  of,  366. 

Libraries,  stored  up  experience,  481. 
motion  of,  422,424,426;  Mau- 
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pertuis  on  motion  of,  367 ;  motion 
of,  in  refracting  media,  374-376,  377- 
379  ;  its  minimal  action  explained, 
459- 

Limiting  cases,  565. 

Lindeloff,  437. 

Lippich,  apparatus  of,  150. 

Liquid  efflux,  velocity  of,  402. 

Liquid-head,  403,  416.- 

Liquid,  rotating  in  a  funnel,  303. 

Liquids,  the  statics  of,  86-110;  the 
dynamics  of,  402-420;  fundamental 
properties  of,  91  ;  compressibility 
of,  92;  equilibrium  of,  subjected  to 
gravity,  96  ;  immersed  in  liquids, 
pressure  of,  105;  lateral  pressure  of, 
103  ;  weightless,  384  et  seq  ;  com- 
pression of,  407  ;  soniferous,  vibra- 
tions of,  407  ;  mobile,  407  ;  motion 
of  viscous,  416. 

Living  forces.     See  Vis  viva. 

Living  power,  272. 

Lobatchevski,  493. 

Locomotive,  oscillations  of  the  body 
of,  292. 

Luther,  463. 

MacGregor,  J.  G.,  547. 

Mach,  history  of  his  views,  555  et 
seq.;  his  definition  of  mass,  558  et 
seq.;  his  theory  of  the  development 
of  physical  knowledge,  581  et  seq.; 
his  treatment  of  the  law  of  inertia, 
560  et  seq. 

Machines,  the  simple,  8  et  seq. 

Maclaurin  on  the  cells  of  the  honey- 
comb, 453;  his  contributions  to  ana- 
lytical mechanics,  466. 

Magnus,  Valerianus,  117. 

Manometer,  statical,  123. 

Maraldi,  on  the  honeycomb,  453. 

Marci,  Marcus,  305-308. 

Mariotte,  his  law,  125  ;  his  apparatus 
and  experiments,  126  et  seq  ;  on  im- 
pact, 313. 

Mass-areas,  295. 

Mass,  criticism  of  the  concept  of,  216 
-222;  Newton  on,  and  as  quantity 
of  matter,  192,  194,  217,  238,  251,  536 
et  seq  ;  John  Bernoulli  on,  251  ;  as 
a  physical  property,  194 ;  distin- 


guished  from  weight,  195  ;  measur- 
able by  weight,  195,  220;  scientific 
definition  of,  218  et  seq.,  243,  540  et 
seq.,  558  et  seq.,  573;  involves  prin- 
ciple of  reaction,  220. 

Mass,  motion  of  a,  in  principle  of 
least  action,  372. 

Mathematics,  function  of,  77. 

Matter,  quantity  of,  216,  238,  536  et 
seq.,  559  et  seq. 

Maupertuis,  his  lot  de  repos,  68  et 
seq.;  on  the  principle  of  least  ac- 
tion, 364,  368;  his  theological  pro- 
clivities, 454. 

Maxima  and  minima,  368  et  seq.; 
problems  of,  422  et  seq. 

Maximal  and  minimal  effects,  ex- 
planation of,  460. 

Maxims,  scholastic,  143. 

Maxwell,  271,  530,  534,  540. 

Mayer,  J.  R.,  249,  503,  584,  586. 

McCormack,  Thomas  J.,  580. 

Measures.    See  Units. 

Mechanical,  experiences,  i ;  knowl- 
edge of  antiquity,  1-3  ;  phenomena, 
purely,  495  et  seq.;  theory  of  na- 
ture, its  untenability,  495  et  seq.; 
phenomena  not  fundamental,  496; 
conception  of  the  world,  artificial- 
ity of,  496. 

Mechanics,  the  science  of,  i;  earliest 
researches  in,  8;  extended  applica- 
tion of  the  principles  of,  and  deduc- 
tive development  of  the  science, 
256-420  ;  the  formulae  and  units  of, 
269-286;  character  of  the  principles 
of,  237  ;  form  of  its  principles 
mainly  of  historical  and  accidental 
origin,  247  et  seq.;  theological,  ani- 
mistic, and  mystical  points  of  view 
in,  446-465  ;  fundamental  equations 
of,  270-276;  new  transformation  of, 
480 ;  relations  of,  to  other  depart- 
ments of  knowledge,  495-507;  rela- 
tions of,  to  physics,  495-504;  rela- 
tions of,  to  physiology,  504-507 ;  an 
aspect,  not  the  foundation  of  the 
world,  496,  507;  analytical,  465-480; 
Newton' s  geometrical,  465;  Hertz's, 
548  et  seq. 

Medium,   motion-determinative,  hy- 
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pothesis  of,  in  space,  230,  547  ;  re- 

sisting- motion  in,  435. 
Memory,  481,  488. 
Mensbrugghe,  Van  der,  on  liquid 

films,  386. 

Mental  artifices,  492  et  seq. 
Mercurial  air-pump,  125. 
Mersenne,  n  ; 

Metaphysical  point  of  view,  586. 
Method  of  tangents.  423. 
Metre,  280. 
Mimicking,  of  facts  in  thought.     See 

Reproduction. 
Minima.     See  Maxima. 

urn  of  superficial  area,  387. 
Minimum  principles,  550,  575  et  »eq. 
Mixed  equilibrium,  70-71. 
Mobile  liquids,  407. 
\16bius.  372.  480. 
Models,  mental,  492. 
Molecular  forces,  384  et  seq. 
Moment,  statical.  14  ;  of  force. 

inertia,  179.  182,  186. 
Moments,  virtual.  57. 
Momentum  law  of  the 

conservation  of,  288  ;  conservation 

of,  interpreted,  326. 
Monistic  philosophy,  the 
tfoatfolfier's  hydrauli 
V!  oon,  its  acceleration  towards  the 

eait  .  th  of  its  day  in- 

creased to  a  month,  199. 
Apparatus  of,  iy>. 
Motion,  Newton's  Uws  of,  127,241; 

quantity  of,  238.  271  et  seq.;  equa- 

tions of,  3;  :lar,  laws  of, 

138  et  seq.;  uniformly  accelerated, 
ve  and  absolute,  227  et 

seq.  .  542  et  seq..  568. 
Motivation,  law  of,  484. 
Mueller,  J.,  510. 

585  et  seq. 
Mystical  points  of  view  in  mechan- 

ics. 

m  in  science,  481. 
Mythology,  mechanical,  464. 


,  his  theological  inclinations, 

447. 

Mature,  laws  of.  502. 
Secessity,  484.  4»5- 


Neumann,  C.,   255,  567  et  seq.,  572, 
577- 

Neutral  equilibrium,  70-71. 

Newton, his  dynamical  achievements, 
187-201;  his  views  of  absolute  time, 
space,  and  motion,  222-238,  543,  568, 
570  et  seq.;  synoptical  critique  of 
his  enunciations,  238-245,557,578; 
scope  of  his  principles,  256-269; 
enunciates  the  principle  of  the  par- 
allelogram of  forceSj  36  ;  his  prin- 
ciple of  similitude,  165  et  seq  ;  his 
very  of  universal  gravitation, 
its  character,  and  its  law,  188  et 
seq..  533  et  seq.;  effect  of  this  dis- 
covery on  mechanics,  191  ;  his  me- 
chanical discov,  .^regu- 
Ut  fkilowpkandi,  193,  580;  lii 
of  force.  193  ;  his  concept  of  mass, 
194  et  seq..  536  et  seq.;  on  the  com- 
position of  forces,  197 ;  on  action 
and  reaction,  198;  defects  an 
its  of  his  doctrines.  201,  244;  on  the 
tides,  209  et  seq.;  his  definitions, 
laws,  and  corollaries,  238-;; 
water-pendulum,  409;  his  theologi- 
cal speculations,  448 ;  the  economy 
and  wealth  of  his  ideas,  v 
laws  and  definitions,  proposed  sub- 
stitutes for,  243  ;  his  favorite  con- 
cepts, 351 ;  on  the  figure  of  the 
earth,  393  ;  does  not  mingli 
ogy  with  science,  457  ;  on  the  bra- 
:  -chrone,  426;  his  theory  of 
light,  530;  his  forerunners,  331. 

Numbers,  486. 

Observation,  82. 

Occasionalism,  the  doctrine  of,  449. 

Oersted,  93. 

Oil,  use  of,  in  Plateau's  experiments, 

384  et  seq. 

Oscillation,  centre  of,  331  335. 
Oscillatory  motion,  162  et  seq. 
Ostwald,  377,  585. 

Pagan  ideas  in  modern  life,  462. 
Page's  electromotor,  292. 
Pappus,  422 ;  on   maxima  and   min- 
ima, 451. 
Parallelism  of  strata,  409. 


602 


THE  SCIENCE  OF  MECHANICS. 


Parallelogram  of  forces.    See  Forces. 

Particular  determination,  principle 
of,  544. 

Pascal,  his  application  of  the  prin- 
ciple of  virtual  velocities  to  the 
statics  of  liquids,  54,  91,  ,96;  his  ex- 
periments in  liquid  pressure,  99; 
his  paradox,  101-102  ;  his  great  pi- 
ety, 447;  criticism  of  his  deduction 
of  the  hydrostatic  principle,  95-96; 
his  experiments  in  atmospheric 
pressure,  114  et  seq.,  575. 

Pearson,  Karl,  547. 

Peltier's  effect,  503. 

Pendulum,  motion  of,  152,  163,  168; 
law  of  motion  of,  168  ;  experiments 
illustrative  of  motion  of,  168  et  seq.; 
conical,  171;  determination  of  g  by, 
172;  simple  and  compound,  173, 177; 
cycloidal,  186  ;  a  falling,  205  ;  bal- 
listic, 328  ;  liquid,  409. 

Percussion,  centre  of,  327.  See  Im- 
pact. 

Percussion-machine,  313. 

Perier,  115. 

Perpetual  motion,  25,  89,  500. 

Petzoldt,  542,  552,  558  et  seq.,  562,  571 
et  seq.,  575  et  seq.,  580. 

Philo,  518. 

Philosophy  of  the  specialist,  the,  506. 

Phoronomic  similarity,  166. 

Physics  and  theology,  separation  of, 
456. 

Physics,  artificial  division  of,  495; 
necessity  of  a  comparative,  498;  re- 
lations of  mechanics  to,  495-504; 
disproportionate  formal  develop- 
ment of,  505. 

Physiology,  relations  of  mechanics 
to,  504-507 ;  distinguished  from 
physics,  507. 

Pila  Heronis,  118,  412. 

Place,  222,  226. 

Planck,  585  et  seq. 

Planets,  motion  of,  187  et  seq. 

Plateau,  on  the  statics  of  liquids,  384 
-394  ;  Plateau's  problem,  393. 

Pliny,  510. 

Poggendorf's  apparatus,  206  et  seq. 

Poinsot,  186,  251,  269,  480. 

Poisson,  42,  46. 


Polar  and  parallel  coordinates,  304. 

Poncelet,  251,  272, 

Popper,  J.,  584  et  seq. 

Porta,  462. 

Poske,  on  the  law  of  inertia,  524,  558. 

Potential,  no,  398  et  seq.;  potential 
function,  497;  potential  energy,  499. 

Pound,  Imperial,  Troy,  Avoirdupois, 
283. 

Pre-established  harmony,  449. 

Pressure,  origin  of  the  notion  of,  84; 
liquid,  90,  99,  et  seq.;  of  falling  bod- 
ies, 205  ;  hydrodynamic  and  hydro- 
static, 413;  of  liquids  in  motion,  414. 

Pressure-head,  403,  416. 

Principles,  their  general  character 
and  accidental  form,  79, 83,421.  See 
Laws. 

Projectiles,  motion  of,  152  et  seq., 
525  et  seq.;  treated  by  the  principle 
of  least  action,  369. 

Projection,  oblique,  153;  range  of,  154. 

Proof,  the  natural  methods  of,  80. 

Ptolemy,  232,  509. 

Pulleys,  21,  49-51. 

Pump,  112. 

Pythagoras,  422,  509. 

Quantity,  of  matter,  216,  238,  536  et 
seq.,  539  et  seq.;  of  motion,  238,  271 
et  seq. 

Quickest  descent,  curve  of,  426. 

Radii  vectores,  294. 

Rationalism,  458. 

Reaction,  discussion  and  illustration 
of  the  principle  of,  201-216;  criti- 
cism of  the  principle  of,  216-222; 
Newton  on,  198,  201,  242. 

Reaction-tubes,  301. 

Reaction-wheels,  299  et  seq. 

Reaumur,  453. 

Reason,  sufficient,  principle  of,  9,  484, 
502. 

Reconstruction  of  facts,  mental.  See 
Reproduction. 

Refiguring  of  facts  in  thought.  See 
Reproduction. 

Refraction,  economical  character  of 
law  of,  485. 
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Rf^ultt pkilosopkandi.  Newton's,  193, 

580. 

Regularity,  395. 
Religious  opinions,  Our,  464. 

M  de,  68. 

Representation.   See  Reproduction. 
Reproduction  of  facts  in  thought.  5, 

84.  421,  481-494- 
Research,  means  and  ai: 

guished,  507. 
Resistance  head. 
Rest,  Maupertuis's  law  of,  68,  259. 
Resultant  of  force,  34. 
Richer,  161.  251. 
Riemann.  493. 
Rcberval,  his  balance,  60;  his  method 

of  maxima'  and  minima,  423;   on 

momenta,  303  ;  on  the  composition 

of  forces, 197. 
R  >bins.  330. 
R>se,  V..  518. 
R  isenberger,  531,  336. 
P  >uth.  352. 

\-  lutine  methods,  181,  «68,  287.  341. 
F  lies,  83,  483 ;  the  testing  of.  81. 

'  til  filled  with  wind,  carve  of,  431. 

!  lOtbach.  525 
itiveur.  526. 

'.   :neffler.  3-3 

'  :hiaparelli.  309. 

:     hrnidt.  \V  .  519. 

'     hopenhauer.  on  causality.  484. 

'  irnce,  the  nature  and  development 
of.  1-7 ;  the  origin  of.  4,  8.  78 ;  de- 
ductive and  f.  rm..l  <ievelopment  of, 
421  •-  pretensions  anH 

attitade,  464  et  seq  ;  t 
of,   481-494 ;    a  minimal  problem, 
490;  the<  'LOT; 

means  and  aims  of,  should  be  dis- 
tinguished, 304,  503;  condition  of 
the  true  d> 

•ion  of  labor  in,  303;  tools  and  in- 
struments of,  303. 

"  :iencc  and  theology,  conflict 
heir  points  of  identity,  460. 

!•    !   ^titts.  struggle  of.  with  their  own 
reconceived  ideas,  447. 

S    check's  phenomenon.  303. 

S  rgner,  186;  Scgncr's  wheel,  509. 


Sensations,  analysis  of,  464;  the  ele- 
ments of  nature,  482 ;  their  relative 
realness,  506. 

Shortest  line,  369,  371. 

Similarity,  phoronomic,  166. 

Similitude,  the  principle  of,  166,  177. 

Siphon,  114  et  seq. 

Smith,  Adam,  380. 

Space,  Newton  on.  226;  absolute  and 
relative,  226,  232.  543,  568,  570  et 
seq.;  a  set  of  sensations,  306;  multi- 
dimensioned, an  artifice  of  thought, 
493  ;  a  sort  of  medium,  547. 

Spannkraft.  499. 

Specific  gravity,  87-88. 

Sphere,  rolling  on  inclined  plane, 
346. 

:  lalism,  49. 

Stable  equilibrium,  70-71. 

Stage  of  thought,  the,  303. 

Statical  manometer,  123. 

Statical  moment,  14  ;  possible  origin 
of  the  idea.  21. 

Statics,  deduction  of  its  principles 
from  hydrostatics,  107  et  s< 
development  of  the  principles  of, 
8-127  '•  retrospect  of  the  develop- 
ment of,  77-83  ;  the  principles  of, 
applied  to  fluids.  86-110  ;  the  prin- 
ciples of,  applied  to  gaseoushod- 
i^non's  dynamic. il, 
38,  268;  analytical,  founded  by  La- 
grange  on  the  principle  of 
velocities,  467. 

of  the  law  of 

the    inclined    plane,  34-31,   313  et 
seq.;  his  explanation  of  the  other 
machines  by  the  inclined  plane,  31  - 
•  •  ic  parallelogram  of  forces  de- 
!  from  his  principle,  32-33;  his 
•very  of  the  germ  of  lli- 
ciple  of  virtual  velocities,  49-5'; 
his  researches  in  hydrostatics,  88- 
90;  his  broad  view  of  nature,  300. 

Strata,  parallelism  of,  409. 

Strato.  318. 

Streintz,  342  et  seq. 

,  equilibrium  of  a,  372  et  seq. 
See  Catenary. 

Strings. equilibrium  of  three-knotted, 

61  ;  equilibrium  of  ramifying,  33. 


6o4 


THE  SCIENCE  OF  MECHANICS. 


Substance,  536. 

Suction,  112. 

Sufficient  reason,  the  principle  of,  9, 

484,  502. 

Superposition,  527. 
Surface   of   liquids,    connection    of, 

with  equilibrium,  386-390. 
Surfaces,  isothermal,  400 ;  level,  98, 

398  et  seq. 
Symmetry  of  liquid  films  explained, 

394- 
Synoptical  critique  of  the  Newtonian 

enunciations,  238-245. 
Synthetic  method,  466. 

Tangents,  method  of,  423. 

Taylor,  Brook,  on  the  centre  of  os- 
cillation, 335. 

Teleology,  or  evidences  of  design  in 
nature,-  452. 

Theological  points  of  view  in  me- 
chanics, 446  et  seq.;  inclinations  of 
great  physicists,  450. 

Theology  and  science,  conflict  of,  446; 
their  points  of  identity,  460. 

Theorems,  421. 

Theories,  491  et  seq. 

Thermometers,  their  construction, 
282. 

Things,  their  nature,  482  ;  things  of 
thought,  492  et  seq. 

Thomson  and  Tait,  their  opinion  of 
Newton's  laws,  245,  557,  585. 

Thought,  instruments  of,  505  ;  things 
of,  492  et  seq.;  experimenting  in, 
523;  economy  of.  See  Economy. 

Tides,  Newton  on.  209  et  seq.;  their 
effect  on  the  army  of  Alexander  the 
Great,  209;  explanation  of,  213  et 
seq.;  their  action  illustrated  by  an 
experiment,  215;  Kepler  on,  532,  538; 
early  theories  of,  537  et  seq.;  Gali- 
leo on,  537  et  seq. 

Time,  sensations  of,  506,  541 ;  New- 
ton's view  of,  222-238;  absolute  and 
relative,  222,  542;  nature  of,  223- 
226,  234. 

Toeppler    and    Foucault,    optical 
method  of,  125. 

Torricelli,  his  modification  of  Gali- 
leo's deduction  of  the  law  of  the 


inclined  plane,  52 ;  his  measure- 
ment of  the  weight  of  the  atmos- 
phere, 113;  founds  dynamics,  402; 
his  vacuum  experiment,  113;  founds 
hydrodynamics,  402  ;  on  the  velo- 
city of  liquid  efflux,  402. 

Trades  and  classes, function  of,  in  the 
development  of  science,  4. 

Trade  winds,  302. 

Tubes,  motion  of  liquids  in,  416  et 
seq. 

Tylor,  462,  463. 

Tyndall,  584. 

Ubaldi,   Guide,   his    statical   re- 
searches, 21. 

Uniquely  determined,  10.  502,  575  et 
seq. 

Unitary  conception  of  nature,  5. 

Units,  269-286. 

Unstable  equilibrium,  70-71. 

Vacuum,  112  et  seq. 

Vailati,  521,  526. 

Variation,  of  curve-elements,  432  et 
seq. 

Variations,  calculus  of,  436  et  seq. 

Varignon,  enunciates  the  principle  of 
the  parallelogram  of  forces,  36;  on 
the  simple  machines,  37;  his  statics 
a  dynamical  statics,  38  ;  on  velocity 
of  liquid  efflux,  403. 

Vas  superficiarium  of  Stevinus,  89. 

Vehicle  on  wheels,  291. 

Velocity,  144;  angular,  296;  a  phys- 
ical level,  325. 

Velocity-head,  417. 

Venturi,  520. 

Vibration.    See  Oscillation. 

Vicaire,  547. 

View,  breadth  of,  possessed  by  all 
great  inquirers,  500  et  seq. 

Vinci,  Leonardo  Da,  on  the  law  of 
the  lever,  20,  520. 

Virtual  displacements,  definition  of, 
57.  See  also  Virtual  velocities. 

Virtual  moments,  57. 

Virtual  velocities,  origin  and  mean- 
ing of  the  term,  49 ;  the  principle 
of,  49-77- 

Viscosity  of  liquids,  416. 
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/  'it  mortua,  27 

.2  et  seq.,3i5;  conserva- 
tion of,  317;  interpreted,  326;  in  im- 
pact, 322  et  seq.;  principle  of,  343- 
350 ;  connection  of  Huygens's  prin- 
ciple with,  178;  principle  of,  de- 
duced from  Lagrange's  fundamen- 
tal equations,  478,  499. 

Vitruvius,  on  the  nature  of  sound,  3; 
his  account  of  Archimedes' s  dis- 
covery, 86;  on  ancient  air-instru- 
ments, no. 

Viviani,  113. 

Volkmann,  P.,  527,  557  et  seq.,  573. 
'••  449.  454- 

Volume  of  liquids,  connection  of 
with  equilibrium,  387-390. 

Wallis.  on  impact.  313;  on  the  centre 

of  pcrcussn  : 

.Vater,  compressibility  of.  93. 
.Veightless  liquids,  384  et  seq. 
>Veights  and  measures.  See  «'  • 
.Veston.  differential  pulley  of,  59. 
A>-.  rauch,  585. 

.Vheatstone,  chronoscope  of,  151. 
Vbeel  and  axle,  with  non-circular 


wheel,  72 ;  motion  of,  22  et  seq.,  60, 
337,  344,  354,  381. 

Wien,  W.,  536. 

Will,  conception  of,  in  nature,  461. 

Wire  frames.  Plateau's,  393. 

Wohlwill,  on  the  law  of  inertia,  308, 
520,  524  et  seq. 

Woodhouse,  on  isoperimetrical  prob- 
lems, 430. 

Wood,  on  the  cells  of  the  honeycomb, 
453- 

Work.  54.  67  et  seq  ,  248  et  seq.,  363; 
definition  of,  272 ;  determinative  of 
178;  accidentally  not  the 
original  concept  of  mechanics,  548 ; 
J.  R.  Mayer's  views  of,  249;  Huy- 
gens's  appreciation  of,  252,  272  ;  in 
impart.  ,:«  et  seq.;  of  molecular 
forces  in  liquids,  385  et  seq.;  posi- 
tive and  negative,  386;  of  liquid 
forces  of  pressure,  415  ;  of  com- 
pression, 407. 

on  impact,  313. 
t.  Chauncey,  453. 

Yard,  Imperial,  181;  American,  283 
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PRESS  COMMENTS  ON  THE  FIRST  ENGLISH  EDITION. 

"The  appearance  of  a  translation  into  English  of  this  remarkable  book 
should  serve  to  revivify  in  this  country  [England]  the  somewhat  stagnating 
treatment  of  its  subject,  and  should  call  up  .the  thoughts  which  puzzle  us 
when  we  think  of  them,  and  that  is  not  sufficiently  often. .  .  .  Professor  Mach 
is  a  striking  instance  of  the  combination  of  great  mathematical  knowledge 
with  experimental  skill,  as  exemplified  not  only  by  the  elegant  illustrations 
of  mechanical  principles  which  abound  in  this  treatise,  but  also  from  his 
brilliant  experiments  on  the  photography  of  bullets.  ...  A  careful  study  of 
Professor  Mach's  work,  and  a  treatment  with  more  experimental  illustration, 
on  the  lines  laid  down  in  the  interesting  diagrams  of  his  Science  of  Mechanics, 
will  do  much  to  revivify  theoretical  mechanical  science,  as  developed  from 
the  elements  by  rigorous  logical  treatment." — Prof.  A.  G.  Greenhill,  in  No. 
turet  London. 

"Those  who  are  curious  to  learn  how  the  principles  of  mechanics  have 
been  evolved,  from  what  source  they  take  their  origin,  and  how  far  they  can 
be  deemed  of  positive  and  permanent  value,  will  find  Dr.  Mach's  able  trea- 
tise entrancingly  interesting.  .  .  .  The  book  is  a  remarkable  one  in  many  re- 
spects, while  the  mixture  of  history  with  the  latest  scientific  principles  and 
absolute  mathematical  deductions  makes  it  exceedingly  attractive." — Me 
chanical  World,  Manchester  and  London,  England. 

"Mach's  Mechanics  is  unique.  It  is  not  a  text-book,  but  forms  a  useful 
supplement  to  the  ordinary  text-book.  The  latter  is  usually  a  skeleton  out- 
line, full  of  mathematical  symbols  and  other  abstractions.  Mach's  book  has 
'muscle  and  clothing,'  and  being  written  from  the  historical  standpoint,  in- 
troduces the  leading  contributors  in  succession,  tells  what  they  did  and  how 
they  did  it,  and  often  what  manner  of  men  they  were.  Thus  it  is  that  tnc 
pages  glow,  as  it  were,  with  a  certain  humanism,  quite  delightful  in  a  scien- 
tific book.  .  .  .  The  book  is  handsomely  printed,  and  deserves  a  warm  recep- 
tion from  all  interested  in  the  progress  of  science." — The  Physical Revicv., 
New  York  and  London. 

•'Mr.  T.  J.  McCormack,  by  his  effective  translation,  where  translation 
was  no  light  task,  of  this  masterly  treatise  upon  the  earliest  and  most  funda 
mental  of  the  sciences,  has  rendered  no  slight  service  to  the  English-speak 
ing  student.  The  German  and  English  languages  are  generally  accounted 
second  to  none  in  their  value  as  instruments  for  the  expression  of  scicsntifi'* 
thought;  but  the  conversion  bodily  of  an  abstruse  work  from  one  into  the 
other,  so  as  to  preserve  all  the  meaning  and  spirit  of  the  original  and  to  sei  it 
easily  and  naturally  into  its  new  form,  is  a  task  of  the  greatest  difficulty,  aafi 
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when  performed  so  well  as  in  the  present  instance,  merits  great  commenda- 
tion. Dr.  Mach  has  created  for  his  own  works  the  severest  possible  standard 
of  judgment.  To  expect  no  more  from  the  books  of  such  a  master  than  from 
the  elementary  productions  of  an  ordinary  teacher  in  the  science  would  be 
undue  moderation.  Our  author  has  lifted  what,  to  many  of  us,  was  at  one 
time  a  course  of  seemingly  unprofitable  mental  gymnastics,  encompassed 
only  at  vast  expenditure  of  intellectual  effort,  into  a  study  possescing  a  deep 
philosophical  value  and  instinct  with  life  and  interest.  'No  profit  grows 
where  is  no  pleasure  ta'en,'  and  the  emancipated  collegian  will  turn  with 
pleasure  from  the  narrow  methods  of  the  text  book  to  where  the  science  is 
I  to  illustrate,  by  a  treatment  at  once  broad  and  deep,  the  fundamental 
connexion  between  all  the  physical  sciences,  taken  together."— The  Mining 
Journal,  London,  England. 

••  A»  a  history  of  mechanics,  the  work  is  admirable."— Tk«  Nation,  New 

York. 

"An  excellent  book,  admirably  illustrated."—  Tht  Littr*ry  Werld,  Lon- 
don, England. 

.  the  elements  of  its  subject  with  a  lucidity,  clearness,  and 
force  unknown  in  the  mathematical  text-books  ...  is  admirably  fitted  to 
serve  students  as  an  introduction  on  historical  lines  to  th«  ,  f  me- 

chanical science."— Ca nadian  Mining  and  Mtchanical  Review,  Ottawa,  Can. 

"A  masterly  book.  .  .  .  To  any  one  who  feels  that  he  does  not  know  as 
much  as  he  ought  to  about  physics,  we  can  commend  it  most  heartily  as  a 
scholarly  and  able  treatise ....  both  interesting  and  profitable."— A.  M. 

E:i,  in  Enginttrinf  AVw,  New  York. 
•The  book  as  a  whole  is  unique,  and  is  a  valuable  addition  to  any  library 
of  science  or  philosophy. .  .  .  Reproductions  of  quaint  old  portraits   and 
vignettes  give  piquancy  to  the  pages.    The  numerous  marginal  titles  form  a 
complete  epitome  of  the  work  ;  and  there  is  that  invaluable  adjunct,  a  good 
index.    Altogether  the  publishers  are  to  be  congratulated  upon  producing  a 
>cal  work  that  is  thoroughly  attractive  in  its  make-up." — Prof.  I>    \v. 

••  r  other  point  upon  which  this  volume  should  be  commended, 
and  that  is  the  perfection  of  the  translation.    It  is  a  common  fault  that  books 
'the  great* ft  Interest  and  value  in  the  original  are  oftenest  butchered  or 
made  ridiculous  by  a  clumsy  translator.    The  present  is  a  noteworthy  excep- 
tion."— Ka  ilw*y  Aft. 
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"The  book  is  admirably  printed  and  bound.  .  .  .  The  presswork  is  un- 
excelled by  any  technical  books  that  have  come  to  our  hands  for  some  time 
and  the  engravings  and  figures  are  all  clearly  and  well  executed." — Railroad 
Gazette. 

TESTIMONIALS  OF  PROMINENT  EDUCATORS. 

"I  am  delighted  with  Professor  Mach's  Science  of  Mechanics."— M.  E 
Cooiey,  Professor  of  Mechanical  Engineering,  Ann  Arbor,  Mich. 

"You  have  done  a  great  service  to  science  in  publishing  Mach's  Science 
of  Mechanics  in  English.  I  shall  take  every  opportunity  to  recommend  it  to 
young  students  as  a  source  of  much  interesting  information  and  inspiration.' 
— M.  /.  Pvpin,  Professor  of  Mechanics,  Columbia  College,  New  York. 

"  Mach's  Science  of  Mechanics  is  an  admirable  ....  book." — Prof.  E.  A 
Fuertes,  Director  of  the  College  of  Civil  Engineering  of  Cornell  University 
Ithaca,  N;  Y. 

"  I  congratulate  you  upon  producing  the  work  in  such  good  style  and  in 
so  good  a  translation.  I  bought  a  copy  of  it  a  year  ago,  very  shortly  after  you 
issued  it.  The  book  itself  is  deserving  of  the  highest  admiration  ;  and  you 
are  entitled  to  the  thanks  of  all  English-speaking  physicists  for  the  publica- 
tion of  this  translation."—/?.  W.  Hering,  Professor  of  Physics,  University  of 
the  City  of  New  York,  New  York. 

"  I  have  read  Mach's  Science  of  Mechanics  with  great  pleasure.  The  book 
is  exceedingly  interesting." — W,  F.  Magie>  Professor  of  Physics,  Princeton 
University,  Princeton,  N.  J. 

"The  Science  of  Mechanics  by  Mach,  translated  by  T.  J.  McCormack,  I 
regard  as  a  most  valuable  work,  not  only  for  acquainting  the  student  with  the 
history  of  the  development  of  Mechanics,  but  as  serving  to  present  to  him 
most  favorably  the  fundamental  ideas  of  Mechanics  and  their  rational  con- 
nexion with  the  highest  mathematical  developments.  It  is  a  most  profitable 
book  to  read  along  with  the  study  of  a  text-book  of  Mechanics,  and  I  shall  take 
pleasure  in  recommending  its  perusal  by  my  students." — 5.  IV.  Robinson,  Pro 
fessor  of  Mechanical  Engineering,  Ohio  State  University,  Columbus,  Ohio. 

"I  am  delighted  with  Mach  s  'Mechanics.'  I  will  call  the  attention  to 
it  of  students  and  instructors  who  have  the  Mechanics  or  Physics  to  study  or 
teach." — J.  E.  Da-vies,  University  of  Wisconsin,  Madison,  Wis. 

"There  can  be  but  one  opinion  as  to  the  value  of  Mach's  work  in  this 
translation.  No  instructor  in  physics  should  be  without  a  copy  of  it." — Henry 
\>ew,  Professor  of  Physics  in  the  Northwestern  University,  Evanston,  III. 
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PRE55  NOTICES. 

st  fascinating  volume,  treating  of  phenomena  in  which  all  are  in- 
terested, in  a  delightful  s«yle  and  with  wonderful  clearness.  For  lightness 
of  touch  and  yet  solid  value  of  information  the  chapter  '  Why  Has  Man  Two 
Eyes? '  has  scarcely  a  rival  in  the  whole  realm  of  popular  scientific  writing." 
!>\>tt<m 


"Truly  remarkable  in  the  insight  they  give  into  the  relationship  of  the 
;s  fields  cultivated  under  the  name  of  Physics.  ...  A  vein  of  humor  is 
re  and  there  reminding  the  reader  of  Heaviside,  never  offending  one's 
taste.    These  features,  together  with  the  lightness  of  touch  with  which  Mr 
McCormack  ha*  rendered  them,  make  the  volume  one  that  may  be  fairly 
,  ailed  rare.    The  spirit  of  the  author  is  preserved  in  such  attractive,  really 
tful.  English  that  one  is  assured  nothing  has  been  lost  by  translation.' 
—Prof.  Henry  Crew,  in  The  Attrophyticul  Journal. 
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''A  very  delightful  and  useful  book.  .  .  .  Should  find  a  place  in  every 
library."— Daily  Picayune,  New  Orleans. 

'  In  his  translation  Mr.  McCormack  has  well  preserved  the  frank,  simple, 
and  pleasing  style  of  this  famous  lecturer  on  scientific  topics.  Professor  Mach 
deals  with  the  live  facts,  the  salient  points  of  science,  and  not  with  its  mysti- 
cism or  dead  traditions.  He  uses  the  simplest  of  illustrations  and  exp-esses 
himself  clearly,  tersely,  and  with  a  delightful  freshness  that  makes  entertain- 
ing reading  of  what  in  other  hands  would  be  dull  and  prosy." — Engineering 
News,  N.  Y. 

"The  general  reader  is  led  by  plain  and  easy  steps  along  a  delightful  way 
through  what  would  be  to  him  without  such  a  help  a  complicated  maze  of 
difficulties.  Marvels  are  invented  and  science  is  revealod  as  the  natural  foe 
to  mysteries."—  The  Chatitauquan. 

"  The  beautiful  quality  of  the  work  is  not  marred  by  abstruse  discussions 
which  would  require  a  scientist  to  fathom,  but  is  so  simple  and  so  clear  that 
it  brings  us  into  direct  contact  with  the  matter  treated." — The  Boston  Post. 

"A  masterly  exposition  of  important  scientific  truths." — Scotsman,  Edin 
burgh. 

"These  lectures  by  Dr.  Mach  arc-delightfully  simple  and  frank  ;  there  is 
no  dryness  or  darkness  of  technicalities,  and  science  and  common  life  do  not 
seem  separated  by  a  gulf.  .  .  .  The  style  is  admirable,  and  the  whrle  volume 
seems  gloriously  alive  and  human." — Providence  Journal,  R.  I. 

"  The  non-scientific  reader  who  desires  to  learn  something  of  modern 
scientific  theories,  and  the  reasons  for  their  existence,  cannot  do  better  than 
carefully  study  these  lectures.  The  English  is  excellent  throughout,  and  re- 
flects great  credit  on  the  translator." — Manufacturer  and  Builder. 

"  Have  all  the  interest  of  lively  fiction." — New  York  Com.  Advertiser. 

"  The  literary  and  philosophical  suggestiveness  of  the  book  is  very  ric^  ' 
— Hartford  Seminary  Record. 

"All  are  presented  so  skilfully  that  one  can  imagine  that  Professor  Mach's 
hearers  departed  from  his  lecture-room  with  the  conviction  that  science  was 
a  matter  for  abecedarians.  Will  please  those  who  find  the  fairy  tales  of 
science  more  absorbing  than  fiction." — The  Pilot,  Boston. 

"  Professor  Mach  ...  is  a  master  in  physics.  .  .  .  His  book  is  a  good  one 
and  will  serve  a  good  purpose,  both  for  instruction  and  suggestion."— Prof 
A.  E.  Dolbear,  in  The  Dial. 

"The  most  beautiful  ideas  are  unfolded  in  the  exposition." — Catholic. 
World,  New  York. 
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"A  wonderfully  original  little  book.    Like  everything  he  writes  a  work  of 
.intft  of  Harvard. 

"  I  consider  each  work  of  Professor  Mach  a  distinct  acquisition  to  a 
library  of  science. "—Prof.  D.  IV.  Hrrimg,  New  York  University. 

"There  is  no  work  known  to  the  writer  which,  in  its  general  scientific 
bearings,  is  more  likely  to  repay  richly  thorough  study.  We  are  all  interested 
in  nature  in  one  way  or  another,  and  our  interests  can  only  be  heightened 
and  clarified  by  Mach's  wonderfully  original  and  wholesome  book.  It  is  not 
saying  too  much  to  maintain  that  every  intelligent  person  should  have  a  copy 
of  it.— and  should  study  that  copy."— Prof.  J.  £.  Trevor,  Corn.  II 

"Students  may  here  make  the  acquaintance  of  some  of  the  open  ques- 
of  sensation  and  at  the  same  time  take  a  lesson  in  the  charm  of  scien- 
tific modesty  that  can  hardly  be  excel  led.  "-/V,/.  E.  C.  San/ord,  Clark  I'm 

v dibits  keen  observation  and  acute  thought,  with  many  new  and  in- 
ng  experiments  by  way  of  illustration.     Moreover,  the  style  is  ligl<t 
and  even  lively-arare  merit  in  a  German  prose  work,  and  still  rarer  in  a 
translation  of  one. "—The  Littrary  World.  London 
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